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A new class of self referred equations with a

nonlocal boundary condition
Giacomo Chiriatti, Matteo Fasiello and Raffaele Grande

Abstract. We study a nonlinear integro-differential equation with memory and a
nonlocal energy constraint. We will use a fixed point approach and prove, via the
Schauder fixed point theorem, that under suitable assumptions the problem admits
at least one solution. Compared to previous papers, we will work in a more regular
function space and impose new structural assumptions.

Keywords. Differential functional equations, integral boundary conditions, fixed-point the-
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1 Introduction

The idea of self-reference is often used in mathematics and applied sciences to model several
phenomena. An example is the Volterra integro-differential equation, which is used in biology
([21]). The idea of self-reference appears also in materials science ([4], [5]), in electrodynamics
([7]) and in applied sciences and philosophy (e.g. [9]). In particular some of these phenomena may
be described using self-referred and hereditary equations, which have the property of preserving
the memory of some or all the events that have occurred from the beginning of the evolution
until a certain time ¢t > 0. Formally, let X be a space of functions, A: X - R, B: X - R
two functional operators which may be, for instance, differential or integral operators. Hence a
self-referred equation may be written as

Ay(z,t) = y(By(z,1),1).

We also impose the nonlocal integral condition

B
/0 y*(x,t)dt = Bg(x) >0

for suitable g > 0 and 8 > 0. This condition may be interpreted as prescribing a nonlocal energy-
type constraint along the time variable, for example the energy in an isolated system. This type
of condition is widely used to model, for example, some phase transition phenomena ([8], [23]).
There are several papers in which a first order self referred differential equation with a Lipschitz
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continuous and bounded initial data was studied. For example, Oberg ([15]) in 1969 found the
local existence of a solution of the functional differential equation

Op(t) = F(t,z(t), z(g(t, 2(1))))

where F' and ¢ are uniformly Lipschitz continuous functions. Eder [2] in 1979 studied the self-
referred equation

Opar(t) = w(x(t))

finding the global existence and the uniqueness of a solution with initial condition x(ty) = =,
obtaining also more information about the regularity of the solution. In 1990 Wang ([22]) studied
the functional differential equation

Op(t) = fla(x(t)))

where f : R — R is continuous, monotone and f(0) = 0. In 1993 Feckan ([3]) studied the same
self-referred equation with f € C'(R) and initial data x(0) = 0, obtaining the global existence
of a solution and some nontrivial applications in bifurcation theory. Other articles studied the
problem of the existence of solutions for systems of self referred differential equations (for instance
[17], [19], [20]). Also higher-order self-referred differential equation with Lipschitz and bounded
initial data were studied using fixed point and Peano-Picard techniques (see [12], [13], [14]). In
2024, the existence of a solution for the problems

§(t) = By(y(t)), te(0,1),
y(0) = a, (L1)
P g2(t)dt = 68 > 0,

where 0 < < 1,0<a<land0< <1,

2(t)dt = 683,

where 0 < § <land 0 < <1 and

{51( = By(Jiy(e,s)ds,t),  (z,t) € (0,1) x (0,1),

fo (x,t)dt = Bg(x) (1.3)

where 0 < 8 < 1 and g : [0,1] — [0,1] is a smooth function were investigated ([1]) while the
system ([6])

m u(z,t) = fru(v(u(z,t),t),t), t € (0,1), 1),
gt (gc t) = Bov(u(v(z,t),t),t), t € (0,1), (0,1),
fo (x,t)dt = g1(x),
Jo v (@, t)dt = gs(x),

with 0 < 81 < 1,0 < B2 < 1 and g1, 92 € Lip([0,1],[0,1]) was studied by using a fixed point
approach, remarking in particular the coupling effect due to the structure of the problem with
nonlocal conditions. In the works above, the self-reference involves the unknown function itself but
not its time derivative since the derivative-dependent case with the integral boundary condition
requires a different functional setting.
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In this paper we study the derivative-dependent case and prove an existence result for the integro-
differential problem

iy t) = By(kr yy(x, 1) + kay(w,),¢), =€ (0,1), t€(0,1)
7y (x, t)dt = By(x),
where ¢ : [0,1] — (0,1] is a Lipschitz function with L, := Lip(g) Lipschitz constant, ki, ks > 0

and kq + ko < 1 real constants and 0 < 8 < % We prove the existence of at least one solution by
a Schauder fixed-point argument under suitable assumptions.

(1.4)

This derivative dependent self-reference produces a new mixed dependence on both y and
0y, which requires a more delicate analysis. Some further assumptions on y and its time deriva-
tive are needed, i.e. consider some stronger Lipschitz and boundedness conditions on the time
derivative. We will find a suitable Banach space of functions which are C! with respect to time
with some other additional assumptions. We construct a closed, bounded, and convex subset Y
of this space and define a nonlinear operator 7' : Y — Y incorporating both the differential equa-
tion and the integral condition. To obtain this, we first perform some heuristic computations to
identify a suitable functional space and an operator. We then determine conditions ensuring that
this space is bounded, complete, and convex and that our operator is continuous and compact.
Existence then follows from Schauder’s fixed-point theorem.

The paper is organized as follows: in Section 2 we recall briefly some preliminaries related
to real and functional analysis, in Section 3 we prove the main result of this paper, in Section 4
we outline some possible future work directions.

2 Preliminaries

To deal with our integro-differential problem, we briefly recall some definitions from real and
functional analysis in particular about functional sequences, operators between normed spaces
and fixed point theorems ([18]).

Definition 1. Let {f,}nen be a sequence of continuous functions on an interval I C R. This
sequence is called equibounded if there exists a real number M > 0 such that

[fulz) < M
for all n € N and for every z € I.

Definition 2. Let {f,}nen be a sequence of continuous functions on an interval I C R. This
sequence is equicontinuous if, for every € > 0, there exists a § > 0 such that

|fulz) — fa(y)] <e
whenever |z — y| < ¢ and for all n € N.

Definition 3. Let X, Y be two normed spaces and T : X — Y an operator. T is called compact
operator if, for every bounded subsequence {z, }neny C X it is possible to extract a convergent
subsequence of the sequence {T2, }pen C Y.

These definitions and the previous remark are necessary in order to state the following
classical results of functional analysis. These theorems are crucial to prove the existence of a
fixed point for a functional and then the existence of a solution for our differential problem.
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Theorem 2.1 (Ascoli-Arzela theorem). Let us consider a sequence of real-valued continuous
functions {fn}nen defined on a closed and bounded interval [a,b] of the real line. If {fn}nen
is equibounded and equicontinuous, then there exists a subsequence {fn, }n,en that converges
uniformly to a function f.

Theorem 2.2 (Schauder’s theorem). Let X be a Banach space with K C X nonempty, bounded,
closed and convex with a continuous and compact operator T : K — K. Then it is possible to
prove that there exists a fized point, i.e.

Jr e K s.t. T(x) = . (2.1)

3 Main result

3.1 Heuristic computations

In this section we will compute heuristically our space of functions and our functional which will
be used to find the existence of a solution of our integro-differential problem (1.4). Let us start
by multiplying both sides of equation (1.4) by y(z,t), obtaining in this way

y(z, t)%y(x, t) = By(z, t)?/(hi@/(% t) + koy(z, t), t) :

Let us observe that y(x,t)%y(x,t) = %%yQ (z,t), thus by integrating between 0 and ¢ the
time variable of our previous equality, we get

t
v (x,t) = y*(z,0) + 26/0 y(x, s)y (k1 %y(w, s) + kay(x, 8), s) ds.

Integrating a second time with respect to the time from 0 to S and using the integral
condition of our problem we obtain

Bg(z) = /OB v (z,t) = By*(z,0) + 28 /Oﬂ /OT y(z, s)y (hiy(%s) + kgy(x,s),s> dsdr

hence

y(x,0) = :I:\/g(x) -2 /Oﬂ /OT y(z, s)y (klgty(x, s) + kay(zx, s), s> dsdr.
Let us introduce now the space of function C}([0,1], R).
Definition 4. We denote by C}([0,1]%,R) the set of all functions
y:[0,1]* - R
such that
(i) y is continuous on [0, 1)%;
(ii) the partial derivative Oyy(x,t) exists and is continuous on (0, 1) x (0,1);

(ili) Oyy admits a continuous extension to [0, 1]
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We equip C}([0, 1]%,R) with the norm

lyllcr :== sup  |y(z, )] + sup [Owy(x, 1),
) (z,t)€[0,1]2 (z,t)€[0,1]2

Remark 1. Our space is a Banach space. In fact, if (y,,) is Cauchy in C} norm, then y,, converges
uniformly to some y and 8t%/n converges uniformly to some function v. By recalling that it holds
true yn(z,t) — yn(z,0) = [, 8tyn (z, s)ds then, by taking the uniform limit, we get that v = 9;y.
Hence we obtain that C}(]0,1]2,R) is Banach space.

Let us define the following space of functions

Y

{veciwarm|

B T
—2/ / y(z, s)y (klay(x, s) + kay(x, s), 5) dsdt > 9 > 0,
o Jo 0s
dy

0yl <1, 0= P <,
dy y
at( 2,t) — ot —(z1,1)| < La|zy — 2| and |y(z2,t) — y(z1,t)| < Lyilzy — o
Vi, xo,t € [O, 1]
oy y
and E(x tg) ot (.T tl) S L3|t2 — tl‘ th,tQ,ﬂf € [0, 1] (31)

with Ly, Lo, L3, e0 > 0 (fixed a priori) and the functional

Ty(a,t) = \/gu) 2 [ [Tyt ot )+ Rt )5 )
0

+ 5 /Ot y<k1 %y(aj, s) + kay(z, s), s> ds. (3.2)

Remark 2. We consider y € Y, then it is immediate to remark that, since ki,ks > 0 and
k1 + ko < 1, it holds true 0 < ky %y(az,t) + koy(x,t) < 1. Therefore our differential equation is
well-defined. Furthermore the composition is Lipschitz continuous in both variables, in fact

0 0
‘y(kl &y(:@, t) + kay(xo,t), t) - y(’ﬁ ay(%a t) + koy(z1,1), t) ‘

<L

0 0
klay(%,t) + kay(x2,t) — klay(xl,t) - k2y(a:1,t)'
< Li(kiLg + koLq)|x1 — x2|,

and

0
y<k1y z,t2) + koy(, t2),t ) - y<k18ty(z,t1) + kgy(x,tl),h)

~~

IN
<
=~

0
0
0 0
(klé)y x, tg —‘rk‘gy(l‘ tQ) t ) —y(k‘laty(l‘,tg) —‘rk’gy(ﬂf,tg),tl)
0
; )

0
+ly| k1 ty x,ta) + koy(z, t2),t ) —y(kzlaty(m,tl) + kay(x,t1),t

g 1 —I—Ll(k‘ng + 1) |t1 —tg‘
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Remark 3. It is straightforward to observe that

LTI PRI G (RN (S R,
+5/0 y(klgsy(x,s)+k2y(x,s),s>ds>

= ﬁy (kjl(f;ty(w7 t) + ka(x’ t)? t)' (33)

Hence, if Ty = y, then it is immediate to remark that the fixed point is also a solution of our
integro-differential problem. Furthermore, since 0 < y < 1, then 0 < % <p <1

Remark 4. Let us consider g(z) — 3% > &g > 0. Hence we remark that

\/g(w)—2/05 /OT y(%8)y<k1iy(w,8)+kzy(w78)78>d8d7 >/ g(x)—pB*>/z0.

Remark 5. Let us consider y € Y. If we assume /g(z) + 5 < 1 we get

Ty(o,t) = \/g@c) -2 [ ' / "y, >y(k§y< $) + kay(z, 5), ) dsdt

t
+ﬁ/ y(lﬁaa (x,8) + kay(z, s), )ds<\/ J+B8<1.
0 S

Remark 6. Let us observe that our functional is globally Lipschitz with respect to the component
z. In fact we get

0
Ty(a:l,t)Ty(yc2,t)\/ (1 *2/ / y(z1,s <klay($17 )+k2y(x1,s),s>d5d7

+ﬁ/ y(klay($178)+k2y($178)78)d8
0 S

- \/9(992) - 2/06 /OT Z/(@d)y(hiy(m, s)+ kgy(acg,s),s>dsd7

¢ 0
-8 y(klasy(fﬂms) +k2y($278)78)d8

0

IN

1
2509

A d
/ y(r1,s ( 195 —y(x1,8) + ka(l‘1,S),S> dsdr
o Jo

p 0
/ / y(z2, s ( 19 —y(x2, s) + kay(xa, s), s) dsdT]
o Jo

t 0
+5/ y<k185y Z1,8 )+k2y(x135)35)d‘3

0

[\3

_|_
[\
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K 0
—5/ y(klay(x2,8)+k2y(x2,8),s>ds.
0 S

Hence, by recalling that y € Y we get
t
/
t

<L /
0

t
< Ll/ (k‘le + k2L1)|$1 - :102|ds < Ll(k’1L2 + k2L1)|$1 — $2|7
0

ds

7] 0
(gt s) + ko, 9).5) = (I (o) + ba(an.9).5)

ds

0 0
k1 ay(l“l, 5) + kay(x1,5) — k1 %y(%, s) + kay(z2, 5)

and, by adding and subtracting suitable terms, we get

y(x1, 8)y| k1 5-y(@1, s)+kay(xy, s

dsdt

( )
—y(xg,s)y<k1y(x2, )+hay(z2, s )
(5 21)

0
- y(xhs)y(]ﬁ asy(wg, 8)+kay (o, ),s) dsdr

B T
“,
0 0

0
—y(z2,5)y <k1 asy(l’z, $)+koy(za, ),S) dsdt

dsdt

0 0
y(kly(fﬂh 5)+kay(x1,5), 5> —y<k1 5y($2, s) + koy(xa, s), 8)

/ / ly(x1,s) — y(a2, s)|dsdr < Q[Ll((klb + kaoLy) + ]|z — 2ol

Hence, if we write r[
that the operator T is Lipschitz w.r.t. the spatial variable.

+ /82(L1((k1L2 + k’ng) + 1)] + IBLl(]ClLQ + k'QLl) S L1 we get

Remark 7. Let us observe that the function 22¥ is uniformly Lipschitz w.r.t. the time variable.

ot
In fact we get

0
’atTy(x27 ) -

0 0
:’6y (k'l ay(ﬂ% t) + kay(x2,1), t> - By <k1 ay(xl, t) + kay(z1,1), t) ’

0
&Ty(xh t)‘

0 0
k1 ay(‘rQat) + koy(xa,t) — ky ay(mlat) - kzy(fﬂht)‘

<BL1(k1La + koLy)|z1 — 22| < Lo|zy — 22

<BLy
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Obtaining in this way the condition SLq(k1La 4 k2L1) < Lo. For the uniform Lipschitz property
w.r.t the time variable we get

0
Ty(l‘, tl)

0
Ty(at tg) (9t

ot
0 0
= |By kl&y(wi) + koy(x,t2),t2 | — By kla y(z,t1) + kay(x, 1),

IN

ﬂy<k1 8815 (x,t2) + koy(x, t2),t ) 5ZJ< A y(z,t2) + kay(x, t2), >‘

gy ta) + ka2t ) = B (I ) Vo) + Ryl ).t )|

< B+ Li(k1Ls + 1))[t1 — 2],

+|By (kl 0

obtaining in this way the condition S(1 + Li(k1Ls + 1)) < Ls.

Remark 8. From Remark 4, 5, 6 and 7 we get the conditions

g(ﬂ?) _ﬂQ ZEO > 0)
lglle= < (1= B),
2\/—[1/ + /BQ(Ll((leQ -+ kle) -+ 1)] -+ 5L1(/€1L2 + kolq ) < L17 (34)

BL1(k1La+ koLq) < Lo,
B(1+ Ly(kyLs 4+ 1)) < Ls.

If the conditions in (3.4) are satisfied, we get, if w : =Ty

B T
_2/ / w(z, s)w(k’l %w(x, $) + kaw(z, s), s> dsdr > ¢e9 >0
o Jo

and then it holds true T(Y) C Y.
Remark 9. If (3.4) holds true, then the null function belongs to our set, i.e. 0 € Y, thus Y = 0.

Example 1. It is possible to verify that 8 = ™8, g(z) = Sa+3, ki = ko =3, L1 = Lo = Ly = 1,
g9 = 3 — e 10 satisfies (3.4). Thus the system

%qu,t) =e Sy(3Sy(x,t) + qy(a,t),t), x€(0,1), t€(0,1),
foe Y2 (z,t)dt = =8 1—1296 + i), x € 10,1],

will have at least one solution due to the main result of this paper.

3.2 The properties of Y, 7" and main result
In this section we prove that, if the conditions in (3.4) are satisfied, then Y is closed and bounded.

Lemma 3.1. Let us consider the conditions (3.4). Then the space Y is closed.

Proof Let us consider a Cauchy sequence of functions (y,)neny C Y and the associated sequence
{ (yn, 2) }nen. Due to the completeness of the space they will converge uniformly to (Yoo, ag—f)

with ¥, € C([0,1]?,]0,1]) and 8g§c € C([0,1]%,]0,1]). Let us also consider the fact that 0 <
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ay" (x,t) <1 then, taking the limit for n which runs to infinity, we get 0 < 8y°° (z,t) <1, we
may verify the Lipschitz condition on y., and By‘” in a similar way since the assoc1ated functions
converge uniformly. We need now to verify the last condition. In order to simplify the notation
from this point we write ¥, = yn(2,t) and Yoo = Yoo (,t) when the self reference of the functions

is not involved. To do this, we observe that
B B d
yn(x,S)yn klafywrkzyms ~ Yoo (T, 5) Yoo kl%yoo + koYoo, 5 |dsdT
‘/ / <yn T, 8)Yn (kla Yn + koYn, ) Yn (T, 8)Yoo (kla Yoo + k2Yoo, ))dsdT
0 0
Yn (T, 8) Yoo kla Yoo + k2Yoor 5 | — Yoo (T, 8) Yoo kl%yoo + koYoo, s | |dsdrT

ﬂQ
dsdr + ?”yn - yooHoo

0 0
S/ / Yn | k15-Yn + k2Yns 8 | — Yoo | K1 5= Yoo + k2Yoo, $
0 0 83 85
B 0 )
< Yn| k15 Yn + k2Un, s | — Yn| k1 7Yoo + k2Yoo, 5 | |dsdT+
0 0 83 85
B rT b 9 2
+/ / k1 =Yoo + k2Yoos 5 | — Yoo | K1 5 Yoo + k2Yo, S dsdT+£|lyn—yoo||oo
0 0 85 83 2
2 8 n 8 o0
%(Ll(k1L2+k2L1)+2) max{”yn_yoonom ayt - yH }

Recalling that for every € > 0 there exists a sufficiently large n € N such that max{|ly, —

ayn 61/00 £ th g oa e . .
— en it is immediate to obtain
yoclloos || 5 o} < 82 (Ly (k1 LatkaL1)+2)

B8 pT 9
nlgngog(x) —/O /0 Yn (2, 8)Yn <k1asyn +k‘2yn,8) > ep,

i.e., our goal. O

Lemma 3.2. Let us consider the conditions (3.4). Then the space Y is convez.

Proof. Let us consider y1, y2 € Y and A1 + Ao = 1 with A1, Ay € [0,1]. In order to simplify the
notation we put yi,2 := My + Aay2. We remark that 0 <y 2 <1,0< % <1 and

B prT b
g(x) - 2/ / yl,z(% 3)y1,2 </€1 %yl,z(x, 3) + k2y1,2($, 8)7 3> dsdr
o Jo

.
>g(x) — 2/ / y1.2(x, s)dsdr > g(z) — B2 >¢ey>0.
o Jo
Furthermore also the uniformly Lipschitz conditions are satisfied. Hence y; 2 € Y. O

We conclude this section stating the following theorem.

Theorem 3.1. Let us consider the conditions (3.4) then the space of function Y is bounded,
convez and closed.

Proof. The Theorem is a consequence of Lemma 3.1, Lemma 3.2 and the fact that
Y c C}([0,1]2,]0,1]) and the derivative is bounded. O



10 G. Chiriatti, M. Fasiello and R. Grande

3.3 Properties of functional T’

In this section we prove that our functional T is continuous and compact. Then the existence of a
solution for the integro-differential problem (1.4) will be an immediate consequence of Schauder’s
Theorem.

Theorem 3.2. Let us consider the conditions (3.4) then the operator T is continuous

Proof. From the proof of Lemma 3.1 we get the first part of the proof. Following the same
reasoning we get immediately that

t

0 t 0
lim ﬁ Yn <k16yn(xas) +k2yn(x75)a8>ds = ﬁ/ Yoo (klayoo(xa S) +k2yoo(xvs)vs>d5'
0 s 0 $

Furthermore we observe that

. OTyp(x,t ) 0 0
Jim # = lim y, <k1 FYn(@:) + kayn (@, 0), t) = Yoo (kl Yoo (%5 1) + k2yoo (2, 1), t>
0Ty (z,1)
ot
We obtain that our operator is continuous with respect to the norm || [|c1. O

Theorem 3.3. Let us consider the conditions (3.4) then the operator T is compact

Proof. Let us consider the bounded sequence {y, }nen C Y. It is immediate by Remark 4 and 5
to get that our operator T is equibounded. To prove the equicontinuity it is enough to observe
that our functional is equi-Lipschitz by Remark 6 in the variable z and

0
< |— < g <1.
0< ‘mTy(m,t)‘ <p<l1

Furthermore, by Remark 7, also %Ty(m,t) is equi-Lipschitz in both variables, hence we may
apply Ascoli-Arzela theorem on a compact metric space to obtain a convergence subsequence.
Then, by a standard diagonal subsequence argument applied to Ty, and %Tyn(x, t) we obtain
the main theorem. U

We now state and prove the main theorem of the paper.

Theorem 3.4. Let us consider the assumptions (3.4), a Lipschitz function g : [0,1] — (0,1],
two real constants ki,ko > 0 such that k1 + ko <1 and 0 < 8 < % Then the integro-differential
problem

%y(m,t) = By (k1 %y(m,t) + kay(z,t),t), x€(0,1), t€(0,1),
3 Y2, t)dt = Bg(x)

has at least one solution. Furthermore, a solution of this integro-differential problem is bounded
and positive.

Proof. From Theorem 3.1 we know that Y is bounded, closed and convex. Theorems 3.2 and 3.3
allow us to state that T is continuous and compact operator. Hence it is possible to use solution
by Schauder’s fixed point theorem which assure that our system has, at least, one solution. By
construction of Y we remark that a solution of the integro-differential problem is bounded and
positive. O
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4

Future directions

We have shown the existence of a positive and bounded solution for a nonlinear self referred
integrodifferential equation with an integral boundary condition. Some possible new directions
of research include:

e Uniqueness under stronger assumptions by using Banach fixed point theorem.

e Assume weaker assumptions on the initial data, assuming for example g € L*°(]0, 1], [0, 1]).

This implies a change in the strategy, for example using Peano-Picard iteraction approach
to find the existence of a solution.

e Numerical computations in order to find more information about the structure of the

solutions.
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