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Approximation by diffusion of semiconductor

Boltzmann equation

Patrick Atiofack Fouegap, David Dongo and Jean Louis Woukeng

Abstract. In this paper, we deal with the asymptotic behaviour of a semiconductor
Boltzmann equation by using the sigma convergence method. We first prove that the
scaled model is well-posed in the usual Lebesgue space of square integrable functions,
and we perform the a priori estimates. Then, assuming that the coefficients of the
model are highly oscillating in space variable, we show that in the non-vanishing flux
case, the homogenized problem is equivalent at first order, to a hyperbolic process
modified by a perturbation of viscosity, and the diffusion term appears at second
order. In the vanishing flux case, we obtain a diffusion model.

Keywords. Homogenization, semiconductor Boltzmann equation, global weak solution,
algebras with mean value, Y-convergence

1 Introduction

Number of physical phenomena are approximated by partial differential equation (PDEs). By so
doing, the study of these PDEs provides a better understanding of the corresponding phenomena.
Among those models, we distinguish the following semiconductor Boltzmann equation

of

E(t,x,v) +u-Vof(t,z,v) =V, ®(t,z) -V, f(t,x,v) = Qf (t,z,v). (1.1)
It’s an Integral Partial Differential Equation, governing the evolution of a cluster of particles of
density f, positive unknown function of time variable ¢t € R/, the spatial position z € R% and
the speed v € V of the considered particles, where V is the whole space R? or its subset. The
space R? stands for space R? (integer d > 1) with generic variable v. The particles are submitted
to a d-dimensional electric field E(t,z) = —V,®(t,x) due to the scalar potential ®(¢,z) and the
collisions are modeled by the term Qf, known as collision operator.

Equation (1.1) is a standard model of particles transport, which has a wide field of appli-
cations such as electrons moving in a semiconductor material [11, 26, 40, 24, 12, 36], radiative
transfer or neutrons moving in a nuclear reactor [14, 6, 3, 8, 5], gas discharges [51]. In this work,
we neglect the collisions between the particles and consider only the interactions that particles
may undergo from their moving medium [22]. This corresponds to the case where the collision
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operator is linear (see (1.6)). The media being in general inhomogeneous, the behavior of the
phenomenon then essentially depends on the manner in which the media are structured. To start
with the model under consideration, we introduce the following change of variables

t'=ct, ' =ex, (1.2)
and rescale the distribution function f(¢,z,v) and potential ®(¢,z) as follows:
fs(tla a, v) = f(t, z,v), q)e(tla :L'/) = ®(t, z), (1.3)

where the small parameter ¢ is as usual, the mean free path of particles. The function f. is now
a solution of (we have skipped the primes)

o
ot

(t,x,v) +ev- mes(t,l',’l)) - (:‘qu)a(t, CE) ' vvfs(taxa U) = sta(t7xvv)a (14)

The rescaled model (1.4) corresponds to the diffusion approximation of the semiconductor Boltz-
mann equation (1.1), when both the collision and the electric field have variation at the mean
free path scale ¢ [12], and where there is no time scaling [42]. More precisely, we consider the
following asymptotic Cauchy Problem (CP):

{ 88];5@,3:,11)+U-V$fg(t,x,v)+Es(t,x)-vag(t,x,v):%stg(t,x,v) in RS xRZ x R4

f-(0,2,v) = fO(x,v) in R¢xRY,
(1.5)
where f.(t,z,v) is the density of particles occupying at time ¢, the position = and having a
velocity v. Ef(t,r) = E(t,2) = —V,®(t,%) is the d-dimensional electric field, solution of

Poisson equation and supposed to be given. Here, QF designates the collision operator, which
here is a linear integral operator acting on the v variable in f. and defined by

Q° f(t,xz,v)) z/ o (t, x,v,w)(fe(t,z,w) — fo(t, z,v))du(w). (1.6)

R,
In (1.6), 0°(t,z,v,w) = o(t,z, £,v,w) is a nonnegative function defined on Ry x R% x RY x RY
called transition rate, modeling the properties of the background medium and supposed also to
be given. We assume (see e.g. [5, 34]) that it satisfies the semi-detailed balance condition

/]R,‘,i o (t,z,v,w)dp(w) :/ o (t,x,w,v)dp(w), (1.7)

Ra

and define the scattering rate

Z‘E(t,x,v):/}R o (t, z,v,w)dp(w), (1.8)

d
w

so that the kernel o¢(¢, z, v, w) (up to the multiplicative coefficient %) measures the probability
of a transition from velocity w to velocity v for particles located at the position x and at time ¢.
Eventually one has:

Q° fo(t,x,v)) = KEfe(t, x,v) — X5(t, z,0) fo (t, 2, v), (1.9)
where
K fe(t,x,v) z/ o (t, x,v,w) fe(t, z,w)du(w) (1.10)
Rd

w
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and designates the quantity of particles passing from the speed w to v, at time ¢ and at the
position z. fo(z,v) > 0 is the initial distribution of particles and the parameter ¢ measures the
level of heterogeneity of the medium.

The Cauchy problem and the initial boundary value problem for the Boltzmann equation
have been extensively studied in the literature, in the absence of external force [5, 9, 20] or with
external force [45, 10, 29]. Most of these works deal with classical or mild solution in L' space,
with a relatively strong hypothesis. In this work, we will be interested to the solution in L? space,
in the weak sense of distributions, under relatively weaker assumptions about the parameters of
the model. It should be noted that, L?-solution has more interesting properties than L' one, in
physical point of view, and is adapted to X-convergence method as it would be seen in Section 3.

To our knowledge, there is still little studies on homogenization and diffusion approximation
of semiconductor Boltzmann equation, in particular for the case without time scaling, in setting
more general than periodic one. In [12, 36], authors studied the case of Diffusion limit of a
semiconductor Boltzmann-Poisson by using the Hilbert formal expansion. The case of linear
Boltzmann without time scaling is treated in [42], with a very strong hypothesis of regularity.
We can also mention papers [7, 5, 13, 28] which investigate the asymptotic behavior of a linear
Boltzmann equation without external force, by two scale method. In all these works, hypotheses
were stated in the periodic setting. Here, we use the Y-convergence method to handle the more
general case including asymptotic periodic, almost periodic, asymptotic almost periodic, and
others.

The rest of the paper is organized as follows: Section 2 deals with existence, uniqueness and a
priori estimates for the weak solution of problem (1.5). In Section 3, we present some fundamental
results about the concept of X-convergence. Section 4 deals with the corrector result. Finally,
Section 5 is devoted to the state and proof of the main homogenization result (see Theorem 5.1).

2 Existence, Uniqueness and a Priori Estimates for the
Solution of Semiconductor Boltzmann Equation

We assume that:

0° € C([0,00); Co (R} L* (R X RY,))) (2.1)
B € [C([0,00): I3, (RY)]", (22)
0< f2eL?(RI xRY). (2.3)

The following Theorem is the first main result of this work.

Theorem 2.1. Let ¢ > 0 be fized. We suppose that o°, E¢ and f° satisfy the conditions (2.1)-
(2.3) as well as the semi-detailed balance condition (1.7). Then, the Cauchy problem (1.5) admits
(in the sense of distribution), a unique global weak solution

fo € C*([0,00); L* (RS x RY)). (2.4)

Furthermore, the sequence of solution (f-)e>0 is nonnegative and satisfies for any positive constant
T, the following uniform estimates:

e llZ2 oy xra xray < TIFON72ma xra) (2.5)

and 1017 0,00 22 R Yy < 10N T2 (Rt ey (2.6)
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Otherwise, the solution f. depends continuously on the initial value f° in the following sense: let
o, flelL? (Rﬁ X Rg), n=1,2,.., and let f, fen be the unique weak solutions of (1.5), respec-
tively with f.(0,z,v) = fO(z,v) and f. ,(0,2,v) = fO(x,v). Then, if ||f° — fOHL?(]Rngg) — 0
as n — o0, then || fo n(t) — fe(t)|| 2 (maxray —> O uniformly in t.

For the proof of this theorem, we will need the following intermediate result.

Lemma 2.1. Let s > d + 1 be an integer. We suppose that o, E and g° are given and satisfy
the following conditions:

9" € Gy (RE x RY) , (2.7)
E e [C([0,00);C5 (R))]”, (2.8)
o€ C([0,00);C5 (REx RE x RE)). (2.9)

Then, the following Cauchy problem

{ af(tmv)—&—v Vof(t,z,v) + E(t,z) - Vof(t,z,v) = Qf(t,r,v) in [0,00) x R x RE,

£(0,2,v) = ¢°(x,v) in RYxRY,
(2.10)
where Qf (t,x,v) fRd (t,z,v,w) f(t,z,w)dw — X(t,x,v) f(t,z,v); 0 and ¥ satisfying
/ o(t,z,v,w)dw = X(t, x,v), (2.11)
RE,
admits a unique global classic solution
feC([0,00); H* (RE x RY)) () C* ((0,00); H*~F (R x RY)). (2.12)

The proof of this Lemma is done in two steps. We first consider the problem in a bounded
interval of time (¢t € [0,T], T > 0), that we solve by the approach of [32, Theorem II, P. 195]
to obtain a local solution in time. Then, thanks to an idea copy from the proof of [39, Theorem
6.2.], we extend this solution to the whole interval [0, c0).

Proof of Lemma 2.1.
Step 1. Proof of the local existence

This step follows straightforward from the application of [32, Theorem II, P. 195]. Thus,
we just give a sketch of its proof. Let us first note that, following the idea of the proof in [47,
Theorem 5.1, P. 36], we can without losing of generality, replace the problem (2.10) of Lemma
2.1 by:

{ %’g(ta%v) + a(v) - Vo f(t,z,v) + E(t,z) - Vo f(t,z,v) = Qf (t,z,v) in [0,T] x RZ x RY,
f

0,z,v) = ¢°(x,v) in RZxRY,
(2.13)
where T is a positive constant and
_oond . Jovoif o] 2R,
at) = @) = { & S5 (2.14)
that is a;(v) = v; for all i = 1,2,...,d, v € R? and |v| < 2R; R being a positive constant such
0

that Supp(g") C {(x,v) eRIxRY/|z| <R, |v] < R}.
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It is then sufficient to show that under the hypothesis of Lemma 2.1, the problem (2.13)
satisfies the conditions (4.2) — (4.9) of [32, Theorem II, P. 195]. This is let to the reader.

Hence, [32, Theorem II] insures the existence of T/, 0 < 7" < T, such that the CP (2.10),
admits a unique solution

fec (0,7 H* (RExRY)) () C ([0, T); H*~ (RY x RY)) . (2.15)

It then remains to show that the above solution f is global in time.
Step 2. Proof of the global existence
Here, we prove that the local solution obtained in (2.15) is, in fact, a global solution. To that

end, let us denote by [0,7*], where T* > 0, the maximal domain (of time ¢) where the solution
of Cauchy problem (2.19) exists, and is denoted by f. In other words we have

{ %{(t,x,v) +0-Vof(t,z,v) + E(t,x) - Vo f(t,z,0) = Qf (t,z,v) in [0,T7%] x R? x R,
F(0,2,v) = () in RY xR

(2.16)
If T* = +o00, the problem is solved. We are going to show that, if we suppose that T < o0,
then the solution f can be extended beyond T*, which contradicts the maximality of 7. In
fact, supposing 0 < T* < +oo and let tg € [0,7*]. Thanks to [32, Theorem II], where 0 is just
replaced by ¢y (up to replace the unknown function f(¢,x,v) by g(¢,x,v) = f(t + to,x,v)), there
exists a strictly positive number § > 0, independent of ¢y, such that the following CP in f

af . ] _ . d d
{ o TU Vol +E-Vof =Qf in [to,to+0] x R x RY, (2.17)

f(to, z,v) = f(to, z,v) in RZxRY,

has a unique solution f € C* ([to, to + 6]; H* (RE x RY)) N C* ([to, to + 6]; H*~! (RE x RY)). Then,
)
by taking t( sufficiently close to T, for example, tg such that 0 < T*—tg < 5; we have T < t0—|—§.

Hence, we can extend the solution f to [0; to406] which contains strictly [0; 7*], and this contradict
the maximality of 7. Hence we have

feC(0,00,H* (RS x RY)) () C" (0,00, H" (RS x RY)), (2.18)
and therefore Lemma 2.1. O

Remark 1. As in the proof of [47, Theorem 5.1, P. 36], we can show that the assumption about
the compactness of the support of f° leads to a solution f which is also compactly supported.
But this property of f is not necessary for the rest of our work.

We can prove now the main Theorem 2.1, thanks to Lemma 2.1. The proof follows with some
deferences, the approach of Strong-weak solution (see e.g. [25] and references therein), whose the
global idea is to prove the uniqueness of weak solution using strong solutions [25].

Proof of Theorem 2.1. The proof is done in three steps.
Step 1: Existence of the weak solution.

We use here the natural density of spaces C§ in Lebesgue L? (1 < p < 00). Let us consider
for each fixed € > 0, the triplet

loc

<E5, iaa,fo) e [C([0,00); L2, (RY))]" x € ([0,00) ; Co (R L? (RY x RY))) x L2 (RE x RY) ,
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as given by the conditions (2.1)-(2.3) of Theorem 2.1. For s € N (the nonnegative integers), we
have the following continuous and dense inclusion

(€ ([0.00): G5 (R2))]" x € ([0,00): G5 (Re x BE x RL)) x Cf (e x Re) >
(€ ([0,00) : L2, (R%)]* x € (10,00) : Cp (RY; L2 (RY x R%))) x L? (RY x RY) .

loc

Thus, we can find a sequence (EZ, o, gg) in the space

neN
[C([0,00); C& (RD))]? x € (0,00);Cs (RE x RY x RY)) x & (RE x RY)

which strongly converges to (E*, éas, f9). For each element (EZ, 0%, ¢°) of that sequence, Lemma
2.1 insures the existence of a unique f., € C! ([0, 00) ;Hg_1 (Rg X Rg)), solution of the Cauchy
problem

% + (U va:fe,n + Eyal : vvfsm - Qz.fe,n in [07 OO) X Rg X ng (2 19)
fen(0,2,0) = g8 (x,v) in RZxRY, '
with
Q5 fen(t,z,v) = / o (t,z,0,W) fen(t, z,w)dw — X5 (¢, 2,0) fe n (t, z,v) (2.20)
R¢
and
55 (tx,v) = / o (t, z,v,w)dw. (2.21)
Rg,

Hence one deduces the existence of a bounded sequence (fzn),cy in C* ([0, 00) s H ™' (RY
ng)), i.e., also bounded in C'! ([0, ) ; L? (Rg X Rg)), for which each element solves the Cauchy
problem (2.19). According to Banach-Alaoglu Theorem [15], we can therefore extract a subse-
quence still noted by (fc,n), ¢y, which weakly converges in Ct ([0, o) ; L2 (Rg xRﬁ)) towards a
unique element f. € C* ([0,00); L? (R x RY)).

Let us show that f. is the weak solution of our Cauchy problem (1.5). For that, let ¢ €
C3 ([0,00) x RZ x RY) be a test function. Multiplying the first equation of (2.19) above by ¢ and
integrating over [0,00) x RZ x RY, using the fact that ¢ has compact support, the semi-detailed
balance condition (1.7) and the initial condition in (2.19), we have

[Tt (G Ve B Vg (@00 (hanohdudadt (222
0 ]Ri‘fv

=/ (0, 2,v) gy (x, v)dvdz,
R34,
where R2% = R% x RY and (Q5)* is the adjoint of Q5, defined by

(Q5) ot z,v) = / 0% (¢, 2w, 0) plt, 2, w)dw — 5,2, 0) ol 7, )
]Rd

v

and
Ei(t,z,v):/ o (t, z,v,w)dw.
Rd

Passing to the limit in (2.22) as n — oo, since (E, 05, ¢ )nen strongly converges to (E<, 2o°, f0)
we then obtain

oe 0 1
- / » f(t,z,v) ((;f +v-Vep+ E°-Vyp+ E(Qﬂ*cp) (t,x,v)dvdxdt (2.23)
0 Z

v
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- / ©(0,z,v) f°(x, v)dvdz, Vo € Cp ([0, 00) x R4 x ]Rg) )
R

T,V

That is f. € C* ([0,00); L? (R% x R%)) is a weak solution of (1.5).
Step 2: Uniqueness of the weak solution

To show the uniqueness, let us consider two solutions f; and fs of problem (1.5). Then,
their difference g = f; — fo is solution of the following problem:

{ %+v~vx9+E€'Vu9:%ng in [O,OO)XR?CXR%,

g=0 in R xR (2.24)

We then multiply the first equation of (2.24) by ¢ and integrate the obtained equation over
R¢ x R? to have

/ / (3g| +v-Vlg)> + E°-V, |g|2> drdv = — / / (9Q°g)dzdv. (2.25)
Rd JRE Rd JRY

Now, up to suppose without lost of generality that g has compact support, integrating by parts
the second term at the left hand side of (2.25), we easily show that

/]Rd /Rdv -V.lg|?dvdz = 0. (2.26)

In the same way, we show that

/ / E°(t,x) - Vgl (t, ,v)dzdv = 0. (2.27)
R JRY

For the term at right hand side of (2.25), thanks to semi-detailed balance condition (1.7), we
apply [5, Lemma 2.1., d)] to have

/RM (9L%g)(t, x,v)dzdv = —f/de /Rd (t,z,v,w)(g(t,z,v) — g(t, z,w))*dwdxdv. (2.28)

v,z

Taking into account (2.26)-(2.28), the energy equation (2.25) becomes

0
S sOEn) = =2 [ [ [ ot vw)(gttn ) = glt,ow)Pdudado < 0. (220)
Rd Rd R4

w

Now, integrating inequality (2.29) over [0;¢[ (¢ > 0), in the view of initial condition ¢(0,z,v) =0,
we have Hg(t)||iQ(RdX]Rd) < 0, which implies that

f1 — fa = g = 0 for almost every (t,z,v) € [0,00) x R? x RZ.
Whence the uniqueness of the solution of (1.5).

Step 3: Uniform estimate, positivity and stability for the global weak solution.

1) As regard the a priori estimate (2.5), let just multiply the first equality of (1.5) by f. and
integrate the equation obtained over RY x R? to have

;/ (alfel +u Volfel* + E°-V, Ifa|2> dadv = = / f=(Q° fo)dado. (2.30)
2 Jrae, ot
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Now, we can proceed as at previous step for equalities (2.26), (2.27) and (2.28), where, ¢ is
replaced by f¢, so that equation (2.30) above becomes

<|? 1
/ Olfel (t, z,v)dxdv = —7/ / o (t,z,v,w)(fo(t, z,v) — fo(t, z,w))*dwdzdo,
Rz, Ot € Jrz, Jry,

which implies that
0
a”fe(t)ngy(neggv) <0. (2.31)

Hence, integrating this last inequality on t € [0, 7] (7 > 0), we have

(P12 e ey < NFONI 72 e ey

thereby implying the inequality

2 012
[ fellZoo (f0,00)522 e xR < SN2 (R xR -

Finally, for any constant T' > 0, integrating (2.31) over ¢ € [0, 7], we obtain the estimation
HfEHQL?([O,T]XRdx]Rd) = T”f ||L2 (RExRE)"

2) Let us show now that the solutions f. remains nonnegative for nonnegative initial data.
Let us use f- = min (0, f.) as a test function, to multiply the first equality of (1.5) and perform
the same calculations as for (2.25) -(2.27) above, while using [5, Lemma 2.1., d)] once more. We
obtain the following equality similar to (2.28):

fde m (r,z,v)dedv = -2 fde f]Rd O'E(T x,v,w) (f (1, z,v) — fﬁ_(T,x,w))2 dwdxdv
+2 me fRd (7,2, 0,w) f (7, 2,0) fF (1, 2, w)dwdzdv,

where f = max (0, fe) and since f. = fo + f2. Finally, integrating this last equality on
T € [0,t], we obtain

U o 0 (o v,w) (U (ry2,0) = f2 (ry 2, 0))? dwdedvdr + [ |17 [2(t, 2, v)dadv
—% fot fR%;dz fRiﬁ o (r,z,v,w) f7 (1, 2,0) f (7, 2, w)dwdzdvdT = ngdz [(fO)~|?(z, v)dxdv.
' ' (2.32)
Since o¢ is nonnegative, all terms in the above left-hand-side are nonnegative. The hypothesis
(2.3) on the nonnegative initial data f° implies that the right-hand-side vanishes. Accordingly,
each term at right-hand-side vanishes. In particular, we have

/ Pt 2, v)dady = 0,
2d

v,z

proving that f= (¢, z,v) = 0 for a.e. (¢,z,v). Thus the solution f. stays non negative at all times,
since it is continuous with respect to t.

3) To end this proof, let show that the solution f. is continuous with respect to the initial
data f°. Indeed, let (f0)nen C L2(R% x R%). For a fixed n and ¢, let f.,, be the unique weak
solutions of (1.5) with f. ,,(0,z,v) = fO(z,v). As previously, g = f. — f. ., is solution of (1.5) with
9(0,2,v) = f(0,2,v) — f- (0, 2,0) = fO(z,v)— fO(x,v). Thus, performing the same calculations
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as for (2.25)-(2.29), we obtain an inequality similar to (2.31), where f. is replaced by f: — fc n,
that is

0
EH(JCE - fa,n)(T)HQLQ(]RgX]Rg) <0. (2'33)

Hence, integrating this last inequality on 7 € [0,¢] (¢ > 0), we have
”(fs - fs,n)(t)H%?(Rngg) < ”fo - fv?”%?(Rngg)'

This proves that: if || — f||L2rexray = 0 as n — oo, then || fen(t) — fo(t)|lL2(raxre)y = O
uniformly in ¢. Hence, we have the stability of f. with respect to the initial data f°. O

In the sequel of this work, for practical measures, we will consider that the velocities v of
particles lie in V, rather than R? and the time in ¢ in a compact interval [0, 7], T > 0 being any
given constant and V a subset of R? which properties will be specified. Hence, up to consider a
restriction of f. to [0,7] x RZ x V, the results of this section will still be valid.

3 Algebras with mean value and >.-convergence

In this section we recall the main properties and some basic facts about the concept of -
convergence which is closely related to that of algebras with mean value (algebra wmv, in short),
also abodes here. We refer the reader to [37, 48, 49] for more details regarding most of the results
of this section.

In the sequel of this work, we will often set RL." = [0,T] x R.

3.1 Algebras with mean value

Let A be an algebra with mean value (algebra wmv, for short) on R%, that is, a closed subalgebra
of the Banach algebra BUC(R?) (of bounded uniformly continuous real-valued functions on R¢)
that contains the constants, is close under complex conjugation (@ € A whenever u € A), is
translation invariant (r,u = u(- +a) € A for any u € A and a € R?) and is such that any of its
elements possesses a mean value in the following sense: for every u € A,

M) = tim f u(y)dy (3.1)

where Bp stands for the open ball in R? of radius R centered at the origin,q and JCBR = ﬁ f B

Let u € BUC(R?) and assume that M (u) exists. Then, defining the sequence (u).~o C
BUC(R?) by uf(z) = u(%) for € R?, we have

uf — M(u) in L= (R%)-weak * as ¢ — 0.

This is an easy consequence of the fact that the set of finite linear combinations of the charac-
teristic functions of open balls in R? is dense in L!(R).

Let A be an algebra with mean value. We define the space A by

A® ={ueA: Dyju € A for every a = (ay,...,aq) € Nd} ,

defined by |||ull],, =

m

where Dy = 9 Then endowed with the family of norms |||-]||,,

T ooyrt.oy,d
« o0 ! ’
SUP| | <m SUPyera | Dy ul, A is a Fréchet space.
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In order to define the generalized Besicovitch space, we first need to define the Marcinkiewicz
space MP(R?) (1 < p < 00), which is the space of functions v € L? (R?) satisfying

loc

limsup][ lu(y)[? dy < oo.
Br

R—oc

Endowed with the seminorm

1

lull, = limsup (]l u<y>|”dy) ,
R—oo Br

9MP(RY) is a complete seminormed space. Next we define the generalized Besicovitch space
BE(R?) (1 < p < o0) associated to the algebra with mean value A as the closure in MP(R%) of
A with respect to ||-[|,. It is easy to see that for f € A and 0 < p < oo, |f[" € A, so that

11, = ( fim_{ |f<y>|1’)’1’ — (M) (3.2)

R—o0 Br

The equality (3.2) extends by continuity to any f € B (R?). Equipped with the seminorm (3.2),
BZ(]Rd) is a Fréchet i.e. complete local convex space, whose topology is defined by the family of
seminorm [||-]||,, mentioned above. We refer the reader to [43, 48, 49] for further details about
these spaces. Namely, the following holds true:

(1) The space B (R?) = B (R?) /N, where N = {u € B} (R?) : [ul|,, = 0}, is a Banach space
under the norm [lu + N[, = [lul|,, for u € B} (R?).

(2) The mean value M : A — R extends by continuity to a continuous linear mapping (still
denoted by M) on BY(R?). Furthermore, considered as defined on BY (R%), M extends in
a natural way to BY (R?) as follows: for u = v+ N € BY(R?), we set M (u) := M (v). This
is well defined since M (v) = 0 for any v € N.

In the current work, we will deal with the concept of ergodic algebras with mean value. A
function u € BY(RY) is said to be invariant if for any y € R?, |u(- +y) — ul|, = 0. This being
so, an algebra with mean value A is ergodic if every invariant function u is constant in BY (R?),
ie. if lu(- +y) —ull, = 0 for any y € R?, then ||u — c[|; = 0 where c is a constant. We assume
that all the algebras with mean value used in the sequel are ergodic.

We also define the notion of vector-valued algebra with mean value. Indeed, for G a Banach
space, we denote by BUC(R?; G) the Banach space of bounded uniformly continuous functions
u: R? - G, endowed with the norm

[ulloc = sup [Ju(y)lle
yeR

where || - || stands for the norm in G. Let A be an algebra with mean value on R%. We denote
by A ® G the usual space of functions of the form

Z u; @e; withu; € Aand e; € G

finite

where (u; ® e;)(y) = u;(y)e; for y € RY. We then define the vector-valued algebra wmv A(R%; G)
as the closure of A ® G in BUC(RY; G).
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Now, let f € A(R% G). Then, defining | f|lc by | fllc (W) = [[f(®)lg (v € RY), we have that
| fllg € A. Similarly, we can define (for 0 < p < oo) the function ||f||%, and || f||% € A. This
allows us to define the Besicovitch seminorm on A(R%;G) as follows : for 1 < p < oo,

£l = (Iggnw f If(y)llfédy) "= (M1 for f € AR ).

Now, we can define the Besicovitch space B (R%; G) as the completion of A(R%;G) with respect
to [|-||,g- The space BL(R%G) is a complete seminormed subspace of L (R%G), and the
following holds true:

1. The space BY(R%:G) = BY (R G)/N, where N = {u € BY(R%:G) : [lul,; = 0}, is a
Banach space under the norm |lu + N|, o = [|ull,, ¢ for v € B} (R%; G).

2. The mean value M : A(R%;G) — G extends by continuity to a continuous linear mapping
(still denoted by M) on BY(R%; G) satisfying

L(M(u)) = M(L(w)) for all L € G’ and u € B} (R%G).

Moreover, for u € B (R% G) we have

B =

full o = Q2 = | g f uizas]”

and for u € N, one has M(u) = 0. It is to be noted that B%(R?; H) (when G = H is a
Hilbert space) is a Hilbert space with inner product

(U,U)Q = M[(U,U)H] for u,v € Bi(Rd,H)a (33)
(,)m denoting the inner product in H.

If in particular G = R, then B (RY) := BL(R%R) and B, (RY) := BY(R%R). The mean
value extends in a natural way to B (R?) as follows: for u = v + N € BY(R?), we set M (u) :=
M (v); which his is well-defined since M (w) = 0 for any w € N. The Besicovitch seminorm in
BY (R%) is merely denoted by [[[[,,, and we have BiY(R?) c B4(R?) for 1 < p < g < 0.

For special purposes, we consider the case where A = AP(R?) is the algebra of almost peri-
odic continuous complex functions on R? and H = L2(V') the usual Lebesgue space of complex-
valued square integrable functions; V being a subset of R? endowed with de measure dy. The
L2-valued algebra wmv A(R?; H) = A(R?; L?(V)) is now the closure in the L2-valued algebra of
bounded uniformly continuous functions BUC(R?; L2(V)) of the L2-valued trigonometric poly-
nomial P(L?(V)) defined by: P € P(L?(V)) iff

P(z,v) = ch(v)ew‘f’m, V(z,v) € RT <V, (3.4)
j=1

where ¢; € L?(V), the \; € R? are distinct (\; # A if j # k), i? = —1 and m € N is finite. For
each P of form (3.4) above, we define its spectrum by

Sp(f)={N eR:¢c; #£0}. (3.5)
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The L?-valued generalized Besicovitch space of almost periodic functions BZ,(R%; L?(V)) is de-
fined in the sens of Bohr by: f € ng(Rd; L?(V)) iff there exists a sequence of L2-valued trigono-
metric polynomials (P,)nen C P (L*(V)) such that

1
2
||fHng(Rd';L2(V)) = nh_{lgo HPnHng(Rd;LQ(V)) = hm ( hm ]é /‘/Pz(x,v)du(v)dx) . (36)
R

n—oo \ R—oo

This defines a seminorm on B2, (R%; L*(V)).
The spaces BZ,(R?) for H = R and the Banach B2,(R% L?(V)) = B2 (R% L*(V))/N are

defined similarly as above and equality (3.6) also defines a norm on the Banach ng(Rd; L3(V)).

In the sequel, |[-[|p2 (ga,r2(yy) Will simply be noted ||-[|, , and [|-[| 52 ga) Will be noted [|-[[,. We

recall the following usual map:

c; f A=X\; € Sp(P)

. 1 —i\T _
A= a(); P) = lim P(z)e de = { 0'if not ,

R—o0 Br

called the Bohr transform of P € P(L*(V)). By so doing, we define the Bohr transform of all
f € BL,(RLLA(V)) by:

(3.7)

R—o0 n— oo

A= a(\; f) = lim f(x)e™™%dz = lim a(\; Py),
Br

for (P)nen C P(L*(V)) and converging towards f in the sense of equality (3.6). We then call
spectrum of f € ng(Rd; L%(V)), the subset of R? defined by

Sp(f) = {r € R :alX f) # 0} (35)
Now, let A be a countable subset of R? satisfying the so called 3-condition:

1 { <oo for ~>p

> — ’ (3.9)
= <pB.
= A7 oo for y<p6

Such condition is e.g., satisfied for A = Z¥\{0} and 8 = d [4, 16]. Hence, we define
BZ, (A L(V) = {f € BL,(RLL2(V) = Sp(f) € A} (3.10)

B2 ,(A; L*(V)) is a separable subspace of B2,(R%; L?(V)) [16, 4] associated to the L*(V)-valued
algebra wmv AP(A; L2(V)) = {f € AP(R% L?(V)) : Sp(f) C A} and all the properties stated
above are still valid in BZ,(A; L*(V)). The Banach space BZ,(A; L*(V')) is defined in the same
way as previously, as well as the real-valued spaces AP(A), B, (A) and B2, (A), which are merely
particular and simplest cases of previous ones.

3.2 The Y-convergence method

In what follows, the notations are those of the previous subsections.

Let A be an algebra wmv on RZ. We know that A is a subalgebra of the C*-algebra of
bounded uniformly continuous functions BUC(Rg). The generic element of R1T+d is denoted by
(t,z) while any function in A is of variable y € RY. For a function u € LP(R}, x V; B (R?)) we
denote by u(t,z,-,v) (for a.e. (t,z,v) € RE™ x V) the function defined by

u(t,z, -, v)(y) = u(t,z,y,v) for a.e. y € R

Then u(t,z,-,v) € B4 (RY), so that the mean value of u(t,z,-,v) is defined accordingly.
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Definition 1. A sequence (uc)eso C LP(RE x V) (1 < p < 00) is weakly Y-convergent in
LP(REF X V) to some function ug € LP(RE™ x V; B4 (RY)) if as € — 0, we have

/ ue(t, z,v)p%(t, x,v)du(v)dedt — M (ug(t,z, -, v)p(t, -, v))du(v)dedt, (3.11)
REFIxV

for every o € L”/(RlT"’d x Vi A) (ﬁ =1- %), where ©°(t,x,v) = o(t,x, Z,v). We express this
by writing u. — ug in LP(RLT x V)-weak .

In the above definition, if A = Cp.,-(Y") is the algebra of continuous periodic functions on Y,
where Y = (0,1)%, then (3.11) reads as

/ we(t, @, 0)¢* (t, 7, v)dpu(v) dadt — wolt, 2,y 0)(t, 2y, v)dydpu(v)dadt,
RIFIxV RyFIxV XY

where ug € LP(RE x V x Y).

Remark 2. The above weak Y-convergence in LP(R% x R™) implies the weak convergence in
LP(R% x R™). One may show as in [37] that, for any f € LP(R% x R™; A), the sequence
(f¥)es0 weakly X-converges towards f + N in LP(REL x R™). It is also possible to show (see
[37, Corollary 4.1]) that the property (3.11) still holds for ¢ € L*(R%;C(R%; BZ’OO(Rz))), where
BY® =B%n L>*(RY) is endowed with the L>(R%)-norm.

In the sequel, the letter ().~ will always denote any ordinary sequence (&, )nen of positive
real numbers satisfying: 0 < ¢, < 1 and &, = 0 when n — oc.

The following result and its proof are simple adaptation of its counterpart in [38, 37, 48].

Theorem 3.1. Let 1 < p < oo and let (uc),.., C LP (R1T+d X V) be a bounded sequence. Then,
there exists a subsequence (¢').~q of (€)e>0 and a function u € LP (R1T+d x V;BY (RY)) such

that the sequence (ul) weakly X-converges in LP (R1T+d x V) tou.

e’>0

4 Corrector results

In this section, we deal with a key result that has already been proven by [28] in a periodic setting
and generalized to the context of algebras with mean value in our previous work [23]. We can
also mention the work of [1] in which similar result is obtained for velocities belonging to the
whole space RY.

To start with, let A be an algebra wmv on RZ as defined in the previous section. We consider
the unbounded operator P defined on L?(V; B%(R$)) by

Pu=v-Vyu— Qu, (4.1)

with domain
D(P) = {u € L*(V; BA(Ry)) : Pu € L*(V; B1(R}))},

where Q is the operator defined by

Qf(t.z,y.v) = /V ot 2, v, w) (g w) — Fy,0))dp(w), [ € I3V BARY),  (42)
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with kernel o satisfying the semi-detailed balance condition (1.7). The equality (4.1) above stands
in the weak sense in L*(V; B3(RY)), that is

(Pu,¢) = /v M(—uv - Vy¢ — ¢Qu)du(v) for all ¢ € C=(V; A™). (4.3)

As in our previous work [23, Section 3], we can easily show that the domain of P is given by
D(P) ={u e L*(V;BA(R})) : v- V,u € L*(V; BR(R]))} (4.4)

and that P extends by continuity to P, on the Banach space LQ(V;B%(RZ)) throughout the
equality .
Pi=Pu for @=u+N withue L*(V;B3(R))), (4.5)

where Pu = Pu+ N, with N = {u € Bi(RZ) tlull, =0}

Our goal in this section is to solve the auxiliary problems (4.6) and (4.7) below:

i) The corrector problem:
For g € L*(V; Bi(RZ)), look for f € D(P) such that Pf =g (4.6)

and

ii) The dual corrector problem:
For ¢ € L*(V; B4(RY)), look for ¢ € D(P*) such that P*¢ = ¢, (4.7)
where P* is the adjoint of P defined
P*p=—v-Vyp—Q"¢.

To that end, we consider the integral operator K of kernel o defined on L?(V; B (R%)) (uniformly
with respect to (t,x) € RE:™) by

K f(y.v) = /V oy 0, w) (g, w)dps(w) for | € LA(V; BA(RY)). (48)

We may easily show (see Step 1 of the proof [23, Proposition 1.]) that K sends continuously
L3(V; Bi(R‘;)) into itself. We assume that

K is compact from D(P) into L*(V; B%(R;)). (4.9)

Assumption (4.9) is verified in the periodic setting (see [28]) and can be easily extended to the
asymptotic periodic setting. We can also show that it is valid in the almost periodic setting and
hence, can be extended to the asymptotic almost periodic framework in the same way as in the
asymptotic periodic one. In [23], we just gave the outline of the proof of this result. Here in
Appendix, we give a more detailed proof in almost periodic setting (see Proposition 6.1).

Next, let us suppose that the set (V, du(v)) satisfies the following assumption:

w(V) < 0.
There exists a constant x > 0 such that (4.10)
p({v eV :jv- Al <alA|}) < ka for all A € RE = RN{0}.
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Let us say a word about assumption (4.10). For a > 0 and A € R%, we define
Eopx={veV:|v-Al>alM} and E;,\=V\Esx={veV:|v-A <alA}. (4.11)

E7,  is therefore the set of velocities whose orthogonal projection on the A-axis is inside the band

limited by the two planes {v € R?: [v- A[/|A| = £a}. The condition: there exists £ > 0 such
that u(EY ) < ko for all A € R? appearing in hypothesis (4.10) is fulfilled in particular if V is
bounded and p is the Lebesgue measure over V, or V is a sphere and p the surface measure [19].
Assumption (4.10) is of great interest to verify hypothesis (4.9) in almost periodic framework, as
it can be seen (proof of Lemma 6.1) in Appendix.

With all this in mind, problems (4.6) and (4.7) are solved by the following proposition.

Proposition 4.1. Suppose (4.9) holds true and that o = o(t,x,-,-,-) € L=®(V x V;Bz\’m(Rz)).
Then the following assertions hold:

(i) There exists a unique function F € L*(V; B3(RY)) satisfying
PF =0, /V M(F)dp(v) =1and F >0 ae. in R} x V. (4.12)
Furthermore F is the unique solution of the variational equation
/ M(F(v-Vyé(-,v) + Q" ¢(-,v)))du(v) =0 for all ¢ € C*(V; A™). (4.13)
1%

Similarly, we have KerP* = span{lR;sz}, where IRZXV stands for the characteristic
function of RZ x V.

(ii) Let g € L*(V; B3(RY)). The equation (4.6) admits a unique f in D(P) solution if and
only if [, M(g)du(v) = 0. Moreover it holds that

||f||L2(v;B§(R;Ji)) <cC ||9||L2(V;Bg(u§g)) ) (4.14)

where C' > 0 is a constant independent of g.

(iii) Let ¢ € L*(V;B3(RY)). The equation (4.7) admits a solution ¢ € D(P*) if and only
if [, M(@F)du(v) = 0. The condition [, M(¢)du(v) = 0 ensures the uniqueness of the
solution. Furthermore we have

||¢||L2(V;Bi(Rg)) <C H@HL?(V;Bi(Rg)) ) (4.15)
where C' > 0 is a constant independent of ¢.

We proved this result in details in proof of [23, Proposition 1]) (see also proof of [28, Propo-
sition 3.1]). The proof is not repeated here.

Similarly, we also need for the sequel, the lemmas below, showing how the regularity of the
coefficients gives rise to the regularity of the solutions of (4.6) and (4.7). The last one takes into
account the dependence with respect to the parameter (¢,2). Their proofs are copied on that of
[23, Lemmas 3.1 and 3.2] (see also [28, Lemmas 3.2 and 3.3]) and are left to the reader. In what
follows, A! denotes the space {u € A : Vu € (A)?} while V, stands for the subspace V of R¢,
with generic variable w € V. We then have:
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Lemma 4.1. Suppose that o(y,v,w) and g—;(y,v,w) (1 < i < d) lie in C(V, X Viy; L=(RY))
NL>®(V, x Vi % RZ). Then, for g € C(V; Al), the solution of (4.6) lies in C(V; A'). A similar
conclusion holds for the adjoint equation (4.7).

It is worth noticing that derivation of the equation for the equilibrium function F shows
similarly that F' € C(V; Al).
Lemma 4.2. Let k € N*. If o(t,z,y,v,w) € CFRL LoV, x Vw;Bi’w(RZ))) and g €
CFRL: L2 (V; B3(RY))), then the solution of (4.6) lies in Ck(R1T+d;L2(V;Bi(R$))). A similar
conclusion holds for the adjoint equation (4.7).

In particular, the following consequence of the lemmas above will be useful in the sequel.
Corollary 4.1. Suppose (5.1) holds. Then

(i) F and V,F are continuous functions of their arguments, where F is determined by (4.12).

(ii) For any g € C§(RLT:;C(V; AY)), satisfying the compatibility condition in Proposition 4.1,
the solution of Pf = g is a continuous function of its arguments as well as its first derivative
with respect to x. A similar conclusion holds for the adjoint equation P*¢ = ¢.

5 Homogenization result

As in our previous work related to the topic [23], we state on the collision kernel o the following
homogenization hypothesis

o € BREM x V, x Viy; BY™(RY)), (5.1)

where, A is a given algebra with mean value on R? and Bi’oo(RZ) = BZ(Rg) N Lw(RZ), as given
in Section 2. Hypothesis (5.1) plays a special role in this work. Indeed, when accounting for the
specific properties of the medium in which the collisions occur, the analysis of our model becomes
more involved and necessitates special attention. These properties are naturally included in the
behaviour of the scattering rate function o, and they influence the overall behaviour of the density
function f.. They depend on the way the microstructures are distributed in the heterogeneous
medium (where the collisions occur). For example, we could assume that the medium is made
of micro-structures that are either uniformly distributed inside or almost uniformly distributed,
or assume another kind of deterministic distribution. This leads to a function (y) — o(y,v,w)
which is assumed to be either periodic (with respect to (y)) or almost periodic, or even asymptotic
almost periodic. Assumption (5.1) includes all these properties. We also assume that the electric
field F is highly oscillating in space variable. That is,

E € (B3™(R%))4. (5.2)

Now, let us consider the operator P defined by (4.1) in the previous section. By Proposition
4.1, we known that there exists a unique F € C'(RL"; L?(V; B (RZ))) such that

PF =0, / M(F(-,v))du(v) =1 and F > 0 a.e,; (5.3)
%
We define the following flux:
clt.0) = | MEF(,0)duto) (5.4)
v

The following theorem is our main homogenization result.
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Theorem 5.1. Let A be an algebra with mean value on R?. Assume (5.1) and (5.2). For
each € > 0, let f. be the unique solution of (1.5). Then, there exists fo + N € L*(RL x
V; BA(RY)/N) such that the sequence (f.)-so weakly sigma-converges in L*(RE:™ x V) towards
fo +N. Moreover fq is nonnegative and has the form fo(t,z,y,v) = F(¢,z,y,v)po(t, z), where
Fec Cl(RlT"’d;LQ(V;Bf‘(Rg)) Nker P) is given by (5.3) and po satisfies:

(i)

(i)

ifc#0,
Bpo +a ( (t,I)PO) =0 in (O,T) X Rg,
(5.5)
po(0,2) = [, fO(x,v)dp(v) in R,

In addition, for all ¢ € C§°(R%) satzsfymg Jrc(t x)- Vo =0, the following variational
equation holds true

0
(+ (402 %2 + D)V + Ultsh ) 0} =0 (56)
where, TN 4 po is the transpose of vector YV ,po = (g%, g%‘;, e %)7
Alta) = [y MECFldu() = (f, Mg Fldu(v)’
D(t,x) = [, M[x* ®vF]du(v) = ([, M[xjv;F]du(v ))1-7]-:1 »

with (X" ® vF) = (X{viF) 1 <; j<ar

Utt) = | M[x %—fw( 'vxF>FE~vvx*] du(v),

([ [t

=1

where x* € [C§° (R4 x V; Bi(Rg))]d is the unique solution of the corrector problem:
P = =(e(ta) ~ ) and | MU (1 0)ldn(o) =0
v

If c(t,x) = 0, the homogenized model is stationary and the solution pgy satisfies
(D) Vapo(2) + U(@)po(x)) =0, (5.7)
where
y d
D(z) = [, [o M[x*®vF]dtdu(v (fv fo IXfvj F)dp(v )dt)ij:1,
S Jo M PS4 X (0 VoF) = FE - Vx| dedp(v)

(fv Jo M [ FOL 4 xi(v- V, F) —FE-VUX;] dtdu(v))

=
&
I

d

i=1

and where x* is the unique solution [C§°(R$ x V; Bi(R;))]d of the corrector problem:

P*x* = —v and /VM[X*(t,x, L 0)]du(v) = 0. (5.8)
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P* being the adjoint operator of P.

Proof of Theorem 5.1. Let first notice that applying the Theorem 3.1, in virtue of a priori esti-
mates (2.5) of theorem 2.1, we infer the existence of a subsequence (fe/)er>0 of (f<)e>0, and an
element fo € L2(RLT x V; Bi(RZ)), such that as ¢’ — 0, one has

for = fo+ N in LX(RET x V) — weak ¥,

where N = {f € BA(RY) : || fll2 = M(|f?)z = O}. We consider now our initial model (1.5). Let

P € C§° (R1T+d x O) @ A, where O =V \ 9V (9V being the boundary of V). We then define
Ve =Ytz Z,0) V (t,z,v) € R1T+d x V. Hence, ¢¢ € Cgo(RlT+d x V).

Multiplying the first equation of (1.5) by ¥° and integrating by parts, using the semi-detailed
balance condition (1.7) and the fact that V,, - E = 0, we obtain

o 2 ((55) +o Tar+ 2o (9" + B () + 2070 ) | dutw)dadi =0

Then, multiplying (5.9) by ¢ and passing to the limit as ¢’ — 0, using (in view of Remark 2) F
and o as test functions, thanks to Theorem 3.1, one has by Y-convergence

/vm;ﬂ {fe (6 <831f)6 v (Vah)" + v (V) +eE° - (Vo) + (Q*w)sﬂ dtdzdp(v)

— M [fo (v- Vb + Q*0)] didadp(v) = 0.

VxREH

We deduce that
- /V " M [fo (v Vyo + Q)| dtdzdu(v) = 0. (5.9)

Choosing ¥(t, z,y,v) = ¢(t,2)é(y,v), where ¢ € C§° (R1T+d) and ¢ € A® ® C*(0), we obtain
that (5.9) is equivalent to:

/]Rl;d (/v M [fo(t,z,.,v) (v- Vyo(.,v)) + Q"¢(.,v)] d,u(v)) o(t, x)dxdt = 0.
Since ¢ is arbitrary chosen, the preceding equation leads to
[ MU0 (0 9, 000) + Q00 die) = .
Now, let us consider the problem: Find F € L*(V; B (R{)) such that

v-Vy,F—QF =0in R} x V. (5.10)

Then, appealing [part (i) of] Proposition 4.1, there exists a unique F' € LQ(V;BE\(RZ)) with
Jiy M(F)dp(v) = 1, which solves (5.10) and further satisfies the variational formulation

/VM(F(~,v) (v-Vyo(-,v) + Q76(-,v))) du(v) =0 Vo € A* @ C5°(V). (5.11)
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Next, setting
plt.) = [ Mfo(t.z, - 0))du)
v
and assuming without lost of generality that pgy is not identically zero, we define a function with
the property that py* fo(t, ,-) solves (5.11) and Jy M (po ' fo (t, 2, v)) du(v) = 1. Invoking the
uniqueness of the solution of (5.11) with the further normality condition fi, M(F) du(v) = 1
insured by Proposition 4.1, we get readily F' = py Lfo, e,

fo(t,l’,y,’U) = pO(tv‘r)F(yvv) for a.e. (t,x,y,v) € R’}'er X Rgo/l X VP? (512)

where F' is given by (4.12) and py is to be determined. Now, as fo € L?(Ri" x V; B3(RY)) =
L3Ry L2(V; B4 (RY))) we see that py € L*(R:).

Let us still consider the weak formulation (5.9), but with ¢ € [C5°(Ry) ® A% & C§°(O)]
NKerP*. In virtue of statement (i) of Proposition 4.1, KerP* is spanned by 1Rng; that is

U(t,z,y,v) = p(t, x), ¢ € C(RL™). The derivatives in y and v vanish in (5.9) and it becomes

/ fe <(&p)5 +ov- (Vm¢)5> du(v)dzdt = 0.
RLFE XV ot

Passing to the limit as ¢’ — 0, we obtain by Y-convergence

/ M [fo (390 +ov- chpﬂ dp(v)dzdt = 0.
BRIy ot

Taking into account (5.12) and (4.12), we can compute this last equation as follows:

0 = /Rl;dxv M {fo(t,x, ) (%f(t,x) +uv- Vﬂp(@:t))} dp(v)dzxdt,

0 = /Rl;d o K/VM[F(M,-,U)} du(u))%f—k(/vM[F(t,x,.,v)v] du(v)) -vw} dedt,

_ Op
0 = /Rl;d po(t, x) (at(t, x) + c(t, x) .ngo(t,:zz)) du(v)dzdt,

o
Il

since [, M [F(t,z,-,v)]du(v) =1 and [, M [F(t,z,-,v)v]du(v) = c(t,z). This implies in virtue
of the arbitrariness of ¢ that

)
%(i,x) +o (c(t,@)po(t,x)) = 0 forall (t,2) € REFL (5.13)

To obtain equation (5.6) of Theorem 5.1, we still consider the weak formulation (5.9), that
we rewrite in the following form:

/XRdTHV [fe ((%f) +v- (Vo)) + E° - (Vo1h)" — é (P*@b)sﬂ dtdzdu(v) = 0, (5.14)
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but this time with

Ye(ta,v) =16t a) + ot a, 2v), ¢ CF(RE),
{ P*(¢) Z(U—c(tx)()p-qub_ o (5.15)

Indeed, in view of (5.4) and (4.12), we have

/‘/M[(U—C)F]du(v) - /VM[UF]d,u(v)—c/VM[F]du(v):c—c><1:0,

so that appealing statement (iii) of Proposition 4.1 and Lemma 4.2, we have the existence of a
d
unique y* € [C§° (R, B3(R%)) @ C°(V)] satisfying

PHOC) = (o =elta)) and [ MOC)dut) =

Hence, choosing ¢ so that

0
a—(f +c(t,x) - Vap =0, (5.16)
we can rewrite (5.14) as follows
1/0
0= 2 (G et oot (= ) Voo - (7)) +
1 1 6 N € €
EEE -V + E—QP*gb + <<8f> +v-(Vep) + E° - (Vyop) )] dtdzdu(v). (5.17)

But in view of (5.15), (5.16) and as ¢ = ¢(t,x), all the terms in L and 2% in (5.17) vanish. We
then pass to the limit as ¢/ — 0, to obtain by X-convergence

/V . M {fo (aaf +v-Vyp+ E- vaoﬂ dtdxdu(v) = 0. (5.18)
XKy

Furthermore, since ¢(t, z,y,v) = x*(¢,x,y,v) - Voo(t,x) and fo = po(t, z)F(t, z,y,v), equation
(5.18) reads as

9
[t (5 00920 409, (009204 B9 (00 9.0) )| dtdaduto) =o.
VxREH! t
(5.19)
d _ —d d
Let us set > 7, =351 >y and
9 .
L= M [poF 2 (- V,0)| dtdwdu(v),
V xREH ot
B= [ MlpFve . (- Veo)didedu(o),
V xRET!

I3 =/ M [poFE -V, (X" - V.0¢)| dtdzdu(v).
V xRET!

We can compute each term of (5.19) as follows:
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_ 0 (,-9¢
I = /V i M lz poF o (Xi 8@)1 dtdzdpu(v), (5.20)

d
- 00 . - 00 OF 00
- /VM l;/w ( ot L Xi Ox; + g o axi> dtdx} dp(v),

=/VM [Zd: "~ (ai (X:Ffﬂap;)> + 88 (xé‘%fpo)) ¢dtdx] dp(v),
SR (o) ) (o)
LOF

8po a¢ OF . 0¢
Z /RM ( T Vi, PX; xj) dtdw] dp(v), (5.21)
. o, 200) 4 2 (1 OF
a VM Z /erd (8:6] ( it 8:&-) * Ox;j (X-jv18x1p0)> ¢dtdx] dpfv).

d d
My M ;/Rl;d (Z Oz <Xj Faxi) - Ox; <Xj (Z Vi 83&') po)) qﬁdtdw] O

:/ iai [Zd: (/VM (XG0 F] du(v)> Zgj + (/VM (X (v Vo F)] du(v)) Po] pdtdz,

dtdzdu(v), (5.22)

d
d ox;
e |2 L (a (FE ) dm] e

M F;EW

du(v)) po] gdtdz,
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Hence taking into account (5.20), (5.21) and (5.22) we obtain that

<m (A(t )? + D(t,2)T Vapo + U(t,x)po> ;¢>> =0, (5.23)

for all ¢ satistying (5.16), with
Alt,x) = / M [x*F]du(v) ; D(t, x) :/ M [x* @ vF]du(v) ;
% 1%

U(t,x)/VM{ %fj+x (U~V1F)FE~V1,X*} dpu(v).

For the proof of statement (ii) of Theorem 5.1, let us note that when c(t,z) = 0, equation
(5.21) implies that % = 0 and (5.16) implies ¢ = ¢(x). Hence, it’s just a particular case
of statement (i), so that performing the same calculations as above with ¢ arbitrary chosen in
Cs°(R%), we obtain this time

o (D(2)"Vepo(z) + U(x)po(z)) =0,
where

d

( / / [F X -VIF)—FE~VUX§F} du(v)dt)i_l,
(/ [ st )dt>

and where x* the unique solution [C§°(R$. x V; Bi(RZ))]d of the cell problem:

1,j=1

P*(x* :fvand/M v)]du(v) = 0.

We come now to the initial condition satisfied by pg in statement (i). Let us consider the
following test function v¥°(t,z,v) = n(t)é(x), where n € C5°([0,7]) and n(T) = 0. That is ¢°
belongs to KerP, and obviously to KerQ*. Multiplying the first equation of (1.5) by such test
function and integrating over (¢,z,v) variables, we can perform each term of equation obtained
as follows:

afs £ . fE £
/]R;fdxv o Yedtdu(v)de = /]Rng [ ; 1/1 dt] du(v)de, (5.24)

-/ [ [ (B 1(%2)) dt] dedu),

= —n(0) / (fe)i=o¢dxdpu(v) — / n fepdtdrdu(v),
RIXV REFIxV

==n(0) [ . fodrdto) - [, o bdtdodn(o)

T
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/ V5 (v - Vi f2)dpu(v)dadt = — / nfelo - Vodldu(v)dadt ; (5.25)
Ry xV RLTEXV

[ B Vafduto)dedt =~ [ B Vadda(ydsd =0 (5.20)
RIFIxV RIFExV

and using the semi-detailed balance condition (1.7), we have

/R o V(@ ()it = /..

1
Ry %%

fen()(Q°)" ¢dp(v)dzdt = 0, (5.27)
1%
since V,¢ = Q¢ = 0. Now, taking into account (5.24)-(5.27), we obtain:

/1+d IE (77/¢ +nv-(Ve9)%) dﬂ(v)dxdt = 77(0) / fo¢dﬂ(v)dx'
R, %V

R xV

Passing to the limit as ¢/ — 0, we obtain

R xV

/R o Mo (064 70 V0] didp(v)dz = n(0) / P, 0)d@)dedu(v).  (5.28)
T X
Integrating by parts the left-hand side of (5.28) over ¢ and z variables, using (4.12), we have

(apo (el x>p0>) n(O)p(a)dedt (5.29)

/Rl;dxv Mfo(n' ¢ + no - Va)|du(v)dadt = _/ oo

1+d
RT

+0(0) [ po(0,2)o(a)d
Combining (5.28) and (5.29) in view of (5.13), we are led to

00 [ , 0. 2)0(z)dz =100 / g ([ o)) ot

This readily gives
po(0,2) = [ £, 0)du(v) in RS, (5.30)
1%

Combining (5.13) and (5.30), we get (5.5).

Let end the proof by showing that fy = poF is nonnegative. As F' > 0, it is enough to show
that pg is nonnegative. To that end, we consider the Cauchy problem (5.5) above, rewritten as
follows

% +e(t,r)  Vepo = —u (c(t,x))po  in (0,T) x RE
(5.31)
po(0.) = fy £, v)du(v) in R
We then consider the associated characteristics s — (X(s), po(s,X(s))) under the condition
X(t) = x, where (X (s), po(s, X (s))) = (X(s;t,2), po(s, X(s;t,2))). Hence, integrating over the
interval [sp, t] the characteristics system

{ dX(s) = ¢(s,X(s)),

ds
dols X)) — (e (s, X(s))) po (s, X (s)),
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we obtain:

= S tCS S S an n M = — t Cc(s S S
X(0) = X(oo)+ [ o Xeds and (LTI - [ g (s .

That is
polt, X (1)) = polso, X (s0)) exp ( [ o tetsx) ds) .

S0

In particular for sy = 0 and in view of the condition X (¢) = z, we are leaded to

polt,) = po(0, X (0)) exp (- /Ot . (c(s,X(s)))ds) ,

which in view of the initial condition of (5.31) implies

tta) = [ 12 (o= [ s xnts.0) auwrew (- [ et xmas). G

But as f¥ is nonnegative, (5.32) implies that pg is also nonnegative, whence we have the Theorem.
O

6 Appendix

Let us consider the algebra wmv A = AP(A) and the generalized Besicovitch BZ(A), as defined
in Subsection 3.1, where A satisfies the [-condition (3.9). We intend to prove the following
proposition.

Proposition 6.1. Let K be the operator defined in (4.8). We have

(i) K is compact from D(P) into L?*(V; B4(A)).
(ii) The compactness in (i) is still valid for A = Cper(Y) + Co(A) and A = AP(A) + Co(A),

where,
Cper(Y) + Co(A) = {f € Cper(Y) + Co(R?) : Sp(f) C A} and
AP(A) +Co(A) = {f € AP(R?) + Co(R?) : Sp(f) C A}.

Cper(Y)+Co(R?) and AP(R?)+Co(R?) being respectively the algebra of asymptotic periodic
functions and the algebra of asymptotic almost periodic functions.

To prove this proposition, we first state an essential result giving a criterion of compactness
in B2,(R?). The proof of the classical version in B2,(R) due to Bruno and Grande can be found

in [17, Theorem 4.1]. This proof easily adapts to the case BZ,(R%).

Theorem 6.1. Let F be a family of elements belonging to ng(Rd), closed and bounded. Then
the following statements are equivalent:

1) F is compact in ng-norm;
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2) F is ng-equi-continuous, i.e., for any € > 0 there exists 6 = d(e) such that, if |h| < 0,
then
Imnf = flly <€ vfeF (6.1)

and ng—equi—almost—periodic, i.e., for any € > 0, there exists v = r(e) > 0 such that every
ball of radius r, contains a common e-almost-period & for all f € F, i.e. for any e > 0
there exists v = r(€) such that, for all B(y,r) C RY, there exists £ € B(y,r) with

Iref = fll, <e  VfeF, (6.2)

where

I, = (Jim f 1pas)” (63)

Next, we will use the following lemma, which generalizes the classical and well known aver-
aging lemma of Golse-Perthame-Sentis [27] to almost periodic setting.

Lemma 6.1. We consider the family of functions f € ng(A;LQ(V)) satisfying:

[fllgr < C <ooand [[v-Vyfl,, <C <o (6.4)

The family F = {f f satisfies (6.4)}, where

j= /Vf(-,v)du(v), (6.5)
is relatively compact in B},(A).

Let us notice that in view of (4.4), we can reduce the domain of K to

D(K)=D(P)={f € B2, (A;L*(V)) : [ satisfies (6.4) } (6.6)
and it is clear that || f||px) = (||f||§2 + ||v- Vuf||§2> ® defines a norm on D(K).

Proof of Lemma 6.1. Let B = {f € DK)/ Ifllpexy < 1} be the open unit ball of D(K). We
define

B:{f:/vfc,v)duw):fes}.

Then B is obviously a bounded subset of B2, (A). We shall show that the closure Bof Bisa

closed compact subset of ng(A). Observe first that B is closed and bounded. Thus, in view of
Theorem 6.1, we need to show that B is ng—equi—continuous and ng—equi—almost—periodic.
i) B2 ,-equi-continuity.
Let note that if f € B C B2, (A), we can pick a sequence (Pn (y,v) =200 c?(v)e“‘?'y)”EN
in P(A; L(V)?) i.e., ¢ € L*(V), A} € A, such that according to Bohr definition we have f =
limyp,s00 Py in L?(V; BZ,(A)) and obviously f=limp 00 P, in B2,(A), where

Po(y) =) 8™ with & = / ¢ (v)dp(v) € C.
i=1 v
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By so doing, we can suppose without lost of generality that
v) = ch(v)eu-?'y with ¢;(v) € L*(V) and A\ €A V j€N.
j=1

Now if € > 0, for h € R?, we set for a fixed m € N

m

Pn(y) = Zéje”‘f Y with ¢; :/ cj(v)du(v) e C V j=1,2,..,m, (6.7)
%

j=1
and thanks to (3.6) we have (with 7, P, (y) = Pm(y + h))

2

- -2 Ui . .
=il i, [$eer ) a
2
Aj-h
_— u+ J
ngnoo o Z?zce Sln< 5 ) dy,
= [ Y°Y 46Gsin (Aﬂ"h>sm<“'h) <lim][ ei(Aj/\k).(y+§)dy)5
=1 k=1 2 2 R—00 Br

Since limpg_, o JCBR i)Yy = (5%, where 6% are Christoffel’s coefficients and ¢ is the conjugate
complex of ¢ in C, we are leads to

s s NS 2o Nk
HThPm — PmH2 = ;4\cj\281n2 <J2> . (6.8)

But we have for j =1,...,m,

|C]| ‘/ CJ v)dpu(v

/ ¢j(v) (1Eg,AJ_ + 1E(MJ> dyu(v)
\%4
<2 (B,) [ lo@F duto) +2 V) [l e, dute). (69)

%

)

2

7

where Eq,»; and Ef , are defined in (4.11). Next, in (6.8), thanks to (4.10) we have

1>

A h X -h| _|h h _
sin(] >’§|J | ||\)\|<‘H J|, Vo € Eg . - (6.10)
2 2 o I

Inserting (6.10) and (6.9) in (6.8) and in view of assumption (4.10), we can compute it as follows:

_ ~ 12 “ Aj-h
_ < § c 02 J ) 2
HThPm mH2 = 8],:1 2 (Ea,/\j) Sin ( > /V |C](’U)| du(v)

ran)Y [ an? (250) 160 1a, , duto)

j=1"V
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ssmi [ I duto
+ 8u (V)zm:/vsin2 <>\J

h2
< 8h [ Ponll2 + 800 (V Z' | /m 65(0) 1 dia(v),

)l 0 15, duo), (6.11)

Vs
< 80 || P25 + 2020 (V /‘ ey o) (o),

\hl

2
= 8ka || P55 +2u(V )ﬁ |v-VyPp,

I35
Now, taking a = |h|5 and K’ = max (8k, 2u(V)), we are led to
D Ik 1312 2 2
702 = B, < K0E (1Pl + 10 VPl )
So that letting m +— oo we have
~ ~[|2 2 2
|mf = £, < =i (1150 + o~ 9, £15,) < IR,

since f € B, that is, Hf||2D(K) = ||f||§2 + lv- Vny;,Q < 1. Hence, the BZ -equi-continuity is
obtained in view of Theorem 6.1 for
e 3
5= ( ) : (6.12)
2K’

ii) ng—equi—almost periodicity. At this stage, for the sake of simplicity we are going to use
d = 3. By so doing, S-condition (3.9) is fulfilled for 8 = 3 as notice in Subsection 3.2. But the
result can be generalized for any d > 3.

Now let f € B. As above, we can suppose without lost of generality that

fly,v) = ch(v)emf'y with ¢j(v) € L*(V;C) and \; € AV j.

Jj=1

For € > 0 and h € R%, we consider once more for a fixed m € N
y) = Zéjew‘f'y with ¢; = / c¢i(v)dp(v) eC V j=1,2,...,m
j=1 v

Then, proceeding as for the ng—equi—continuity, we obtain as in (6.11) the following inequality

_ ~ 2 Ui
|7 , Sl [l du)
= -2 )\J
+8u(V)Z sin
=17V

") e 1, du(v). (6.13)
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But as for v € E, », we have |v- \;| > al);], Le. \vil%l < ﬁ/\jl’ it follows from (6.13) that

_ _ 2 i
P = Pal| < / ()2 d
[ , St [ e e

SlIl

+8u(V Z/ EEBY |z>|”'/\j2Cj(v)zlEa,xjd#(v),

s&mz | 6P duto)

m bln
rau(n)Y am |2 /\v APl L dilw). (6.14)
j=1

Now, consider only the last term at right-hand-side of (6.14), we have by Holder inequality

4m bu;zp\ 2 /|U Al Jej (o) 1p, , dp(v)
m g¢in (M) m NE
<z [ZM] {Z (f |v-Aj|2|cj<v>|2du<v>)] , (6.15)

and since 7" af < (ZJ 1 a]) for r > 1 and a; > 0, in view of (6.15), (6.14) leads to

HThPm_ mHz S8’““0‘;7;:/V|Cj(v)|2du(v)
m gin? (A"h) 2
> - ] {Z/ v - N[ Je; () dp(v )] (6.16)

A1

8u (V)
0[2

_|_

Jj=1

We then set C' = max (8k,8u (V). Since ||f[j3, = pay \cj(v)\Qd,u(v) and [lv- V,fll3, =
g1y v NP l¢; ()| dpu(v), letting m — oo, we obtain

|77 - 1, <c (ij | 6P duto)

i sin4<>‘j'h) : o0
% [Z M] {Z /Vv~Aj|2cj<v>|2d“(”)]

oo gint (/\]-2~h) 3 | o1

1
— 2
=C a||f‘|2,2+¥ Z |>\j|4

Jj=1

[0 Vyfl3
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As in view of the -condition (3.9) we have S =372 ﬁ < 00, then 3N = N(e) € N such that

S i
2 Il T e

Setting

we note that if h € R? is the solution of the following Kronecker system of inequalities

[Aj-h] <6 mod [27], j=1,2,....,N, (6.18)

\:-h \:-h
sin(J >'<j |§\)\j~h|,
2 2

then, as

such h will also be solution of

Aj-h
sin( 12 )‘ <6 for j=1,2,...,N. (6.19)
Thus for such h, we will have
> _sin? (#) N gin* ()‘J—zh) % sin? (%)
y ) emmle) 2y (6.20)
= N = Wl Pl PRELY]
Y1 =1
<6t 2
= 4 1
2t 2 I
1 4
(12 \ 1 5 (12
<
= ((2506) ) “5 Tt 5ce
(2 a2 12
=t = .
206 206 (S
Coming back to inequality (6.17) and inserting (6.20) we obtain
= 2|2 9 1 €S 9
|mf =7, <c(alfl3a+ gl VuflEs) - (6.21)
So that if @ = % and as (|| flI32+ lv- Vyfl32) <1, (6.21) gives us
2
[mi =7, < @ U132+ -y f13.) < &
That is
Hmf— fH2 <e (6.22)

As it is well known by Kronecker’s theorem [21, 30, 35], the solution of the system (6.18)
is a relatively dense subset of R?. Hence, for a corresponding € > 0, it follows from (6.22) that
there exists a relatively dense subset of R? of e-common almost period in the sense of ng(A) for

all f € B. This shows that B is ng—equi—almost periodic and ends the proof of the lemma. [
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We are now able to prove the compactness of operator K stated in Proposition 6.1.

Proof of Proposition 6.1. i) Let first notice that for f € D(K), we have

1

£l < (1F82 + o ¥t 135) " = 1oy (6.23)

This implies that the injection of D(K) in BZ,(A; L*(V)) is continuous. On the other hand, we
can easily check that

1Kz < sup (o0 )llaz) 1Lz (6.24)
yeR

Therefore K is a continuous operator in B3, (A; L*(V))) = L*(V; BZ,(A)), satisfying:

2
||K||L(D(K),L2(V;ng)) < HKHE(L?(V;B};I))) < Suﬂg)d (HU(%'»')Hz,z) : (6.25)
ye

Where L(D(K), L*(V; B2,)) (resp. L(L*(V;B2,))) is the set of linear operator from D(K)
(resp. L*(V; B2,(A))) to L*(V; B2,(A)). Now, as o € B2, (A, L*(V x V)), then by Bohr defini-
tion of almost periodic function it can be approximated uniformly by linear combination (with
coefficients in L2(V) x L%(V)) of elements of P(A; L2(V) x L?(V)) and consequently

o= nh_}rrgo kp, in sz(A,LQ(VQ)), with &, (y,v,w) = Zg,?(v)qﬁ(w)e”;'y, (6.26)
k=1

where g7, ¢p € L*(V), are regular enough for the multiplication mapping f +— g'f to be
continuous in D(K). Then, the collision operators K,,, defined by

Knf(y,v) = /V o (4, 0, 0) £ (4, w)dpa(w), (6.27)

are compact from D(K) into B},(A; L*(V')), since the mappings

D(K) — D(K) — B2,(A) — B2 (A L2(V))
X g Tx ety xgi
f = eRf e RN = [ @R feNivdp — gRop fetti

are compact as composed of bounded mappings and the compact mapping ¢} f — @e”‘g'y.
But the K, are also convergent in norm to the operator K which is therefore compact from D(K)
into B2, (A; L? (V).

ii) For the proof of this statement, we refer the reader to [23, Section 5.3. and Section
5.4.]. O
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