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Fredholm properties of a linear relation through

invariant subspaces

Nihel Feki and Maher Mnif

Abstract. In this paper, we present a sufficient conditions under which a linear
relation (multivalued linear operator) admits an invariant subspace on a Banach
space X. Also, we give some Fredholm properties of the linear relation T using
properties of its restriction to an invariant subspace M and the linear relation induced
by T over the quotient subspace X/M.
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1 Introduction

Let X ba a complex Banach space, M a subspace of X and let T" be a bounded and closed
multivalued linear operator (linear relation) on X. We say that M is T-invariant (resp. weakly
invariant under T') if T(M) C M (resp. for all z € M, Tx N M # &). The restriction Ty of
T on M is defined by G(Th) = G(T) N (M x M) where G(T) stands for the graph of T. The
invariant subspace problem is concerned with the existence of nontrivial closed subspaces which
are invariant for a bounded operator T. One of the oldest results in the theory of invariant
subspaces is the theorem of Aronszajn and Smith [1] published in 1954, that is every compact
single valued operator on a Banach space X has a nontrivial invariant subspace. A much stronger
result and probably one of the landmark theorems in the area of invariant subspaces was given in
1973 by Lomonosov [8], a special case of which states that if a bounded operator T' on a Banach
space commutes with a non-zero compact operator, then T has a nontrivial invariant subspace.
In 2000, P. Saveliev [10] generalized Lomonosov’s invariant subspace theorem to the case of
linear relations whose multivalued parts are finite dimensional by using fixed point techniques.
In particular, he proved that if S and T are linear relations defined on a Banach space X
and having finite dimentional multivalued parts and if S right commutes with 7" and if S is
compact then T has a nontrivial weakly invariant subspace. After that, in 2002 D. Wilcox
[12] gives an alternative proofs and extend these results. She make the distinction between
left and right commutation for linear relaions [12, Theorem 7.7.7]. In 2018, G. Wanjala [11]
develop some operator representation techniques for linear relations and use them to solve the
left commutativity case under the assumption that ST'(0) = S(0) and 7'S(0) = T'(0). We are
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concerned in the begining of this paper with giving some other sufficient conditions ensuring the
existence of non-trivial invariant subspaces for some bounded linear relations.

In the following let us consider a bounded closed linear relation T that admits a comple-
mented T—invariant subspace M. Pick P a bounded projection with R(P) = M. Then, we can
show that T" can be represented by an upper triangular matrix linear relation acting on the space
R(P) x N(P). In order to verify this representation, we take x,y € X. Then, x = x; + x5 with
21 = Px and 29 = (I — P)z and y = y1 + y2 with y; = Py and yo = (I — P)y. We claim that

. . Y1 PTP PT(I-P) 1
y € Tz if and only if ( " >€ < 0 (I — PYT(I - P) o ) (1.1)
This matrix representation of the relation T justifies the importance given by several authors
to study the upper triangular matrix linear relations of the form Mgy = ( ﬁ g ) where the

entries A and B are two linear relations [4, 7]. Under suitable conditions on the entries of the
matrix, several properties of M are given from those of the diagonal A and B. However, for
a relation T, the existence of complemented T —invariant subspace M is not always ensured.
Therefore, the representation given in (1.1) is not always possible. This led us to associate to
such relation T a pair of operators 77 and T» which play the role that the diagonal plays for a
matrix representation.

The paper is organized as follows. Section 2 contains basic notions and some auxiliary results
which will be used in the following sections. In Section 3, we give sufficient conditions under which
a linear relation admits an invariant subspace. In Section 4, we associate for a relation T and a
weakly invariant subspace M a pair of linear relations Ty and T, called the diagonal of T" and
we study the relationships between the spectral and Fredholm properties of T" and those of the
pair Tys and i\;

2 Preliminary

We begin by recalling some basics from the theory of linear relations in normed linear spaces.
We adhere to the notations and terminology of the monographs [5, 9].

Let X, Y and Z be complex normed linear spaces. A linear relation T from X to Y is a
mapping from a subspace D(T) = {zx € X : Tz # ()}, called the domain of T, into the collection
of nonempty subsets of Y verifying T'(axq + Sz2) = aTx1 + STz, for all non zero scalars «, 5 and
vectors 1, x2 € D(T). We denote by LR(X,Y) the class of all linear relations everywhere defined
from X into Y and we write LR(X) := LR(X, X). If T maps the points of its domain to singletons,
then T is said to be an operator, that is equivalent to T'(0) = {0}. The class of linear bounded
operators is denoted by L(X,Y") and we write L(X) := L(X, X). A linear relation T € LR(X,Y)
is uniquely determined by its graph defined by G(T') := {(z,y) € X xY : 2 € D(T),y € Tx}. The
inverse of T is the linear relation 7! defined by G(T™') := {(y,z) € Y x X : (z,9) € G(T)}.
The linear subspaces N(T) := T~*(0) = {z € D(T) : 0 € Tx} and R(T) := T(D(T)) := {y :
(z,y) € G(T) for some x € D(T)} are called the nullspace (or the kernel) and the range space of
T respectively. We say that T is injective if N(T') = {0} and surjective (or onto) if R(T) =Y. If T’
is injective and surjective then T is said to be bijective. The quantities «(T") = dimN(T), 5(T) =
codimR(T) = dimY/R(T) are called the nullity and the conullity of T respectively, and the index
of T is defined by i(T") = «(T") — B(T") provided that «(T") and 5(T) are not both infinite. If a(T)
and B(T) are both infinite, then T is said to have no index.
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For T,S € LR(X,Y) and A € C, the linear relations T + S, AT, T — AI are respectively
defined by: G(T + S) == {(z,y+2) € X xY : (z,y) € G(T) and (x,2) € G(9)}; G(\T) :=
{(z,\y) e X xY : (z,y) € G(T)} and G(T — A\I) :={(z,y — \x) € X x X : (z,y) € G(T)}. For
T e LR(X,Y) and S € LR(Y, Z), the product linear relation ST € LR(X, Z) is defined by

G(ST) :={(z,2) e X x Z : (z,y) € G(T) and (y,z) € G(S) for some y € Y}.

A linear operator A is called a selection of T if T = A+ T — T and D(A) = D(T). For a
given closed subspace F of X, let Qg or simply Qg denote the quotient map with domain X onto
X/E. We shall denote Qm by @ for a given linear relation T € LR(X,Y). It is easy to see
that Q7T is an operator and thus we can define || Tz| := ||QrTz| = € D(T) and ||T|| := ||Qr T
We say that T is continuous if ||T'|| < oo, bounded if it is continuous and everywhere defined,
open if its inverse is continuous, and bounded below if it is injective and open. The class of all
bounded linear relations will be denoted by BR(X,Y). A linear relation T is said to be closed if
its graph is a closed subspace of X x Y. The class of all closed linear relations will be denoted
by CR(X,Y). Tt is well known that T~ is closed if and only if T is closed if and only if Q7T
is a closed operator and T'(0) is a closed subspace. If T is closed, then N(T') is closed. It is also
known that if X and Y are Banach spaces and T is closed with D(T) = X, then T is bounded.
This suggests the following notation

BCR(X,Y):={T € LR(X,Y) : T is closed }.

An everywhere defined closed linear relation in a Banach space X is said to be invertible if 77!
is a bounded operator, or equivalenty, if T is injective and onto. Let T be a closed linear relation.
The resolvent set of T' is defined by

p(T) :={X\ € C:T — Al is injective and onto}

and o(T) = C\ p(T) is called the spectrum of T. For T' € LR(X), the kernels and the ranges of
the iterates 7™, n € N, form two increasing and decreasing chains respectively, i.e., the chain of
kernels

N(T% = {0} ¢ N(T) Cc N(T?) C .....

and the chain of ranges
R(T°) =X D R(T) D R(T?) > ...

The ascent and the descent of a linear relation T" are respectively defined by:
asc(T) := min{k € N: N(T*) = N(T*1)},

des(T) := min{k € N: R(T*) = R(T**1)}.

If no such k exists, then asc(T') = oo, respectively des(T) = co.
The singular chain manifold R.(T") of T is defined as:

R(T) = (| N@™) n (| T™0).

n=1

We say that a closed linear relation T is upper semi-Fredholm if R(T) is closed and «(T) is finite,
T is lower semi Fredholm linear relation if its range is closed and has a finite codimensional and
T is Fredholm if it is both upper and lower semi Fredholm linear relation.

The sets of upper, lower semi Fredholm and Fredholm linear relations are denoted respec-
tively by :
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e 04(X,Y)={T € CR(X,Y) such that R(T) is closed and «a(T) is finite},
o ¢_(X,Y)={T € CR(X,Y) such that R(T) is closed and 3(T) is finite},
o ¢(X,Y)={T € CR(X,Y) such that R(T) is closed and «(T') and 5(T") are finite}.

The essential (Fredholm) spectrum o.(T") is defined by
0.(T)={A € C: X\—T is not Fredholm}.

In [6], F. Fakhfakh and M. Mnif established a relationship between the conullity, 5(T), and the
closure of the range R(T).

Lemma 2.1. [6, Corollary 3.1] Let X and Y be two Banach spaces and T € CR(X,Y). If 8(T)
is finite then R(T) is closed.

In the following lemma, we recall somme results related the ascent and the descent of a linear
relation.

Lemma 2.2. [9] Let T be a linear relation in a linear space X.

(1) If asc(T) < oo and R.(T) = {0}, then o(T') < B(T).

(2) If D(T) = X, des(T) < oo, then B(T) < a(T).

(3) If R.(T) ={0}, D(T) = X, asc(T) < oo and des(T) < oo, then a(T) = B(T).
(4) If p(T) # @ then R.(T) = {0}.

Definition 2.1. Let X, Y be two Banach spaces. A closed linear relation T' € CR(X,Y) is
called Weyl if it is Fredholm of index zero and is called Browder if it is Fredholm of index zero
and has finite ascent and descent. The Browder spectrum o3,(7'), and the Weyl spectrum o, (")
of T are the sets

op(T) ={A € C: A\ =T is not Browder},

ow(T)={AeC:X—=T is not Weyl}.

3 The invariant subspace problem

This section explores the question: Under which sufficient conditions a linear relation admits an
invariant subspace ? But to carry out this question, we first give an overview of the concept of
invariance in the context of linear relations.

Definition 3.1. [10, Section 1][3, Definition 2.1] Let T € LR(X). A subspace M of X is said to
be T—invariant if T(M) C M. M is said to be weakly invariant under T if for all z € M we have
T(x) N M # 0, and is called nontrivial if {0} # M # X and M # T(0).

A closed subspace M of X is said to be strongly invariant under 7" with nonempty resolvent
set p(T) if for all A € p(T) we have (A —T)~H(M) C M.

Now, we give the meaning of commutativity for linear relations.

Definition 3.2. Let T, S € LR(X). We say that S left commutes with T if G(ST) C G(T'S),
and S right commutes with 7" if G(T'S) C G(ST'). We define the sets of left commutants and right
commutants of T' denoted respectively by commy (T) and commpg(T) as follows: commp(T) =
{§ € LR(X) : G(ST) Cc G(T'S) and D(S) = D(T)} and commpr(T) = {S € LR(X) : G(TS) C
G(ST) and D(S) = D(T)}.
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In this section we propose some theorems which aim to respond favorably but partially to
the question of the extension of Lomonosov’s theorem to the case of linear relations.

Notation: In the following we will use the above notation:
LRy(X,Y):={T € LR(X,Y); T is bounded and dim7'(0) < oo} and LRy(X) = LRy(X, X).

Lemma 3.1. If S € LRy(X,Z) and T € LRy(Z,Y ), then T'S € LRy(X,Y).

Proof: Since T and S are bounded relations, then by [5, Corollary I1.3.13], T'S is also a
bounded relation. We claim that dim7'S(0) < oo. Indeed, let (e1, ..., e,) be a basis of S(0) and let
y € T'S(0). Then there exist oy, ..., a,, € Ksuch that y € a1 T(e1)+...+a,T(en). Let uq, ..., up be
vectors such that u; € T'(e;). Then we have y € aquy + ... + anuy +T(0). If (v1, ..., vy ) is a basis
of T(0), then T'S(0) is generated by the family (uq, ..., U, v1, ..., Uy, ) which is finite dimension.Od

Proposition 3.1. [5, Proposition 1.5.2] Let X and Y be two Banach spaces and let T €
LR(X,Y). If T(0) is topologically complemented in Y with topological complement 7'(0)®, then,
T has a selection A such that R(A) C T(0)®.

In the following, for every T' € LRo(X), we denote by Ar the selection of T such that
R(Ar) C T(0)®, where T(0)® is a topological complement of 7'(0).

Lemma 3.2. [11, Lemma 3.3] Let T € LRy(X). Then, T is compact if and only if the operator
A is compact.

Lemma 3.3. Let T € LRy(X). If A7 has a nontrivial invariant subspace then T has a nontrivial
weakly invariant subspace.

Proof: Let M be an Ar—invariant nontrivial subspace. As we have R(A7) C T(0)® then,
M # T(0). Moreover, let x € M. We have Tx = Arx + T(0). So, Tx N M # (. Hence, M is a
nontrivial weakly invariant subspace under 7. |

Lemma 3.4. [11, Lemma 4.1] Let X be a Banach space and let S,T € LRy(X). We consider
Psp the projection of X onto ST(0)® with kernel ST(0). Then for all x € X we have,

(Z) AST(x) = PSTAsAT(x);

(#4) If S(0) = ST(0) then AgAr(z) = Asr(x).

Theorem 3.1. Let X be a Banach space. We consider T' a compact operator and S € LRy(X).
Suppose that S € commpg(T) and that T(S(0)®) C S(0)®. Then we have,

(i) TAs = AgT.

(74) There exists a nontrivial weakly invariant subspace M under S.

Proof: (i) Let x € D(S) = X and y = TAgx. Then, y € STx. Now, as Ag is a selection of
S then,
TAgx € AgTx + S(O)
Therefore, there is 8 € S(0) such that TAgz = AsTx + (. But, TAsz — AsTx € S(0)®. Then,
TAS{,C = AsT.%‘.

(i¢) Since T is a compact operator, Ag is a bounded operator and we have TAg = AgT,
then by Lomonosov’s theorem, Ag has a nontrivial invariant subspace.Therefore, using Lemma
3.3, the relation S has a nontrivial weakly invariant subspace. (|

Theorem 3.2. Let X be a Banach space and let S, T € LRy (X). Suppose that S and T commute,
that is, ST = T'S, and suppose that T'(0) C N(S) and S(0) C N(T).

If T is compact then, there exists a nontrivial weakly invariant subspace under S.
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Proof: Let S,T € LRy(X) be satisfying the assumption. Then, it follows from Lemma 3.4
that for all x € X we have:

ST(x) = ST(0) + AgAr(z) and T'S(z) = TS(0) + ArAg(z).

Since T'S = ST, then ST(0)+AsAr(x) = TS(0)+ArAg(z). Hence, AsAr(x)—ArAs(z) € S(0).
But as S(0) = T(0), then we can take S(0)® = T(0)® and therefore AgAr(z)—ArAs(z) € S(0)®.
So, AgAr(x) — ArAg(xz) = 0. Thus, AsAr = ArAg. Then by Lomonosov’s theorem, Ag has
a nontrivial invariant subspace. Therefore, the relation S has a nontrivial weakly invariant
subspace. O

Theorem 3.3. Let X be a Banach space and let T' € LR(X) with nonempty resolvent set p(T')
and K € LR(X) be such that K is compact. Suppose further that TK = KT and K(0) C N(T).
Then, T has a strongly invariant subspace.

Proof: Let \g € p(T). Since TK = KT, it follows that K (A\g—T)"* = (\o—T) ' K. Indeed,
TK = KT implies that (A\g —T) (Ao = T)K = (Ao — T) 'K (\g — T). Then, K(X\o — T)"* =
Mo —T) ' KMo —T)Mo—T) 1 S0, KA —T) ' =No—T) ' KI+T(0) =N\ —T) 'K +
(Ao —T)"*KT(0). Since TK = KT and K(0) C N(T) we get that K(\g—T)"' = (Ao —T) ' K.
Lomonosov’s Theorem implies that (A9 — 7)) "' has a nontrivial hyperinvariant subspace M, i.e.
for all bounded operator S verifying S(A\g — 7)™ = (Ao — T) 1S we have S(M) C M. But, for
all A € p(T), we have

A=T) " N -T)t=N-T)"'N-T)"".

Then, for all A\ € p(T) we have (A—T)"'M C M. Therefore, we get that M is a strongly invariant
subspace under T O

4 Properties of T related to those of the diagonal of T’

This section explores the question: How to define a pair of linear relations T and Tb that play
the role of the relations PTP and (I — P)T(I — P) given in (1.1) ?
Let T be a linear relation and let M be a closed subspace of X. We say that T" and M satisfy
the condition (H) if we have
e T € BCR(X),
e M is a closed weakly invariant subspace under T satisfying the condition (c):

x € M if and only if Te N M # O,
o M 4+ T(0) is closed.
In the sequel of this section we suppose that T and M satisfy the condition (). We denote by
Ty the relation defined by

(H)

G(Th) = G(T) N (M x M). (4.1)

It is clear that Thy € BCR(M). Now, we denote by m the linear relation induced by T on X/M
and defined by

Ta: X/M — X/M
T — Tyz={y:yecTx}. (4.2)

The linear relation E is well defined. Indeed, for T1 = T3, we prove that mﬂ = ﬁfg Let
Y € TyZT1. Then y € Txp. On the other hand, let z € Tay. Then, y — z € T(x1 — x3). As
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x1 — 29 € M, we get T(x1 —x2) N M # &. Set vy, € T(x1 — 22) N M. Thus, y — 2 — a,,, € T(0).
Therefore, y — o, € Txo. Hence y — ay, =Y € Tay(Tz). This shows that Thz1 = TaTs.

We claim that Ty is a closed relation. Indeed, let (ZTn,TUn) €G (m) such that (T, 7n) e
n—-+oo

(Z,7). Therefore, for all n € N, there exists ay,, B, and 7, in M such that z, — a, ~—+—+
n—-+oo

T, Yn—"Vn —+> y and yp, —Bn € T(x, —ay). Let z € Tz, We have, y, — B, —2z € T(x, —a, — ).
n——+0o0o

So, |T(zn — an — 2)|| = d(yn — Bn — 2, T(0)) < ||T|| |#n — an — z||. Thus, there exists o), € T(0)
such that lim y, — B, — 2z — al, = 0. Hence, lir_irrl Yn — Yn — Yn + Bn + 2 + a, = y. Therefore,
n—-+0oo

n—-+o0o

y—z = li141_1 Bn —Yn+al,. Since, M +T(0) is closed, then y—2z € M +T(0) and so, y € M +Tx.
n—-+oo

Thus, there exists m € M such that y —m € Tz. This implies that 7 € TuZ. So (T,79) € G(E\Z)
and Ty is closed as claimed. Now, as T is everywhere defined then it is bounded.

The pair (T, ﬁ\;) is called the generalized diagonal of the relation 7. This appellation is
justified by the fact that when, in addition we have, M is T:\igvariant and complemented we
can see that T is nothing other than the relation PT'P and T); is a bounded operator similar
to the operator (I — P)T(I — P) given in (1.1), in the following sense: There exists an invertible
linear operator V' € B(X/M, N(P)) such that (I —P)T(I-P)=V Tar V', To see this we just
have to consider the operator

V:X/M — N(P)
z — (I—-P)x.

Remark 4.1. The condition (c) is equivalent to T~ (M) = M.

Indeed, giving T and M satisfying the condition (c). Let 2 € T7*(M). Then, T2 N M # @.
Thus, z € M. Therefore T*I(M) C M. For the reverse inclusion, let x € M. Then, Tx N M # @.
So x € T~*(M). This shows that T'(M) = M. For the opposite way, let x € M. Then,
x € T_l(M). Thus, Tx N M # @. On the other hand, let x be such that Tx N M # &. Then,
xeT ' (M).Soxec M. O

Lemma 4.1. Let T and M be satisfying the condition () and let Ty, m be defined as in
(4.1) and (4.2). Then, we have
(1) N(Tas) = N(T) N M = N(T) and R(Ty;) = R(T) N M.

(2) N(Tw) = N(T)TJFM = {0} and R(Ty) = R(T)TJFM

Proposition 4.1. Let T and M be satisfying the condition (H) and let Ty, Ta be defined as
in (4.1) and (4.2).
If T € ¢(X), then Tas € é4 (M) and Ty € ¢ (X/M).

Proof: As T and M satisfy the condition (H) then N(Ty) = N(T). Since, T € ¢(X) we
get that o(T') is finite. Therefore, dim N(Tr) is finite. On the other hand, since R(T) is closed
in X and M is a closed subspace of X we get that R(Tys) is closed in M. Thus, Ty € ¢4 (M).
We claim now that Ty € ¢_(X/M). Indeed, since T' € ¢(X) we get that S(T") = dim(X/R(T))
is finite. Therefore, there exists a finite dimentional subspce Xy such that R(T) ® Xy = X. Then

— Xo+ M R(T)+ Xo+ M X —
R(Twm) + O;/_[ = ( )+M o+ R This verifies that 5(Thy) is finite. Using Lemma
2.1 we get that R(Ty) is closed. Therefore, Thy € ¢_(X/M). O
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Proposition 4.2. Let T and M be satisfying the condition (#) and let Ty, m be defined as
in (4.1) and (4.2). Then,
(1) T(M) N M = R(T) N M.

(2) OZ(TM) =0 and O((T]y[) = a(T)
(3) Assume that 3(Ty;) and B(Ty) are finite. Then,

B(T) = B(Tn) + B(Twr).

Proof: (1) Clearly that T(M)NM C R(T)NM. Let y € R(T)NM.Then, there exists x € X
such that y € T N M. Hence, x € M. Thus y € T(M) N M.

(2) By Lemma 4.1, we have N(Ty;) = {0}. Hence, a(Th;) = 0. On the other hand, by
Remark 4.1, we have T~*(M) = M. Thus N(T) C M. Therefore N(Ty) = N(T) N M = N(T).
Thus, a(T) = a(T).

(3) Since R(Tys) has a finite codimension in M, then there exists a finite dimensional subspace
My such that M = R(Ta)®My. Let {m1,ma, ....,m, } be a base of My. Similary, since R(ﬂ) has
finite codimension in X /M, we can choose a linearly independant set {z1+M, xo+M, ...,z +M}
in X/M such that X/M = R(Ty;) ® vect{zy + M,z + M, ..., xn + M}. We claim now that
R(T)+ M
- M
and X/M = R(Ty)®vect{x1+M,xo+M,....,x, + M} there exist y; € R(T') and scalars A; such

X = R(T) + vect{x1,x2, ..., Xnr, M1, M2, ....,My }. Let € X. Then, since R(T]\;) =

that t + M = y; + Z Aix; + M. Therefore, y; + Z Aix; —x € M. So, there existe yo € R(Ths)
i=1 i=1
and scalars p such that yq +Z N, —x = yg—l—z wim;. Thus, x =1, —yg—i—z i —Z L.
i=1 i=1 i=1 i=1

It follows that 8(T) < B(Tm) + B(Twm)-

Now we claim that R(T) Nwect{x1, T2, ..., Tn, M1, Ma,.....mp} = {0}. Let y be an element of
the intersection. Then there exist € X, (Ap)i1<k<n and (ug)i1<r<n such that y = Z/\kxk +

k=1

/

n n
Z wrmy € Tx. Therefore, §j = Z AxTg € X/M. On the other hand, as y € Tz then g € R(Tay).
k=1 k=1

But R(m) Nwvect{T1, Tz, ....,Tn } = {0}, then ¥ = 0 and hence \; = Ay = .... = v = 0. So,
yeTeNM C R(T)NM =T(M)N M. Then, there exists m € M such that y € T(m). Hence,
y € R(Th) N My = {0} as claimed. This entails that 8(T) = 8(Tar) + B(Tas). O

In the following theorem we prove that T is Fredholm if and only if T, and E are Fredholm.

Theorem 4.1. Let T and M be satisfying the condition (#) and let Ty, ﬁ\; be defined as in
(4.1) and (4.2). Then, the following assertions are equivalent.

(1) T € ¢(X); -

(2) Ty € (M) and Ty € ¢(X/M).

Proof: (1)=(2) By Proposition 4.1 it remains to prove that 3(Th) < oo and that a(Th;) <
oo. But, N(Tp) = {0} then a(Ty;) = 0 < oo. For the proof of 3(Th) < oo, let consider

M
my,ma,...,m, € M be such that {my7,...,m,} is linearly independant in R = R AT
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We claim that {771, ..., M, } is linearly independant in X/R(T). Indeed, let a1, ..., a, be such that
omy+ ... Faym, = 0. Then, aymy +...+ymy, € R(T). Hence, aymy +...+ aymy, € R(T)NM.
Therefore, aymy + ... + o, = 0. So, @1 = ag = .... = a,, = 0. Thus, n < B(T). This entails
that 6(T]\/[) < ﬁ(T)

(2)=(1) Assume that (2) holds. Then, we have a(Th), a(Tar), B(Tar) and B(Th) are all
finite. By Proposition 4.2, it follows that a(7T') and S(T) are finite. Now the desired result follows
from Lemma 2.1. O

Lemma 4.2. Let T € LR(X,Y) and « € D(T). If T is continuous then for all y € Tx and

for all (@ )nen C D(T') such that liIE T, = x there exists p(n) such that y,,) € T, and
n——+00o

Yon) ——— Y-

n—-+o0o

Proof: Let T € LR(X,Y) be continuous and let (x,)neny C D(T) be such that lirf Ty =
n—-+0oo

x. Let y € Tx. For all neighbourhood V of y € Tz, there exists a neighbourhood U of x such
that for all z € U N D(T) we have Tx NV # &. In particular, B(y, 1) is a neighbourhood of y,
therefore there exists a neighbourhood Uy of  such that for all x € Uy ND(T'), TxrNB(y,1) # @.
Then, there exists n; € N such that for all n > ny, x, € Uy N D(T). Thus, T(x,,) N B(y,1) # @.

Pick yn, € T(zn,) N B(y,1). For n = 2 we have B(y, %) is a neighbourhood of y, then there
exists Us a neighbourhood of x such that for all x € Uy N D(T') we have Tz N B(y, 1) # &. There
exists ng > my such that for all n > ng, x, € Uy N D(T'). Therefore, T'(z,,) N B(y, = ) # @. Pick
Yny € T'(Tn,)NB(y, %) then ||yn, — vy < 1 By iteration for n > 2, B(y, ;) is a neighbourhood of
y so there exists x,,, € U, N D(T) such that T'(x,,) N B(y, 5) # @. Pick yp,, € T(xy, )N By, %)
We set p(n) = n,. We have y,,) € T,y and y,m) € By, %) Then, [|y,n) — yll < % Thus,
Yp(n) ———— Y- O

n—-+oo

Lemma 4.3. Let T € BCR(X) and define R>(T) := (") R(T"). Then, T(R¥(T)) C R™(T)
neN

and for all A € C, (A — T)(R>(T)) C R>(T).

Proof: Without loss of generality we can suppose that A = 0. Let n € N* and y € T(R(T™)).

We claim that y € R(T™). Indeed, pick € R(T™) such that y € Tx and let (z,)peny C R(T™)

such that x, P Since T' € BCR(X), T is closed and everywhere defined on the Banach
P )

space X hence by the closed graph theorem for linear relations (Cross, Theorem II1.4.1 [5]), T is

continuous. Then by Lemma 4.2, there exists p(p) and y,,) € T,y such that y, ) —+>

Thus, y € R(T™). Now, we have T(R®(T)) C (| T(R(T™)). Then, T(R>(T)) C (| R(I") =

. neN neN
R>(T). O

Lemma 4.4. Let A € C*. Then, we have:
A=—T)zNR>(T)# 2 = x € Rx(T).

Proof: Let y; € (A — T)z N R®(T). Then, Az — y; € T(x). We claim that for all n >
1, there exists y, € R>®(T) such that \"z — y,, € T"x. Indeed, we prove this by induction.
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For n = 1, the result holds. Now, suppose that for some n > 1, A"z — y, € T"z for some
Yn € R®(T). Then, \"Tx — Ty, C T" 2. Therefore, by the result for n = 1, we can see that
N'(A\z —y1 + T(0)) = Ty, € T" 1z, Thus, \" o — XNy, — Ty, € T" 'z, Let 2, € Ty,. Then,
Ny — gy € T e with o = )\”yl — zn. By Lemma 4.3, we get y,,11 € R®(T) as desired.
Now, as A # 0, then € R(T™) for all n > 1. Therefore x € R®(T). O
- We now prove the following inequalities linking the ascent and the descent of T, Th; and
Ty for all linear relation T and subspace M satisfying the condition (#) :

Proposition 4.3. Let T and M be satisfying the condition (#). Then the following properties
hold.

asc(Tar) < ase(T) < asc(Thr) + ase(Thr),

N

des(Ty) < des(T) < des(Tar) + des(Tar).-

Proof:
Let n > asc(T). Using that N ((Ta)"™) = N(T™)NM, for all n > 1, we deduce that N((Tp,)" ) =
N((Tar)™). This proves that asc(Tyr) < asc(T).

Let n > asc(Th) + asc(TM). We have that n > asc(Th) and n > asc(ﬁ\;). So,

N((Ty)") = N((Ta)™*") and N((Tar)") = N((Tar)™*"). Hence, N(T™) N M = N(T"')n

NI+ M N(T") + M
M and ( Z\)4+ = ( M)+ . We claim that N(T™") = N(T™). Suppose, on the

contrary, that N(T™) ¢ N(T™"'). Then, there exists + € N(T™!) such that = ¢ N(T™). On

NI+ M NI+ M
( )+ = ( Z\)4+ . So, x € N(T™) 4+ M. Therefore, there

M
exists a € N(T™) € N(T™"!) such that  — a € M. Hence 2 — o € N(T™') N M. Therefore
r—a € N(T")N M and so, € N(T") which is absurd. Thus, N(T™*') = N(T™) and so
asc(T) < asc(Tar) + asc(Thr).

The result for the descent can be proved by similar arguments. O

another hand we have T €

Lemma 4.5. Let T and M be satisfying the condition (#). Then, for all A € C we have:

(A\=T)ar =A— Ty and (A~ T),, = A — Tnr.

M e o) (o) € GUT)} (M x )
— {(x.\z — y): (z9) € G(T) N (M x M)}
={( (z,y) € G(Tm)}

Hence, A= T)p = A — T

We claim that (/C/T)M = X\ — Ty Indeed, let (Z,79) € G((/C/T)M) Thus, x = 1 + m,
and y = y1 + my with mg,m, € M and y1 € (A — T)z1. Therefore —y; + Azq € Tzy. Thus,
(z1, —y1 + Az1) € G(T). Hence, (Z1, —y1 + Az1) € G(Tm). But (21, —y1 + Az1) = (T, —y + \a).
Therefore, (Z,7) € G(A — Ta).

For the reverse inclusion, let (Z,7) € G(A — ?]\;) Then, 5 € (A — ﬁ\;)f So, —y+ AT € TuT.
Hence, there exists z € X such that —y + AT = Z and z € Tz. Thus, z = —y + Ax + m with
m € M. Therefore, —y+Ax+m € Tx. Then, y+m € (A—T)z. Hence, (Z,y + m) € G(A —T)n).
But, (Z,y + m) = (z, 7). Therefore, (Z,7) € G((A—T),,)- O
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Now, we are able to state and prove our main result.

Theorem 4.2. Let T € BCR(X) be such that M = R®(T) # X. Let A € C*. Then,
(1) A =T € ¢(X) if and only if A — T € ¢(M) and A — Ty € O(X/M).

In this case we have a(A —T') = a(A —Ty) and BN =T) = B(A —Twn) + B(A — ﬁ\;)
(2) A — T is invertible if and only if A — Ty is invertible and A — Ty is invertible.

(3) 1) f A\—Ty and X — Ty are Browder then A — T is Browder.

(ii) If moreover p(T) # & then

A—Ty and X — 1’“\1\; are Browder if and only if A — T is Browder.

Proof: By Lemmas 4.3 and 4.4 we have, for A # 0, A — T and M = R>(T) satisfy the
condition (#). Therefore:
(1) The results follow immediately from Theorem 4.1 and Lemma 4.2.

(2) Assume that X\ — T is invertible. Then, (A — T)~' is a bounded operator and M is a
(A —T)*-invariant. So, by [2, Proposition 4] we get that (A —T);; and (m); are bounded
operators and we have (A — T)3/ is the inverse of (A — T)js and (m)& is the inverse of
(A — Tar). Therefore, by Lemma 4.2 we get that A — Ty and A — T are invertible.

Assume now that A — Ty and A — T\A; are invertible. First we claim that A\ — T is surjective.
Indeed, let y € X. Then there exists T € X/M such that 5 € (A — TI\;)T Thus there exists
z € (A\—=T)x such that y — z € M. As A — Ty is surjective, then there exists m € M such that
y—z€ (A=T)m. Then, y € (A —T)(m + ). So, A — T is surjective. Now, using Lemma 4.1 we
get that N(A —Ty) = N(A = T) = {0}.

(3)(i) Assume that A — Th; and A — Ty are Browder. Then, A\ — Ty € O(M), A— m €
O(X/M), i(A=Ty) = i()\—m) =0 and asc(A—Tyr), des(A—Ty), asc(\— TM) des(\ — TM)
are all finite. Hence, from (1) we get that A — T € ¢(X). On the other hand, by Proposition
4.3, it follows that asc()\ — T) and des(A — T) are finite. Moreover, by (1) it follows that
iAN=T)=i(A—Tn) +i(A— TM) Therefore, i(A — T') = 0. This shows that A — T is a Browder
linear relation.

(i) The first implication is given by (i). For the converse, since A—T' € ¢(X) then, we get by
(1) that A—Tps € ¢(M) and A — TM € ¢(X/M). On the other hand, using the Proposition 4.3 we
get that asc(A—Th) and des(A— Thr) are all finite. We claim now that i(A=Tu) =i(A— Th) = 0.
Indeed, since des(A — TM) < oo and A — Ty is a bounded linear relation then it follows, by
Lemma 2.2, that 8(A — ﬁ\;) < alA— m) Hence, (A — m) > 0. On the other hand, we have
N =Ty) = {0} then asc(/\/—\_il’/ﬂ/[) = 0 < co. By Theorem 4.2 (2) and hypthesis we get that
p(Ths) # @. Then, it follows by (1) and (4) of Lemma 2.2 that i(A — Th;) < 0. So, i(A —Thy) = 0.
Moreover, by (1) it follows that i(A—T) = i(A—Tas)+i(A—Tar). Thus, i(A—Ths) = 0. Therofore,
A — Ty is a Weyl linear relation. On the other hand, since, p(Ths) # @ then, R.(Th) = {0}.
Thus, it follows by [4, Proposition 11] that A — Ty, is Browder. O

As a direct consequence, we get the following corollary.

Corollary 4.1. Let T € BCR(X) be such that M = R>(T) # X. Then, the following properties
hold.

(1) 0e(T) \ {0} = (0e(Thr) U oe(Tar)) \ {0};
(#1) o(T) \ {0} = (o(Tar) U (Thr)) \ {0}
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(iii) ou(T) \ {0} C (0u(Tar) U 0(Ths)) \ {0}. If moreover we suppose that p(T) # & then,

ap(T)\ {0} = (o3(Tar) U 0w (Tar)) \ {0}
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