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OPTIMAL ORDER POLICY FOR DETERIORATING ITEMS

IN RESPONSE TO TEMPORARY PRICE DISCOUNT

LINKED TO ORDER QUANTITY

LIANG-YUH OUYANG, CHIH-TE YANG AND HSIU-FENG YEN

Abstract. This paper investigates the possible effects of a temporary price discount

offered by a supplier on a retailer’s replenishment policy for deteriorating items,

whereby the price discount rate depends on the order quantity. The purpose of this

study is to develop a decision process for retailers to assist in determining whether

to adopt a regular or special order policy. Furthermore, the optimal quantity of a

special order policy for a selected case is determined by maximizing the total cost

saving between special and regular orders for the duration of the depletion time.

This research establishes an algorithm to determine the optimal solution and utilizes

several numerical examples to illustrate the theoretical results and subsequently

conducts a sensitivity analysis of the optimal solution with respect to the main

parameters. Finally, the results reveal that (1) the optimal special order quantity is

determined by trading off the benefits of the price discount against the additional

holding cost, (2) the retailer benefits in terms of total cost saving if the remnant

inventory is as low as possible when adopting a special order policy, (3) for the

retailer it is preferable to adopt the special order policy if the unit purchase cost,

market demand rate and/or ordering cost increase, and (4) the retailer will order a

lower quantity and the total cost saving will decrease when either the holding cost

rate or deterioration rate is high. Thus, this study provides the basis for enterprises

to make inventory decisions.

1. Introduction

The most common practical method for the supplier to stimulate demand, increase
market share and cash flow, whilst reducing its inventory of specific items is to offer

a temporary price discount to retailers. When the supplier offers a temporary price

discount for any of the above reasons, it is important for the retailer to determine whether
or not it is advantageous to place a special forward buying order (i.e., purchase additional

stock at the reduced price offered by the supplier for a delayed sale at the regular selling

price). Several researchers have studied temporary price discounts and proposed various
inventory models to gain deeper insight into the relationship between price discounts
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and order policy. Naddor [1], Barker [2], and Tersine [3] were the earliest researchers to
propose inventory models in response to a temporary price discount where the special sale
coincides with the replenishment time. Following this, Barker and Vilcassim [4], Goyal
[5], Tersine [6], and Silver et al. [7] studied situations where the special sale occurs during
the retailer’s sales period. Ardalan [8, 9] developed optimal order policies with possible
combinations of replenishment times and sales periods. Martin [10] modified Tersine’s
[6] model and claimed to reveal a flaw in its formulation regarding the calculation of the
average inventory of a regular policy. Goyal [11] rebuffed Martin [10] and demonstrated
that no flaw existed in Tersine’s [6] methods for calculating the average inventory of a
regular policy. More research studying the response to a temporary sale price include
Aull-Hyde [12], Abad [13], Bhaba and Mahmood [14], Abad [15], Lev et al. [16], Tersine
and Gengler [17], Davis and Gaither [18], Wee and Yu [19], Chang and Dye [20], Arcelus
et al. [21], Bhavin [22], Dye et al. [23], and so on.

In the above inventory literature about temporary price discounts, all researchers
assumed that the price discount rate is independent of the special order quantity. How-
ever, in practical business situations, the supplier usually proposes a quantity discount
to encourage larger orders. Specifically, the larger the quantity the retailer orders, the
higher the price discount rate provided by the supplier. As a result, the retailer may
trade off purchase price savings against higher total carrying cost. As to the research
considering quantity discount, Lal and Staelin [24] presented a model of buyer reaction
to seller pricing schemes which assumed special forms of discount price structure with
multiple buyers and constant demands. Weng and Wong [25] developed general all-unit
quantity discount models for a single buyer or multiple buyers. Their analysis provides
methods for simultaneously determining the optimal decision policies. Other recent stud-
ies related to the quantity discount recently included Shiue [26], Burwell et al. [27], Wee
[28], Papachristos and Skouri [29], etc. The above inventory models mainly discuss the
development of the quantity discount policies. However, one weakness common to most
inventory models is that they neglect to consider the effects of temporary price discounts.

In addition, inventory problems for deteriorating items have been widely studied in
recent years: It is well known that certain products, such as medicine, volatile liquids,
blood, fruit and vegetables perish with time and therefore the on-hand inventory reduces
during their normal storage period. For such types of products, if the retailer ignores
the losses due to deterioration, they will make wrong inventory decisions. In relevant
literature, inventory problems relating to deteriorating items have been studied widely.
Ghare and Schrader [30] first established an economic order quantity (EOQ) model for
an exponentially-decaying item, for which there is constant demand. Later, Covert and
Philip [31] extended Ghare and Scharder’s [30] model and obtained an EOQ model for
a variable deterioration rate, by assuming a two-parameter Weibull distribution. Philip
[32] then developed an inventory model with a three-parameter Weibull distribution de-
terioration rate. Shah [33] extended Philip’s [32] model and considered the circumstances
in which a shortage is allowed. Recently, Goyal and Giri [34] provided an excellent and
detailed review of the deteriorating inventory literature since the early 1990s. Further-
more, there is also a vast amount of literature on deteriorating items. An outline of
which can be found by reviewing Moon et al. [35], Deng et al. [36], Liao [37] and others.
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In this paper, we investigate the possible effects of a temporary price discount on a

retailer’s replenishment policy for deteriorating items, where the price discount rate links

to the special order quantity. The purpose of this study is to develop a decision process

to assist retailers in deciding whether to adopt a regular or special order policy. For the

case where a special order policy is selected, the retailer’s optimal special order quantity
is determined by maximizing the total cost saving between special and regular orders

during a special order period. In addition, the special order time may or may not coin-

cide with the replenishment time. Hence, there are two possible situations investigated:

the special order time occurs (i) at the retailer’s replenishment time, and (ii) during the
retailer’s sales period. The theoretical analysis is conducted and the results categoriz-

ing the optimal solutions are presented for each of the two scenarios. Furthermore, an

algorithm is established to determine the optimal solutions. Finally, several numerical

examples are given to illustrate the theoretical results, followed by a sensitivity analysis

of the optimal solution with respect to the main parameters.

2. Notation and assumptions

The following notation and assumptions are used in this study:

Notation

D = market demand rate.

c = unit purchasing price.

A = ordering cost per regular or special order.

r = holding cost rate.

θ = deterioration rate, where 0 ≤ θ < 1, and is a constant.

Q = order quantity under regular order policy.

Q∗ = optimal order quantity under regular order policy.

T = length of replenishment cycle time under regular order policy.

T ∗ = optimal length of replenishment cycle time under regular order policy.

Qs = special order quantity at discount price, decision variable.

Ts = length of depletion time for the special order quantity Qs.

q = inventory level before the special order quantities arrive, where q > 0.

tq = length of depletion time for the inventory level q, where tq = 1
θ

ln( θq

D
+ 1).

TW = length of depletion time for the inventory level W = Qs + q.

I(t) = inventory level at time t when adopt the regular order policy, 0 ≤ t ≤ T .

Is(t) = inventory level at time t when the special order policy is adopted, 0 ≤ t ≤ Ts.

IW (t) = inventory level at time t when the special order policy is adopted, 0 ≤ t ≤W ,

where W = Qs + q.
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Assumptions

1. The supplier offers the retailer a temporary price discount as the order quantity is

larger than the regular order quantity Q∗. Moreover, the discount rate depends on

the quantity ordered and the discount schedule, as follows:

Classification Special order quantity Discount rate

i Qs δi

1 w1 ≤ Qs < w2 δ1

2 w2 ≤ Qs < w3 δ2

...
...

...

m wm ≤ Qs < wm+1 δm

where wi is the ith discount rate breaking point, i = 1, 2, . . . , m + 1, and Q∗ <

w1 < w2 < · · · < wm+1 = ∞; δi is the price discount fraction offered by the

supplier, when the retailer’s order quantity Qs belongs to the interval [wi, wi+1),

and 0 < δ1 < δ2 < · · · < δm.

2. The temporary discount occurs at only one instance in time.

3. The replenishment rate is infinite and the lead time is zero.

4. Shortages are not allowed.

5. There is no replacement or repair for deteriorated units during the period under

consideration.

6. None of the price discount is passed on to customers.

3. Model formulation

This paper investigates the possible effects of a temporary price discount being of-

fered by the supplier on the retailer’s replenishment policy, given that the commodity

is deteriorating and the discount rate depends on the quantity ordered. As the retailer

follows the regular order policy without a temporary price discount, they adopt a simple

EOQ model with deteriorating items. In this situation, the depletion of the inventory

occurs due to the combined effects of demand and physical deterioration. Hence, the

change in inventory level can be illustrated by the following differential equation:

dI(t)

dt
= −θI(t)−D, 0 < t < T. (1)

Given the boundary condition I(T ) = 0, the solution of (1) may be represented by

I(t) =
D

θ

[

eθ(T−t)
− 1

]

, 0 ≤ t ≤ T. (2)
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Thus, the order quantity is given by

Q = I(0) =
D

θ

(

eθT
− 1

)

. (3)

When the supplier does not offer the temporary price discount, the retailer follows the

regular order policy with a unit purchasing cost c, and the total cost per order cycle is
the sum of the ordering cost, purchasing cost and holding cost, that is

A + cQ + rc

∫ T

0

I(t)dt = A +
cD

θ

(

eθT
− 1

)

+
rcD

θ2

(

eθT
− θT − 1

)

. (4)

Therefore, the total cost per unit time without temporary price discount (denoted by
TC(T )) is

TC(T ) =
1

T

[

A +
cD

θ

(

eθT
− 1

)

+
rcD

θ2

(

eθT
− θT − 1

)

]

. (5)

It can be easily shown that TC(T ) is a convex function of T (the proof is similar to
that in Dye et al., [23] and we omit it here). Hence, there exists a unique value of T (say

T ∗) that minimizes TC(T ). T ∗ can be found by solving the equation dTC(T )/dT = 0,
i.e., T ∗ satisfies the following equation:

A−
(θ + r)cD

θ2

(

θT eθT
− eθT + 1

)

= 0. (6)

Once the optimal length of replenishment cycle time, T ∗, is obtained, the optimal order
quantity without a temporary price discount, Q∗, is obtained as follows:

Q∗ =
D

θ

(

eθT∗

− 1
)

. (7)

When the supplier offers a temporary price discount, the retailer may order a quan-
tity which is greater than Q∗ to take advantage of the discount price. Alternatively,

the retailer may ignore this notice and adopt a regular order policy without the price
discount. The purpose of this study is to determine the optimal special order quantity

by maximizing the total cost saving between special and regular orders during the length
of depletion time for the special order quantity. As stated earlier, two specific situations
discussed in this study are: (1) when the special order time occurs at the retailer’s re-

plenishment time; and (2) when the special order time occurs during the retailer’s sales
period. In the next section of this paper, we formulate the corresponding total cost

saving function for these two cases.

Case 1: The special order time occurs at the retailer’s replenishment time

In this case, if the retailer decides to adopt a special order policy and orders Qs units,

similarly to the formulation for items without price discount, the inventory level at time
t is

Is(t) =
D

θ

[

eθ(Ts−t)
− 1

]

, 0 ≤ t ≤ Ts, (8)
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and the special order quantity is

Qs = Is(0) =
D

θ

(

eθTs − 1
)

. (9)

Due to the price discount rate being dependent on the special order quantity, for the given

price discount rate δi, the total cost of the special order during the time interval [0, Ts]

(denoted by TCS1i(Ts)) consists of the ordering cost A, purchasing cost (1 − δi)cQs =

(1− δi)cD(eθTs − 1)/θ and holding cost (1− δi)rcD(eθTs − θTs − 1)/θ2, that is

TCS1i(Ts) = A +
(1− δi)cD

θ
(eθTs−1) +

(1− δi)rcD

θ2
(eθTs − θTs − 1). (10)

On the other hand, if the retailer adopts its regular order policy (i.e., order quantity

is Q∗) instead of placing a large special order policy, then the total cost during the time

interval [0, Ts] can be obtained by using the average cost approach (see Figure 1) which

was asserted by Tersine [6], and used by Goyal [11]. That is, the total cost of a regular

order during the time interval [0, Ts] (denoted by TCN1(Ts)) is

TCN1(Ts) =
Ts

T ∗

[

A +
cD

θ
(eθT∗

− 1) +
rcD

θ2
(eθT∗

− θT ∗

− 1)

]

. (11)

Comparing (10) with (11), for the fixed price discount rate δi, the total cost saving

Figure 1. Special vs. regular order policies when the special order time coincides with
the retailer’s replenishment time.
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(denoted by g1i(Ts)) can be formulated as follows:

g1i(Ts) = TCN1(Ts)− TCS1i(Ts)

=
Ts

T ∗

[

A +
cD

θ
(eθT∗

− 1) +
rcD

θ2
(eθT∗

− θT ∗

− 1)

]

−A−
(1 − δi)cD

θ
(eθTs − 1)−

(1− δi)rcD

θ2
(eθTs − θTs − 1). (12)

Case 2: The special order time occurs during the retailer’s sales period

The price discount offered by the supplier may occur during the retailer’s sales pe-

riod. In this situation, if the retailer decides to place a special order quantity Qs with the

discount price (1− δi)c, where δi is given, then the inventory level will increase instanta-

neously from q to W = Qs + q when the special order quantities are delivered (see Figure

2). Otherwise, if the retailer ignores notice of the price discount, then they will not place

any order until the next replenishment. We will formulate the total cost functions for

the special and regular order policies and then compare them to each other.

When a special order is placed, the total cost during the time interval [0, TW ] consists

of the ordering cost A, the purchasing cost (1− δi)cQs = (1− δi)cD(eθTs − 1)/θ, and the

holding cost which can be presented as follows:

As the special order quantities arrive, the stock on hand increases instantaneously

Figure 2. Special vs. regular order policies when the special order time occurs during
the retailer’s sales period.
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from q to W , where

W = Qs + q

=
D

θ
(eθTs − 1) +

D

θ
(eθtq − 1)

=
D

θ
(eθTs + eθtq − 2). (13)

And the inventory level at time t during the time interval [0, TW ] can be found by

IW (t) =
D

θ

[

eθ(TW −t)
− 1

]

, 0 ≤ t ≤ TW . (14)

Because IW (0) = W , from (13) and (14), it gives

D

θ
(eθTW − 1) =

D

θ
(eθTs + eθtq − 2). (15)

Thus,

TW =
1

θ
ln(eθTs + eθtq − 1). (16)

The holding cost of the remnant q is calculated with the unit purchasing cost c and
is given by rcD(eθtq − θtq − 1)/θ2. Besides, the holding cost of the order quantity Qs

can be calculated with the unit purchasing cost (1− δi)c and is given by

(1− δi)rc

[
∫ TW

0

IW (t)dt−
D

θ2

(

eθtq − θtq − 1
)

]

=
(1− δi)rcD

θ2

[

eθTs + eθtq − 2− ln
(

eθTs + eθtq − 1
)

−

(

eθtq − θtq − 1
)

]

. (17)

Therefore, the total holding cost during the time interval [0, TW ] is

rcD(eθtq − θtq − 1)

θ2
+

(1− δi)rcD

θ2

[

eθTs + eθtq − 2

− ln
(

eθTs + eθtq − 1
)

−

(

eθtq − θtq − 1
)

]

=
(1− δi)rcD

θ2

[

eθTs + eθtq − 2− ln
(

eθTs + eθtq − 1
)

]

+
δircD

θ2

(

eθtq − θtq − 1
)

. (18)

Consequently, for the fixed price discount rate δi, the total cost of the special order
during the time interval [0, TW ] (denoted by TCS2i(Ts)) can be formulated as follows:

TCS2i(Ts) = A +
(1− δi)cD

θ
(eθTs − 1) +

(1− δi)rcD

θ2

[

eθTs + eθtq − 2

− ln
(

eθTs + eθtq − 1
)

]

+
δircD

θ2

(

eθtq − θtq − 1
)

. (19)
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On the other hand, if the retailer ignores notification of the price discount and fails

to place an order until the next replenishment, and follows its regular order policy, the

total cost during the time interval [0, TW ] will also be divided into two periods. In the

first period, the retailer only has the remnant q and the holding cost is

rc

∫ tq

0

I(t)dt =
rcD

θ2

(

eθtq − θtq − 1
)

.

Next, the retailer follows the regular order policy (i.e., the order quantity is Q∗) during

the rest period. To obtain the total cost in this period, we use the average cost analysis

approach, which is given by

TW − tq
T ∗

[

A +
cD

θ

(

eθT∗

− 1
)

+
rcD

θ2

(

eθT∗

− θT ∗

− 1
)

]

=
ln(eθTs + eθtq − 1)− θtq

θT ∗

[

A +
cD

θ

(

eθT∗

− 1
)

+
rcD

θ2

(

eθT∗

− θT ∗

− 1
)

]

.

As a result, if the retailer ignores the notification and follows its regular order policy

during the time interval [0, TW ], the total cost (denoted by TCN2(Ts)) is represented by:

TCN2(Ts) =
rcD

θ2
(eθtq − θtq − 1) +

ln(eθTs + eθtq − 1)− θtq
θT ∗

×

[

A +
cD

θ

(

eθT∗

− 1
)

+
rcD

θ2

(

eθT∗

− θT ∗

− 1
)

]

. (20)

Therefore, for a fixed price discount δi, the total cost saving (denoted by g2i(Ts))

when the special order time occurs during the retailer’s sales period can be formulated
as follows:

g2i(Ts) = TCN2(Ts)− TCS2i(TS)

=

[

1

θ
ln

(

eθTs + eθtq − 1
)

− tq

]

{

1

T ∗

[

A +
cD

θ

(

eθT∗

−1
)

+
rcD

θ2

(

eθT∗

−θT ∗

−1
)

]

+
(1− δi)rcD

θ

}

−A−
(1 − δi)(θ + r)cD

θ2
(eθTs − 1). (21)

Note that it is worth placing a special order when the total cost saving in (12) and

(21) are positive for the above two cases. Otherwise, the special order policy will be
ignored by the retailer.

4. Theoretical results

In this section, the optimal value of Ts that maximizes the total cost saving is deter-

mined.
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Case 1: The special order time occurs at the retailer’s replenishment time

For the fixed price discount rate δi, taking the first and second order derivatives of
g1i(Ts) in (12) with respect to Ts, leads to

dg1i(Ts)

dTs

=
1

T ∗

[

A +
cD

θ

(

eθT∗

− 1
)

+
rcD

θ2

(

eθT∗

− θT ∗

− 1
)

]

−(1− δi)cDeθTs −
(1− δi)rcD

θ
(eθTs − 1), (22)

and
d2g1i(Ts)

dT 2
s

= −(θ + r)(1 − δi)cDeθTs < 0. (23)

Consequently, g1i(Ts) is a concave function of Ts; hence, a unique value of Ts (say

Ts1i
) exists that maximizes g1i(Ts). Ts1i

and can be found by solving the equation
dg1i(Ts)/dTs = 0. Given by

Ts1i
=

1

θ
ln

[

(1− δi)rcD + θy

(θ + r)(1 − δi)cD

]

, (24)

where y =
1

T ∗

[

A +
cD

θ
(eθT∗

− 1) +
rcD

θ2
(eθT∗

− θT ∗

− 1)

]

> 0.

To ensure Q∗ < Qs1i
(i.e., T ∗ < Ts1i

, where T ∗ can be found by solving Equation (6)),
we substitute (24) into the inequality T ∗ < Ts1i

, and it results in

if ∆1i > 0, then T ∗ < Ts1i
, (25)

where ∆1i ≡ y − (1− δi)cDeθT∗

−
(1− δi)rcD

θ
(eθT∗

− 1).

Next, substituting (24) into (12), the corresponding maximum total cost saving can be
obtained as

g1i(Ts1i
) =

(θ + r)(1 − δi)cD

θ2

(

θTs1i
eθTs1i − eθTs1i + 1

)

−A. (26)

It is worth placing a special order only if g1i(Ts1i
) > 0. Otherwise, the retailer will adopt

the regular order policy (i.e., the order quantity is Q∗). Let

∆2i ≡ g1i(Ts1i
) =

(θ + r)(1 − δi)cD

θ2

(

θTs1i
eθTs1i − eθTs1i + 1

)

−A,

then from the above arguments, we can obtain the optimal value of Ts1i
(denoted by

T ∗

s1i
) for the Case 1 as follows:

T ∗

s1i
=

{

Ts1i
, if ∆1i > 0 and ∆2i > 0, (27a)

T ∗, otherwise. (27b)
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Remark 1. When the optimal length of depletion time for the special order quantity
is T ∗

s1i
= T ∗, it means that it is not worthwhile for the retailer to place a special order;

instead, the retailer should adopt its regular order policy with the original unit purchasing
cost c.

Case 2: The special order time occurs during the retailer’s sales period

Similarly, for the fixed price discount rate δi, the first order necessary condition for
g2i(Ts) in (21) to be maximized is

dg2i(Ts)

dTs

=

(

y +
(1− δi)rcD

θ

)

eθTs

eθTs + eθtq − 1
−

(θ + r)(1 − δi)cDeθTs

θ
= 0. (28)

Solving this equation, we can obtain a unique solution for Ts (say Ts2i
) as

Ts2i
=

1

θ
ln

[

θy + (1− δi)rcD − (θ + r)(1 − δi)cD(eθtq − 1)

(θ + r)(1 − δi)cD

]

. (29)

Furthermore, we can show that

d2g2i(Ts)

dT 2
s

∣

∣

∣

∣

Ts=Ts2i

=

(

y +
(1− δi)rcD

θ

)

θeθTs2i (eθtq − 1)

(eθTs2i + eθtq − 1)2
− (1− δi)(θ + r)cDeθTs2i

= −
(1− δi)(θ + r)cDe2θTs2i

eθTs2i + eθtq − 1
< 0.

Hence, Ts2i
in (29) is the optimal solution for Ts, which maximizes g2i(Ts).

Next, to ensure that Q∗ < Qs2i
(i.e., T ∗ < Ts2i

), we substitute (29) into this inequality,
which results in

if ∆3i > 0, then T ∗ < Ts2i
, (30)

where

∆3i ≡ y −
(θ + r)(1 − δi)cD

θ
(eθT∗

+ eθtq − 1) +
(1 − δi)rcD

θ
.

Furthermore, substituting (29) into (21), the corresponding maximum total cost sav-
ing can be obtained as

g2i(Ts2i
) =

(θ + r)(1 − δi)cD

θ2

[

ln
(

eθTs + eθtq − 1
)

− θtq

]

(eθTs + eθtq − 1)

−
(θ + r)(1 − δi)cD

θ2
(eθTs − 1)−A. (31)

As we know, it is worthwhile placing a special order only if g2i(Ts2i
) > 0. Otherwise,

the retailer will not order until the next replenishment time, following the regular order
policy. Let

∆4i = g2i(Ts2i
) =

(θ + r)(1 − δi)cD

θ2

[

ln
(

eθTs + eθtq − 1
)

− θtq

]

(eθTs + eθtq − 1)

−
(θ + r)(1 − δi)cD

θ2
(eθTs − 1)−A,
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and then from the above arguments, we can obtain the optimal value of Ts (denoted by
T ∗

s2i
) for the Case 2 as follows:

T ∗

s2i
=

{

Ts2i
, if ∆3i > 0 and ∆4i > 0,

0, otherwise.

Remark 2. When the optimal length of depletion time for a special order quantity is
T ∗

s2i
= 0, the retailer should not order until the next replenishment time and thus follow

the regular order quantity with the original unit purchasing cost c.

To summarize the above results, we can develop an algorithm to obtain the optimal
solution T ∗

s and the optimal order quantity Q∗

s, for the two cases.

Algorithm:

Step 1. If q = 0, then determine T ∗ from (6) and go to Step 2. Otherwise, calculate
tq from the equation q = D(eθtq − 1)/θ, and go to Step 4.

Step 2. For each δi, i = 1, 2, . . . , m, calculate Ts1i
in (24), ∆1i ≡ y − (1− δi)cDeθT∗

−

(1− δi)rcD

θ
(eθT∗

− 1) and ∆2i =
(θ + r)(1 − δi)cD

θ2
(θTs1i

eθTs1i − eθTs1i + 1)−

A. If ∆1i > 0 and ∆2i > 0, then substitute Ts1i
into (9) to evaluate the

corresponding lot size, Qs1i
and check Qs1i

under δi.

(i) If wi ≤ Qs1i
< wi+1, Qs1i

is a feasible solution. Set Q∗

s1i
= Qs1i

and
substitute T ∗

s1i
= Ts1i

into (26) to evaluate g1i(T
∗

s1i
).

(ii) If Qs1i
≥ wi+1, we can get a larger price discount rate which is greater

than δi and thus Qs1i
is not a feasible solution. Set g1i(T

∗

s1i
) = −∞.

(iii) If Qs1i
< wi, set Q∗

s1i
= wi, and substitute Q∗

s1i
into (9) to find T ∗

s1i
=

1

θ
ln

(θwi

D
+ 1

)

. Then, substitute T ∗

s1i
into (26) to evaluate g1i(T

∗

s1i
). If

g1i(T
∗

s1i
) > 0, go to Step 3; otherwise, set T ∗

s1i
= T ∗, Q∗

s1i
= Q∗ and

g1i(T
∗

s1i
) = 0.

Otherwise, set T ∗

s1i
= T ∗, Q∗

s1i
= Q∗ and g1i(T

∗

s1i
) = 0.

Step 3. Find Max
i=1,2,...,m

g1i(T
∗

s1i
). If g1k(T ∗

s1k
) = Max

i=1,2,...,m
g1i(T

∗

s1i
), T ∗

s1k
is the optimal

solution for Case 1, and thus the optimal order quantity Q∗

s1k
can also be

determined. Go to Step 6.

Step4. For each δi, i = 1, 2, . . . , m, calculate Ts2i
in (29),

∆3i = y −
(θ + r)(1 − δi)cD

θ
(eθT∗

+ eθtq − 1) +
(1− δi)rcD

θ
and

∆4i =
(θ + r)(1 − δi)cD

θ

[

ln
(

eθTs2i + eθtq − 1
)

− θtq

]

(eθTs2i + eθtq − 1)

−
(θ + r)(1 − δi)cD

θ2
(eθTs2i − 1)−A.
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If ∆3i > 0 and ∆4i > 0, then substitute Ts2i
into (13) to evaluate the corre-

sponding lot size, Qs2i
and check each Qs2i

under δi.

(i) If wi ≤ Qs2i
< wi+1, Qs2i

is a feasible solution. Set Q∗

s2i
= Qs2i

and

substitute T ∗

s2i
= Ts2i

into (31) to evaluate g2i(T
∗

s2i
).

(ii) If Qs2i
≥ wi+1, we can get a larger price discount rate which is greater

than δi and thus Qs2i
is not a feasible solution. Set g2i(T

∗

s2i
) = −∞.

(iii) If Qs2i
< wi, set Q∗

s2i
= wi, and substitute Q∗

s2i
into (13), to find T ∗

s2i
=

1

θ
ln

(θwi

D
+ 1

)

. Then, substitute T ∗

s2i
into (31) to evaluate g2i(T

∗

s2i
).

If g2i(T
∗

s2i
) > 0, go to Step 5; otherwise, set T ∗

s2i
= 0, Q∗

s2i
= 0 and

g2i(T
∗

s2i
) = 0.

Otherwise, set T ∗

s2i
= 0, Q∗

s2i
= 0 and g2i(T

∗

s2i
) = 0.

Step 5. Find Max
i=1,2,...,m

g2i(T
∗

s2i
). If g2k(T ∗

s2k
) = Max

i=1,2,...,m
g2i(T

∗

s2i
), T ∗

s2k
is the optimal

solution for Case 2, and thus the optimal order quantity Q∗

s2k
can also be

determined.

Step 6. Stop.

5. Numerical examples

To illustrate the solution process for the two cases, the following examples are pre-

sented.

Example 1. We first consider the case where the special order time occurs at the re-

tailer’s replenishment time. For a retailer with an inventory system with the following

parameters: c = $10/unit, D = 1000 units/year, A = $150/order, r = 0.3, θ = 0.01.

From the above data, the optimal solutions for the regular order quantity are ascertain-

able and are T ∗ = 0.3108 and Q∗ = 311.247. Besides, the price discount rate schedule

offered by the supplier is tabulated in Table 1. Using the algorithm, the solution proce-

dure and computational results are shown in Table 2. From Table 2, we can see that the

optimal order policy are as follows: T ∗

s1
= 2.3717, Q∗

s1
= 2400 and g∗1 = 1476.70.

Table 1. Price discount rate schedule.

Classification Special order quantity Discount rate

i Qs δi

1 500 ≤ Qs < 1000 0.1

2 1000 ≤ Qs < 2400 0.15

3 Qs ≥ 2400 0.25
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Table 2. Optimal solutions of Example 1.

δi Qs1i
T ∗

s1i
Q∗

s1i
g∗1i

0.10 704.25 0.6720 704.25 504.26

0.15 935.43 0.9950 1000.00 993.84

0.25 1490.26 2.3717 2400.00 1476.70←

Note: “←” denotes the maximum total cost saving.

Table 3. Optimal solutions of Example 2 under different values of q.

q Q∗

s2
T ∗

s2
g∗2

30 2400 2.3717 1310.84

100 2400 2.3717 924.20

200 1000 0.9905 468.22

Example 2. In this example, we consider the case where the special order time occurs

during the retailer’s sales period. The data used are the same as those in Example 1

except for q. Three different values of q are adapted, q = 30, 100, and 200. The optimal

ordering policies under the various values of q are listed in Table 3.

From Table 3, it can be shown that the larger the level of remnant inventory q (prior

to the delivery of the special order quantity) is, the smaller the values of the total cost

saving. This implies that it will be beneficial in terms of total cost savings for the remnant

inventory to be as low as possible when the special order time occurs during the retailer’s

sales period.

Example 3. In this example, we study the effects of changes in system parameters c, D,

A, r and θ on the optimal price discount rate, special order quantity and the optimal total

cost saving. The data used is the same as those in Example 2 except we only consider

the case whereby q = 30. To explore every situation, a sensitivity analysis is conducted

by changing each of the parameters by the appropriate value taking one parameter at a

time while all the other parameters remain unchanged. The results are shown in Table

4.

On the basis of the results shown in Table 4, the following managerial insights are

gained:

(1) The retailer will determine the optimal special order quantity by trading off the ben-

efits of the price discount against the additional holding cost. For example, when

D = 250 or θ = 0.8 in Table 4, the optimal order policy of retailer is to ignore

the temporary price discount offered by the supplier and to refrain from ordering

until the next replenishment time. Moreover, as the optimal order quantity is deter-

mined based on the maximum total cost saving, the optimal price discount rate is

determined simultaneously.
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Table 4. Effect of changes in various parameters of the Example 3 (for q = 30).

Parameter value δ∗ Q∗

s2
g∗2

5.0 0.25 2400 1054.55

7.5 0.25 2400 1211.21
c

12.5 0.25 2400 1374.01

15.0 0.25 2400 1411.30

250 — — —

500 0.10 500 250.13
D

750 0.15 1000 600.74

1250 0.25 2400 2422.11

25.0 0.15 1000 471.79

37.5 0.25 1000 547.35
A

112.5 0.25 2400 1041.71

225.0 0.25 2400 1750.30

0.15 0.25 2631 3966.43

0.25 0.25 2400 2207.73
r

0.35 0.15 1000 765.62

0.45 0.15 1000 452.98

0.005 0.25 2400 1397.23

0.100 0.15 1000 345.38
θ

0.500 0.10 500 124.79

0.800 — — —

Note: “—” denotes the retailer will not order until the next replenishment time.

(2) When the unit purchase cost c, market demand rate D and ordering cost A increase,

the total cost saving g∗2 increases. The results show that as the unit purchase cost,

market demand rate and ordering cost increase, it is more beneficial for the retailer

to adopt the special order policy.

(3) When either r or θ increases, Q∗

s2
and g∗2 decrease. It implies that when either

the holding cost rate or deterioration rate is higher, the retailer will order a lower

quantity and the total cost saving will decrease.

6. Conclusions

This study investigated the possible effects of a temporary price discount rate, which

is linked to the special order quantity, on a retailer’s replenishment policy. The purpose

of this study was to determine the optimal order policy such that the total cost saving

between special and regular order policies is maximized. By analyzing the total cost

saving under special and regular order policies, results were developed to characterize
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the optimal solution. This research establishes an algorithm to determine the optimal

solution and utilizes several numerical examples to illustrate the theoretical results and

conducts a sensitivity analysis of the optimal solution with respect to the main parame-

ters. Finally, the results reveal that (1) the optimal special order quantity is determined

by trading off the benefits of the price discount against the additional holding cost, (2)

the retailer benefits in terms of total cost saving if the remnant inventory is as low as

possible when adopting a special order policy, (3) for the retailer, it is more beneficial to

adopt the special order policy if the unit purchase cost, market demand rate and ordering

cost increase, (4) the retailer will order a lower quantity and the total cost saving will

decrease when either the holding cost rate or deterioration rate is high. Thus, this study

provides the basis for enterprises to make inventory decisions.
The proposed model can be extended and further examined in several ways. Some

suggestions include manipulating the proposed inventory model to consider the circum-
stances in which the retailer shifts the price discount to their customers and reformulating
the demand rate so that it is a function of the sales price, holding time and remaining
stock.
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