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Characterizations of PR-slant warped
submanifolds in Para-Kahler spaces via

Weingarten maps
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Abstract. This paper investigates PR-pseudo-slant warped product submanifolds
in para-Kahler manifolds F2™. First, fundamental properties of PR-pseudo-slant
submanifolds in F?™ are obtained. Then non-existence and characterization results
for PR-pseudo-slant warped product submanifolds are derived in terms of the Wein-
garten and endomorphism mappings, including the corresponding slant factor in
F?m_ In addition, a numerical example of the warped product Fy x; F| in F?™ is
provided to illustrate the results.
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1 Introduction

In the field of differential geometry, the study of warped product submanifolds has been an active
and fruitful area of research, owing to its deep connections with physics, geometry, and topology.
This area of research gained substantial momentum after the successful application of warped
product techniques in addressing theoretical physics problems, particularly in the domains of
general relativity, space-time models, and black hole physics [1, 15, 18, 19]. The notion of warped
product manifolds, also called warped bundles, was introduced by Bishop and O’Neill in 1969
[7]. They defined the warped product B x y C' of two pseudo-Riemannian manifolds B and C' as
the product manifold B x C equipped with a pseudo-Riemannian metric constructed from the
metrics of B and C. For any tangent vector E € X(B Xy C), the metric is defined by

1B = 7 (E)|* + (f o m)?[lo* (B)|I?,

where 7 and o denote the natural projections from B x C onto B and C, respectively. In this
context, B is called the base manifold, C is the fiber manifold, and f is a positive C*° warping
function defined on B. Warped product manifolds hold great significance in differential geometry
and mathematical physics due to their flexibility in constructing and analyzing a wide variety
of geometric structures. These manifolds arise by modifying the metric of one manifold using
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a smooth function defined on another, providing a powerful framework for exploring curvature,
geodesics, and other geometric properties in complex settings. They are especially valuable in
general relativity, where they are used to model spacetimes with variable curvature, such as those
encountered in cosmological models and black hole spacetimes. Additionally, warped products
are essential in the study of Einstein manifolds, scalar curvature, and Riemannian submersions,
underscoring their pivotal role in both theoretical and applied mathematics. Given the relevance
of neutral metrics in para-Kéahler manifolds and warped products, a natural question arises: what
are the existence and characterization criteria for these structures?

Chen-Munteanu [10] initiated the study of pseudo-Riemannian warped products, specifically
PR-warped product submanifolds, providing key results regarding the existence and charac-
terization of PR-semi-invariant warped submanifolds in para-Kahler manifolds. Following this,
Srivastava-Sharma [26] continued the exploration of this topic in para-contact settings. Since
then, several differential geometers have investigated and analyzed the existence, characteriza-
tion, and applications of such warped products from various perspectives in different manifolds
[3, 4, 5, 6, 8, 12, 13, 16, 21, 24, 27].

The structure of this article is as follows: Section 2 provides an overview of fundamental concepts
related to para-Kihler manifolds and their submanifolds in F. Section 3 presents definitions and
characterization results for slant and PR-pseudo-slant submanifolds in brief PRPS, along with
important findings and remarks for future reference. Finally, Section 4 proves the non-existence
of a warped product of the form F'| X F, and establishes the necessary and sufficient conditions
for a submanifold F' to be locally a PR-pseudo-slant warped product briefly PRWP of the form
F\ xy F| in F. Additionally, a numerical example is provided to demonstrate the existence of
F\ x¢ F| and the characterization result in terms of the endomorphism in F'.

2 Preliminaries

Let F be a real smooth manifold. Denote by PR(F) the set of real-valued smooth functions on
F, and by X(F) the set of all vector fields on F. It is straightforward to verify that 93(F) is a
module over the ring R(F), and is also referred to as the set of derivations of SR(F). An almost
product structure on a manifold F is defined as a tensor field P of type (1,1), which satisfies the
following condition:

P? =id, (2.1)
where id is the identity map on the tangent bundle of F' and P? denotes the composition of
P with itself. This relation implies that P acts as a kind of ”splitting” of the tangent bundle,
dividing the manifold into two complementary distributions. The pair (F,P) is known as an
almost product manifold. An almost product manifold is said to be almost para-Hermitian [17]
if it admits a pseudo-Riemannian metric g satisfying:

g(PE1,PEs) + g(E1, E2) = 0. (2.2)

It is evident that the signature of the metric tensor g is necessarily (m, m), regardless of the
choice of vector fields F; and Fy tangent to the manifold F'. Also, Eq. 2.2 implies that:

G(PE1, E2) + g(E1, PE2) =0, (2.3)
for any E1, Es € X(F). The fundamental 2-form w of F is defined by:
w(Er, B2) = g(E1, PE2), (2.4)

for all By, By € X(F).
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Definition 1. An almost para-Hermitian manifold F is referred to as a para-Kihler manifold if
the almost product structure P is parallel with respect to the Levi-Civita connection V, meaning
that the following condition holds:

(Vg,P)Es =0, (2.5)

for each By, By € X(F).

This condition implies that the tensor field P is covariantly constant, ensuring that the
almost product structure is preserved under parallel transport. In other words, the para-Kéhler
structure remains invariant along the manifold’s geodesics, making the manifold a rich object
of study in both differential geometry and theoretical physics. Suppose F' is an isometrically

immersed submanifold in F. Then, at each point p € F, the tangent space X, (F) of F can be
decomposed into a direct sum:

Xp(F) = X,(F) & X,(F) 7, (2.6)

where X,,(F) is the tangent subspace of X,(F) and X,,(F)~ is the normal subspace of X,,(F). We
use the same notation g for the induced metric on F as for the original metric on F. With this
convention, the important formulas are expressed as follows:

Gauss formula: For any vector fields Eq, Ey € X(F'), the second fundamental form h and the
induced connection V are related by:

Vg By =Vg B+ h(Ey, Ey), (2.7)

where h is the second fundamental form that captures how the submanifold curves within the
ambient manifold.

Weingarten formula: For any vector field ¢ normal to F', the derivative of a normal vector
is decomposed into tangential and normal components:

Vil =—-AE + Vg, (. (2.8)

We use the symbol V (resp., V1) for the induced tangent (resp., normal) connection on X(F)
(resp., X(F*1)) and A¢ is the shape operator (or Weingarten map) associated with the normal
vector (. The shape operator describes how the normal vector field changes along the manifold.
The Weingarten map and h, the second fundamental form, are related by the following relation
[9]:

9(AcEr, E2) = g(h(EL, E2),C), (2.9)

These formulas are fundamental in the study of submanifold geometry, relating the intrinsic
geometry of F' to its embedding in a larger ambient space.

Consider the orthonormal frame {e1, -, €m,€m+1, - ,€2m} of the tangent space X,(F),
such that the vectors {eq,--- , e, } span the subspace X, (F), while the vectors {e,+1, -, €2m}
span the orthogonal complement X, (F' )+, for an arbitrary point p on the manifold F. This
structure facilitates a clear distinction between the components of the tangent space and its

orthogonal complement, crucial for subsequent analysis.

Then the mean curvature vector H of F at a point p is given by H(p) = Ltraceh, where

~m
h denotes the second fundamental form. The squared length of the second fundamental form,
denoted by ||h||?, is defined as the sum of the squared norms of the shape operator components

specifically:

m

1812 = glhlewsey), hlea ), (2.10)

z,y=1
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where e, and e, are elements of the orthonormal frame of the tangent space at p. By setting g, =
g(h(eq,ey).er), €,y € {e1,- - ,em}, € € {€mt1,- -+ ,€2m}, Eq. (2.10) can be represented as:

AP = D" D g(hlessey)e)?. (2.11)

r=m+1lz,y=1

An immersed submanifold is umbilical if its Weingarten map is directly proportional to the
identity map, and F is totally umbilical (resp., geodesic) if every point is umbilical and h fulfils

h(Er, E2) = g(Er, E2)H  (resp., h(Ey1, Ez) =0,VEy, Ey € X(F)).
If H vanishes then F' is minimal. Moreover, if we admit VE; € X(F) and ¢ € X(F1) with

PEl = tE]_ + TLE]_, (212)

P¢=1t'¢+n'¢, (2.13)

where tE; (respectively, nE;) is the tangential (respectively, normal) part of PE; and t'¢ (re-
spectively, n’() is the tangential (respectively, normal) part of P¢, then for any E;, Fy € X(F)

we obtain a direct consequence of the decomposition (2.13) and (2.12) of the vector fields into
their tangential and normal components under the action of the endomorphism P that

G(E1,tEs) = —g(tEn, E2).
Now from straightforward consequence of Egs. (2.12) and (2.13), we arrive at

(Vg t)Ey = Anp, E1 + t'h(E1, Ey), (2.14)
(VEITL)EQ = —h(El, tEQ) + n/h(El, EQ), (215)

where A, g, denotes the shape operator associated with the normal component nFs, and ¢’ and
n' represent the tangential and normal parts of the endomorphism P, respectively.

3 PR-pseudo-slant submanifolds

The current study of submanifolds extend the concept of slant submanifolds by incorporating
additional geometric constraints and properties, making them a rich subject of study in differential
geometry. In this section, we give some definitions, characterization results for slant and such
submanifolds F' along with important results and remarks for later references.

Definition 2. [2, 21] Let F?™ be an almost para-Kihler manifold and F be its isometrically
immersed submanifolds. Consider ©, be the distribution on F. Then

e A distribution ) is referred to as a slant distribution on F', and consequently, F' is called
a slant submanifold, if there exists a real constant A such that

t2 = )‘lda g(tElaE2) = _g(E17tE2)7

for any non-degenerate tangent vectors Eq, Fo € D) on F. In this context, we refer to A
as the slant coefficient, which is globally constant, meaning that A does not depend on the
choice of any point on F in F?™,
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e A submanifold F is called a PR-pseudo-slant (in short PRPS) submanifold if its tangent
space can be decomposed into two non-degenerate, orthogonal distributions (D,,D)),
ie, X(F) = D1 @ D), such that the distribution ®, is a slant distribution with slant
coefficient \ and the distribution © | is an anti-invariant distribution under the action of

P, ie, P(D1) C X(FL).

If we denote d; and dy as the dimensions of ®+ and © ), respectively, then from the afore-
mentioned definition, the following conclusions have been identified:

Remark 1. A PRPS submanifold F of F2™ is invariant submanifold if d = 0, do # 0 with
slant coefficient \ = 1, anti-invariant submanifold if d; # 0 and dy = 0, and PR-submanifold if
dy,ds # 0 with slant coefficient A = 1 [10].

Remark 2. A submanifold F is a proper PRPS of F?™ if dy,dy # 0 and ©) is a proper slant
distribution.

Further, if we use the symbols ®, and ©) by P, and P, respectively, for the projections
on F', then we have the following representation

FE, =P FEi +P\E;

for every Fy € X(F).

Here, we present some important results for F':

Theorem 3.1. For a para-Kdhler manifold F*>™ and a proper PRPS submanifold F' of F*™, the
endomorphism n is parallel if and only if

AnlgtE4 + /\.ACE4 =0, forall E3,FE, € X(F)\)

Proof. 1f n is parallel, then by Eq. (2.15), we have
n'h(Es, E4) = h(E3,tE,), for all B3, By € X(F)).
Now, replace F4 by tFE4 in the previous expression, we have
n’'h(Es,tEy) = Ah(E3, Ey).

By taking the inner product with ¢ € X(F ) in the above expression and employing (2.7) and
(2.8), we get
An/CtE4 + )\.ACE4 =0.

O

Theorem 3.2. Let F be a proper PRPS submanifold of a para-Kdihler manifold F*™ with X € R.
If the endomorphism n is parallel, then one of the following conditions must hold:

(i) the slant distribution is totally geodesic.

(ii) h(Es, Ey) is an eigenvector of n'? with eigenvalue /A when X € (0,00) and with imaginary
eigenvalue when A € (—o00, 0).
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Proof. Suppose that the endomorphism n is parallel, then by Eq. (2.15), we have
n'h(Es, E4) = h(Es3,tEy), (3.1)
for all E5, E4 € X(F)). Operating n’ on Eq. (3.1), we have
n/?h(Fs, By) = n'h(Es, tEy).
Now utilizing Theorem 3.1 into the last expression, we achieve
n'?h(Es, Ey) = Ah(Fs, Ey).

This implies the following
(n'? = \)h(Es3, E4) = 0.

This completes the proof. O

4 On PR-pseudo-slant singly warped product submanifold

Initially, we review several foundational principles from [7], which will be relevant for the subse-
quent discussion. Let V be the Levi-Civita connection on B x ¢ C, then for any Ei, B> € X(B)
and Es, By € X(F), we see that

vElEQ € %(TB),

E
Ve, By = anElz(}f) Es,
—g(E5,E
Vi = g(;%f,

where ¢g(Vf, E1) = E1f and Vf is the gradient of f [11, 22, 23].

Remark 3. Since lift plays a crucial role in computations on product manifolds, we will, for
the sake of simplicity, focus our analysis on F' = B x; C and unify the notations for a vector
E,; € X(B) with the lift E; and for a vector F3 € X(C) with the lift E3. Moreover, it is indeed
worth remembering that for the warped product B x ; F' such that B (resp., F) is totally geodesic
(resp., umbilical) in F.

Like the formulations presented in [10, 20], we introduce the concept of a PRPS singly
warped product submanifold within the context of a para-Kihler manifold F2™:

Definition 3. Let I’ be a PRPS submanifold within a para-Kihler manifold F2™. F is classified
as a PR-pseudo-slant singly warped product in short PRWP, if it can be represented as a singly
warped product of the form F\ xy F| or F| x; F) or both. Here, F) denotes a proper slant
submanifold, and F| signifies the anti-invariant submanifold of F2™. The function f is a non-
constant positive smooth function defined on the first factor. If the warping function f is constant,
the submanifold F is referred to as a PRPS product or trivial product.

Now, we shall prove some existence and non-existence results for such a type of warped
product submanifolds.

Theorem 4.1. There are no PRWP submanifold of the form F = F\| Xy Fx in a para-Kdihler
manifold F?™.



PR-WP submanifolds 7

Proof. Consider F' = F| Xy F as a PRWP submanifold embedded in a para-Kéhler manifold
F?™_ Then by the utilization of Egs. (2.2), (2.12), (2.7), and (2.8), we concede that

9(Anp, B3, tE3) = E1(In f)g(tEs, tE3) + g(Ang, E1, tE3), (4.1)

for any E; € X(F) and E3 € X(F)), where Es and Fy are non-degenerate vector fields. Using
definition (2) in (4.1), we deduce that

9(Anp, Es3,tE3) = —AFE1(In f)g(Es, E3) + g(Anp, E1,tEs). (4.2)
By interchanging F3 by tE3 into the above relation, we concede that
9(Anp, tEs, t°E3) = —AEy(In f)g(tEs, tEs) + g(Ants, B1, t° Es). (4.3)
Using some algebraic manipulation in the above expression, we get
9(Anp, tEs, E3) = AE1(In f)g(Es, E3) + g(Antrs F1, Es). (4.4)

In the other direction, we get the following relation by the direct consequence of Egs. (2.3) and
(2.5)-(2.12)

9(Anp, Er,tEs) = g(Vg, B3, t°E3) + g(Anip, Ev, E3) + g(V g, tEs, tEs). (4.5)

By utilizing the definition of a slant submanifold and the covariant derivative identities in (4.5),
we easily deduce that

9(Anp, E1,tE3) = AE1(In f)g(Es, E3) + g(Ante, B, E3) + E1(In f)g(tE3, tEs). (4.6)
The above equation, by employing certain calculations, yields
9(Ang, Er,tE3) = g(Anip, E1, E3). (4.7)
From Egs. (4.2), (4.4) and (4.7), we conclude that
9(Ang, E3,tE3) + AE1(In f)g(Es, E3) = g(Ang, E3,tE3) — AE1(In f)g(Es, E3). (4.8)
By virtue of Eq. (2.9) and the symmetry of h, we get
2AE1(In f)g(Es, E5) = 0. (4.9)
The only possibility is that f must be constant since F3 is a non-degenerate vector field and F

is a proper slant submanifold; this occurs against our hypothesis. Thus, the theorem’s proof is
finished. O

Next, we derive some important results as lemmas for later use by considering submanifolds
of the form Fy xy F'y:

Lemma 4.1. If F = F\ Xy F\| is a PRWP submanifold embedded in a para-Kdhler manifold
F?™ then for any U,V € X(F) and E; € X(F.), we have

g(h(U, Ey),nV) — g(h(U, V), PEy) =tV (In f)g(PLU, Er).
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Proof. From Eq. (3), we have
9(VutV, Er) = g(Vp, utV, Ev) + g(VputV, Er).
By the application of the covariant derivative identity, the second term vanishes, i.e.,
9(Vp,utV,Ey) =0,
and the remaining term reduces to the following form:
9(VutV, Ey) = tV(In f)g(PLU, Ey). (4.10)
Further, by applying Eq. (2.3) and the Gauss formula, we obtain
g(h(U,V), PEy) = —g(PVyV, Ey).
Using Egs. (2.7), (2.8), and (2.12) in the above, we derive
9(VutV, Er) = g(h(U, E1),nV) = g(h(U, V), PEy). (4.11)
Thus, the desired result follows directly from Eqs. (4.10) and (4.11). O

Lemma 4.2. If F = F\ Xy F'\ is a PRWP submanifold embedded in a para-Kdahler manifold
F?™  then for any U € X(F), E3 € X(F)\), and Ey € X(F ), we have

(VUt)El = tV(ln f) g(PlU, El),
(VUt)Eg = tEg(hl f)PJ_U

Proof. By the relation (3), we have (Vyt)Ey = (Vp, yt)E1+(Vp,ut)Er. Since Py U is tangential
to F'|, then by the utilization of the covariant derivative identities, we have

(Vp,ut)Ey =tV (In f)g(PLU, Ey). (4.12)
In the light of the covariant derivative identities, we easily see that
(Vp,ut)E1 =0. (4.13)

From Egs. (4.12) and (4.13), we obtain the first part. For second part we reuse the Eq. (3), and
consequently we have (Vyt)Es = (Vp, ut)Es+ (Vp,ut)Es. By the consequence of the covariant
derivative identities, we have

(VPJ_Ut)Eg = tEg(lIl f)PLU (414)

Since F) is totally geodesic then by the use Eq. (2.14), we have
(Vp,ut)E3 =0. (4.15)

In light of Egs. (4.14) and (4.15), we achieved the second part. O

Further, we present our main results:

Theorem 4.2. Let F %ﬁFzm be an isometric immersion of a proper PRPS submanifold F' into
a para-Kdihler manifold F?™. Then F is locally a PRWP submanifold of the form Fx x; F| if
and only if:
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(i) The Weingarten operator A of F satisfies

.A’/JEztEg, — AntE3E2 = —/\(E3 hlf)EQ, VE, € .’f(gj_), FE5 € .%(@)\), (416)

(#1) The endomorphism t of F satisfies
(Vut)V = tV(u) g(PLU, PLV) + tP\V(0)P U, YU,V € X(F), (4.17)

for some function u on F such that Ey(u) =0 for all By € X(D ).

Proof. The proof of part (7) is analogous to Theorem 4.2 in [25] and is thus omitted.

For part (ii), suppose F is a PRWP submanifold of F2™. Then, by applying Lemma 4.2,
we directly obtain the condition (4.17) by taking p = In f.

Conversely, suppose F is a proper PRPS submanifold of F?™ satisfying (4.17). Replacing U
by E3 and V by E; in (4.17), we get

g(VESEl,tE4) = 0
Using the Gauss formula (2.7), this implies
g(hME3,tEy), Ey) = 0.

Hence, we deduce that the integral manifold F of the distribution ® is totally geodesic in F'.
Now, replacing U by E; and V by Es in (4.17), we obtain

(Vi t)Es = tV(1) g(Er, E), VE1, Es € X(D.1). (4.18)
Taking the inner product of both sides with F3 € X(D)) gives
9(VE,t)Es, E3) = g(tV (), Es) (B, Es). (4.19)
Using the identity (2) and (4.19), we derive
9(Vp, Es,tE3) = g(tV(p), Es) g(Ey, Es),

which reduces to
vElEg = —V(,u)g(EhEg). (420)

Therefore, from (4.20) and the Gauss formula, we get
hL(El, EQ) = —g(El, EQ) V,U,

This relation indicates that the distribution ©, is totally umbilical in F' with non-zero parallel
mean curvature. Then, by Hiepko’s theorem [14], we conclude that F' is a PRWP submanifold of
F2m,

This completes the proof of part (i7). O

Next, we present a numerical example illustrating PRWP submanifold of the form F' =
F\ x; F| and verifies Theorem 4.2 in 2m,
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Example 1. Let F = R be a 6-dimensional pseudo-Euclidean space of index three with the
standard Cartesian coordinates (Z1, T2, Z3, T4, T5,T¢) and pseudo-metric

3 6
g=> (dz;)* = (dz;)*.
i=1 j=4
Define a structure (P,g) on F by
7)61 = €4, 7)62 = €5, 7)63 = €g, P€4 = €1, P65 = 62,P66 = €3, (4.21)
where e; = o7, ey = %, e3 = %, €4 = %765 = Fre and eg = aia’cﬁ' Simple calculations

can demonstrate that the structure is an almost para-Hermitian manifold. We can easily deter-
mine that the manifold (F, P, g) is a para-Ké&hler manifold for the Levi-Civita connection V with
regard to §. Now, let F is an isometrically immersed smooth submanifold in R® defined by

Q(xl, o, $3) = (1‘1, T COS(Z‘Q), T SiIl(IQ), xrs3, k’1, kg)

where k1, ko are constants and z; € R, 22 € (0,7/2) and z3 is non-zero. Then the T'F spanned
by the vectors

E,, = i + cos(zg)i + Sin(l’z)i,

0% 0%o 0z’
E,., = —xsin(z )ﬂ + x1 cos(x )i (4.22)
wy = — X1 2) 3z, 1 2 o5y .
0
Ea: = A= >
03y

where E,,, E,,, E,, € X(F). Using Eq. (4.21), we obtain that

o a . )
P(Ez'l) - 87574 + COS(IQ)TZES —+ SID(IQ)T%v
. 0 b
P(Ey,) = —21 sm(ar:z)aTES + 11 cos(xg)a—%, (4.23)
0
P(Ems) = 87:7:1

From Eqs. (4.22) and (4.23), it can be observed that @ is a proper slant distribution spanned

by {E.,, Ez,}, with a slant coefficient A = % Additionally, ®1 is an anti-invariant distribu-

tion spanned by {E,,}, with a non-zero dimension. Consequently, F' becomes a proper PRPS
submanifold. The induced pseudo-Riemannian non-degenerate metric tensor g on F' is described

by

2 0 0
gij = 0 :r,% 0 y
0O 0 -1

that is, ¢ = 2dx? — dz3 + z3dz3. Thus, F is a 3-dimensional PRWP submanifold of R® with
warping function f = z;. Next, assume the normal bundle of F' is expressed by the following
vectors:

0 0 0 0 0

=—, Wy=—, Wy=(—cosxcotz —sinz)— + cot xo— +
0Zg 2 OTs 3= ) 2

W -
! 07, Oty = 0%3'
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By doing some computation, we have

1
tE,, = Ey,, tE,, = §Ez” nky, = ycoszWy — ysinazWs, (4.24)
tE,, =0, ntE,, = ?Wl + ?Wg, ntE,, = fSH;ng. (4.25)

By using the Weingarten formula, we have

1
~AntEx1 EI2 = *gEzza ‘AntEm1 Ezg = 07 (426)
1

AHETB tb,, =0, 'A”Ez2 tb,, =0. (4.27)

Combining Eqs. 4.24-4.27, we verifies the part — (i) of Theorem 4.2. Furthermore, let us consider
the vector fields U and V as follows

U=AE, +BE,, +CE,,, V=A4E, +BE;, + ChrE,,,
for A, B,C, Ay, B1,Cy € C*(F). By the application of Eq. 3, we obtain

P\U=BE,,, P,U=AE,;, +CiE,,, (4.28)
P,V =BE,,, P\U=AE, +CE,,. (4.29)
By doing simple computation, we compute the following expression
1
tVp =5, g(PLU,P, V) = BByx3, (4.30)
Z1
C BC
tPAV (1) = 71 tPA\V(u)PLU = TlE”” (4.31)

where © = Inz;. Now, we compute the expression (Vyt)V for F; by using the definition of
covariant derivative, we have

(Vut)V = VytV —tVy V. (4.32)
By using Eq. 4.24, we obtain

Ch
VUtV - V(AE11+BE12+CEI3) (AlEajg + 2E1;3> .

Now, using the property of Levi-Civita connection, we compute

C
VutV =AE, (A1) Ey, + BE,,(A1)E,, + AE,, <21> Eqy, + CEyy (A1) Ey,
Ch Ch BC;
Similarly, we compute
C
tVyV =AE, (A1)E,, + BE,,(A1)E,, + AE,, (;) Ey, + CE,,(A))E,,
C C BB
+ BE,, <1> E,, + CE,, <1> E, — —E,,. (4.34)
2 2 z1
Combining Eqs. (4.32)-(4.34), we obtain
_ BB BCy

By the consequence of Eqs. (4.30)-(4.35), we verifies the Theorem 4.2.
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Finally, we establish a criterion for a warped product submanifold of the form F) x; F| to
be a PRPS product.

Proposition 4.1. A PRWP submanifold of the form F = Fx X F of a para-Kdhler manifold
F?™ s locally a PRPS product if g(h(Ey, Ey),ntE3) vanishes, for any Ei,Ey € X(D1) and
E; € X(9D)).

Proof. By the consequence of (2.7), we have g(Vg, E3, E2) = §(V g, E3, E3). By the application
of (2.1),(2.3), (2.12), (2.13) and (2.9) in the previous relation, we concede that

9(Vp,Es, By) = — §g(PVE, Es, PEsy) = —§(VE, (tE3), PE;) — §(VE, (nEs), PEs)
= §(VE, (t°Es), B3) + §(Vi, (ntEs), By) — §(VE,nEs, PE).

Using Eq. (2.8), definition of slant submanifold and orthogonality in the above relation then we
receive that

g(vE1E3’ EQ) = )\g(?El E37 EQ) - g(h(Ela E2)7 TltEg) + g(vélnE?n PEQ) (436)
Thus, from Eqs. (4.36) and the covariant derivative identities, we observe that
(1 — )\) (E3 lIl f)g(El, EQ) = 7g(h(E17 Eg), TLtEg) + g(VJb:l nEg, PEQ) (437)

We obtain the following relation by subtracting from (4.37) after exchanging F; and Es in Eq.
(4.37)
9(Vg,nEs, PE;) = g(Vg,nEs, PEy). (4.38)

By the virtue of (2.1), (2.3), (2.12) and (2.7)-(2.8), we derive that
9(VE,nEs, PEy) = —(Esn f)g(Ey, Es) — §(Vg,tEs, PEy). (4.39)
By exchanging E; with E5 in Eq. (4.39) concludes that Eq. (4.38) holds only if
G(Vp, tEs, PEy) = —g(VE, PEy, tE3) =0 (4.40)
Using Egs. (2.7), (2.8), (2.1),(2.3) and (2.12) in Eq. (4.40), we achieve
M Esn f)g(En, Ea) + g(h(E1, Ez),ntE3) = 0. (4.41)

Since F) is proper slant submanifold and F; Vi € {1,2,3} are non-null vector fields. Thus from
Eq. (4.41), we can say that f is constant when g(h(E4, Es),ntE3) = 0. This completes the
proof. O

5 Conclusion

This paper presents several significant findings related to parallel canonical structures on PRPS
submanifolds in para-Kéhler manifolds F?™. We provide conditions that determine both the
existence and non-existence of PRWP submanifolds possessing a genuine slant factor within the
complex manifold F?™. By carefully analyzing these criteria, we offer a comprehensive under-
standing of when such submanifolds can or cannot exist in this particular geometric setting.
Additionally, we present characterization results concerning the Weingarten operator and endo-
morphism in the setting of PRWP submanifolds of the specified form F) xy F'|. These results
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provide deeper insights into the geometric structure and behavior of such submanifolds, offering
a detailed description of how the Weingarten operator interacts with the endomorphism in this
specific context. A numerical example is provided to demonstrate and clarify the concept of the
warped product F) x y F'| and validate the characterization results in F?™_ Finally, we formulate
a condition that determines when a warped product submanifold of the form F) x; F| can be
classified as a PR-pseudo-slant product within the manifold F2.
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