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ON THE KRYLOV MAXIMUM PRINCIPLE FOR DISCRETE
PARABOLIC SCHEMES
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Dedicated to Tamkang University on the occasion of its sixztieth anniversary

Abstract. In previous works, we have established discrete versions of the Krylov
maximum principle for parabolic operators, on general meshes in Euclidean space.
In this article, we prove a variant of these estimates in terms of a discrete analogue
of the determinant of the coefficient matrix in the differential operator case. Our
treatment adapts key ideas from our previous work on the corresponding discrete
Aleksandrov maximum principle in the elliptic case.

1. Introduction

In our previous papers [2, 5], we provided a general discrete analogue of Krylov
maximum principle [1] for linear second order parabolic partial differential operators in
domains D in Euclidean (n + 1)-space R"*1. For operators L in the form

Lu = Dyu — a¥ (z,t) Diju + b (x, t) Du + ¢(x, t)u (1.1)

acting on functions u € C%1(®) with coefficient matrix A = [a*/] measurable and positive
in ®, the Krylov maximum principle provides an estimate,

Lu
(det A)t/(n+1)

n

supu < C'diam (D) ~+1 (1.2)
o)

LrH1(D)

where C' is a constant depending on n and b and c¢. In this article we extend our
previous results to embrace the dependence of our estimates on the discrete analogue
of the coefficient determinant, det A, thereby establishing the parabolic analogue of our
discrete Aleksandrov maximum principle in [6].

First we note that a general nonlinear parabolic difference equation may be written

in the form,
Flul(z,t) :== F(x,t,u,Tu) =0 (1.3)
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where v : E — R a mesh function defined on a space-time mesh F, which is a discrete
subset of (n + 1)-dimension Euclidean space, R™ x R, with points denoted (x,t), x €
R™, t € R. We shall refer to x and ¢ as the spatial and time coordinates respectively. F'
is a given real-valued function on E x R¥ and

Tu(z,t) = {u(y,s) | (y,5) # (2.1) }. (1.4)

We always assume that F[u] is independent of the values u(y, s) for |y — z| sufficiently
large and s > t. The operator F' is called monotone if

F(x,t,u,q+1) > F(z,t,u,q) (1.5)

for all (z,t) € E, u € R, ¢ € REM@&N} 5 > 0. If F is differentiable with respect to
¢. then F' is monotone if g—i(x,t,u,q) >0 foral z = (y,s) € E\{(z, 1)}, (z,t) € E

and positive if in addition, ) . gTFz(ac, t,u,q) < 0, for each (z,t) € E. We also call F
spatially balanced if
F(xatau7a) :F(Iatauaq) (16)
whenever
¢:=¢q¢.+p (y—=x), 2= (y,s) €E and for somep € R".
Let oF
e 40\ —
G(I,t,y) - ;)a_qz(xatau7q) (17)
e
s<t

and

1
=Y )y — )iy — ;. (1.8)
y
We call F is spatially non-degenerate (or spatially elliptic) if A = [a¥] is positive that is

=Y o xtuqmy—x%622M82 (L9)

—(y b)

for all £ € R™ and some positive constant A\. By virtue of the “linearization” formula
Flu(z,t) = Flv](z,t) = L(u — v)(,1)
= Z a(x,t;y,s)(’ui’u)(y,s) (110)

(y,8)EE

where

1
oF
a(xat§y75) = / ) (xatawtath)dt y R = (ya S)
0 qz
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and
wy = we(z,t) = tu(z, t) + (1 —t)v(x,t), 0<t <1,

where u and v are arbitrary mesh functions. Taking v = 0 in (1.10), we may write the
operator F' in the “linear” form

Flu] = Lu(z,t) := Z a(x, tyy, s)uly, s) + f(x,t) (1.11)

(y,8)EE

where
f(z,t) = F(x,t,0,0)

with coefficients a(z, t; y, s) having finite support in z for each x € E. Accordingly, from
(1.5), L is of monotone type if

a(z,t;y,s) >0  for all (z,t,y,s) € ExXE, (y,s) # (,t) (1.12)
and of positive type if, in addition,

Z a(z, t;y,s) < 0. (1.13)

(y,8)EE

The operator L is then called evolving if

a(z,t;y,s) = 0 for s > t, (1.14)

that is, its action is independent of values at future times. We also call L spatially
balanced if

b t) = 3 alw,tiy, )@ - )
(y,s)
=0 (1.15)
and separately spatially balanced if

(z,t,5) = Zamty, —y)
y

=0, foreachs <t. (1.16)
For each point (z,t) € E, we define a spatial mesh £/ = E’(z,t) in R™, by
= {y eR” | a(z, t;y,8) > 0, for some s < t} (1.17)
and for y € E’, we define new coefficients a’ by

a’(l’,t,y) = Za(z,t;y,s). (118)

s<t
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Moreover, let
Z r,ty)(y —2)i(y —x); and A= [a"]. (1.19)
Yy

A further discrete set Z = Z(x,t) is then defined in R™ by
Z(x,t) = {z+d(z,t,y)(y —2) |y € E'(z,t)}. (1.20)

Note that if L is spatially balanced, then the set Z is centered at z. We call the operator
L spatially non-degenerate ( or spatially elliptic ) if

= Z z,ty)[(y — ) - € > N¢ (1.21)

for some positive constant A. Further, we call L time-wise non-degenerate if

v =7(x,t) = alz,tz,s) > 0. (1.22)

s<t

To extend this condition to general space-time meshes, we call the operator L of weak
positive type if it is monotone and,

p = p(z,t) == — Z a(z, t;y,t) > 0. (1.23)

(y,t)EE

Note that L is of positive type for sufficiently large p.
To illustrate the above conditions we recall the special case of a uniform mesh and
single time step operator treated in [2]. Here the mesh F is given by

E =17y X Zr
= {(x,t)GR”+1|x:(m1~~,mn)h, t=mr, mymy -+, my GZ} (1.24)

where the spatial mesh length h and time step 7 are fixed positive constants. A spatial
operator L' is defined on the cubic spatial mesh Zj' C R™ by

L'u(z,t) = Za(m,t;z)é?u(x,t) + b(x, t;2)0u(x, t) + c(z, t)u(z,t) (1.25)
z#0

where the coefficients a, b are real-valued functions on E x Z7, vanishing for |z| > Kh
for some K € N, ¢ is a real-valued function on E and the difference operators §, , 62 are
given by

oyu(x,t) = 1 {u(z+ 2,t) — u(z — 2,1)} ,
2|1’Z| (1.26)
S2u(z,t) = e {u(+ 2,t) — 2u(z,t) + u(z —z,t)} .
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The space-time difference operator L, corresponding to a standard explicit-implicit
scheme, is then defined by

Lu(z,t) = (1 — a)L'u(x,t) + al'u(z,t — 1) — %{u(m,t) — u(z,t—71)} (1.27)

where « is a fixed number satisfying 0 < a < 1. The scheme is implicit when o = 0 and
explicit when o = 1. The operator L is monotone if

1
a(z,t'sz) — §|z||b($,t';z)| >0,Y2#0,andt' =t,t—7
(1.28)

a(x,t; z)
aT 2ZW*C(I’,1€) S 1.
z#0

The spatial non-degeneracy condition in [2] is that for each (z,t) € E, there exists an
orthogonal set of vectors z!, --- , 2" € Zy such that
Ai(xvt) = (1 - Oz){a(:c,t;z ) - 7 |b(£L',t;Z )|}
|

. i .
+af{a(z,t—752") — %' b(z,t —752")|} >0 (1.29)

i =1, .-+, n. It follows then that our present spatial non-degeneracy condition is that
the coefficient matrix is positive

A=diag(A1, -+, Ay) >0 (1.30)
while the time-wise non-degeneracy condition (1.22) is satisfied for
1 a(z,t —7;2)
'y(x,t);a<2§)Tc(z,tT)) > 0. (1.31)

Finally the operator (1.27) is weakly positive if it is monotone and, instead of (1.12),

w(x,t) = % - (1—-a)e(x,t) > 0, (1.32)

in accordance with (1.23) above and [2].

2. Preliminaries

The proof of the maximum principle, Theorem 3.1 in next section, is based on certain
inequalities of Krylov [1], together with the discrete adaptation in [6] of the geometric
argument of Aleksandrov. As in our previous work [2], the sum on the right hand side
of (3.4) can be taken over the increasing-upper contact set of u. As before, for a spatial
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mesh function u, defined on a subset @’ of a discrete mesh E/ C R"™, we define the upper
contact set T'" = T (u) by

It = {mei)"u(y) <wu(z)+p-(y—2) forally € D,
for some p € R" }

The spatial upper contact set of a space-time mesh function w on a set ® C F, is then
defined by
I =THw) ={(z,t)eD|zeTlf},

where I’j denotes the upper contact set on
D ={zeR"|(zt) €D}

of the spatial mesh function u! given by u'(x) = wu(z,t). The increasing set of a space-
time mesh function u is defined by

It = It (u)
= {(z,t) € D | u(z,t) > u(z,s) forall (z,5) €D, s<t},

and the increasing upper contact set is then given by
8t =8 (u) =Tt nrI'.

Let ® be a bounded subset of the space-time mesh F, with d, T' denoting respectively
the spatial and time diameters of ©, that is

d = max{|:cfy||(:c,t), (y,s) € ©®, forsomes, t € R},

2.1
T:max{tfs|(:c,t),(y,s)€©, for some z, y € R™ }. (2.1)

Without loss of generality, we can assume that © lies in the space-time cylinder @) given
by
Q = Bgy2 x [0,T]

For a fixed point (z,t) € D, let us also define
T = T1(2,t) = min{tfs ‘ (y,8) €D, s < t, a(z,t;y,s) >0 } (2.2)
If © is a subset of F, then the interior of ©, with respect to L, is defined by
i)o:{(x,t)€33| a(z, t;y,s) =0, Vo (y,s) &@} (2.3)
and the boundary of ©, with respect to L, is defined by
o' =D -9°

The basic inequalities we need are encompassed in the following lemmas (also see [2]
), which correspond to special cases of [1], Corollary 1.
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Lemma 2.1. Let wy and we be mesh function on a spatial mesh Qp, vanishing at extreme
points of Qy, (the convex hull of Q) and satisfying wi > wa on Q. Then we have the
inequalities,

0< 3" (il ()] — w2 () s (2)])

e

<(n+1) Y (wr —ws)(@)|xu (2)]- (2.4)

€N

In fact there is no loss of generality in replacing the functions wy and ws in Lemma 2.1 by
their concave envelopes which then vanish on 9€. In this form, Lemma 2.1 is directly
covered by Krylov [1].

Lemma 2.2. Let w be a spatial mesh function on a mesh @ C R™, vanishing at extreme
points of Q (the convex hull of ). Then for any y € Q , we have the estimate,

w(y) < {fj— 3 i) |xw<x>|} " (25)

" zeQ
where d, = max|y — x|.
Y zeQ |y |
Our purpose in this article is to deduce the discrete maximum principle in a form cor-

responding to (1.2), where the dependence on the coefficients of L in (1.11) is determined
by detA for A given by (1.19). First we mention a lemma of [6]. Let

denote the volume of the parallelpiped spanned by y',--- ,y".
Lemma 2.3. Fory',--- ¢V € R*, N > n, we have

det (Z y'® y’) = Z V3y", -yt (2.7)

1< <t <in <N

Moreover, for the difference operator L, given by (1.11), and the mesh E, we introduce
a volume element V' (z,t) at a point (z,t) € E by

V(z,t) = max V(y' —x, o y" — o). (2.8)
yhyeyneZ(w,t)

The volume element V' (z,t) is used in Theorem 3.1, instead of h"™ when uniform grids
are considered with mesh length h.
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3. Maximum principles

In this section we prove an extension to general space-time meshes of our discrete
maximum principle for parabolic differential operators [2]. We shall assume that the
operator L, given by (1.11) is evolving, monotone, non-degenerate, in accordance with
(1.20), (1.22) and weakly positive, as in (1.23). We then associate non-negative constants
b!, and ¢, to the operator L by assuming

b (x,t) := Z |V (z,t,8)] < Tubl, , (3.1)

s<t

c'(x,t) = Z a(l‘,t;y,s)

(y,8)EE
s<t

< (1+4+dr)u. (3.2)

When L is separately spatially balanced we clearly have 0] = 0 and if L is of positive
type, (1.23) is satisfied for 4 = ¢ whence we can take ¢, = 0 in (3.2). We then have the
following maximum principle.

Theorem 3.1. Let u be a space-time mesh function satisfying the difference inequality,
Lu > f n D, (3.3)
together with the boundary condition
u <0 in Y.
Then we have the estimate

1
n+1

SOy ranyy 3.0

< Odntt LE Sk R
maxu SCA™T ¢ D T

(z,t)eST
where 7(x,t) =y~ (z,t) and C is a constant depending on n, b.T/d and c.T.

Note that in (3.4), V(z,t)7(x,t) interprets a volume element for the space-time mesh
space E.

Proof. First we consider the case of spatially balanced operators of positive type, that
isb = 0, ¢ < 0. We order the time values in ®, by defining

to =0
t; =min {t|(z,t) €D, ze€R", >t} i=1,2,...

so that
O0=t, <t;1...<ty =T,
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for some natural number N. We then define a finite sequence of spatial mesh functions
Uy, ..., uny on corresponding discrete sets ®,, C R™ by setting

um(z) = u'(2) = u(z,tm)

Dm = @tm
Writing
N
9 = |JoOm,
m=0

we replace {u,,} by a non-decreasing sequence {v,,} of spatial mesh functions on @', by
defining

= i 0;. 3.9
um(z) = max {u;(=), 0} (3.5)
j<m
At any point © € ®’, where v,,(z) > vpm—1(2), we have v, (x) = u,(x). Consequently,
setting

a (z,y) = d (2, tm,y),
em(z) = e(x,t)
e = 2zt o
fm (@) = f(z,tm) ,
we obtain from (3.3) and (1.12), the difference inequality,
L;n'Um(x) = Z a;n(xay)(vm(y) - 'Um(x))
yeD’
+ em(@)om(z) + Ym (@) (’Umfl(m) - Um(x))
> fm(2). (3.7)

Letting x,, denote the normal mapping of the mesh function v,, on ©’, that is
Xm(z) = {p € R" | tp(y) < vm(2) + p-(y—2) forally € D'},

and
F’IJ’V_L = {I € ©l|Xm($) 7’é ¢} )

the upper contact set of v,, on ®’, we suppose now that also x € T}, and, following [3],
[4], for some fixed p € xm (), set

wm(2) = vm(z) —p-(z—2a), (3.8)
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for z € ®'. From (3.7), we then have

Z a;n(xay)(wm(x) - wm(y)) + 'Ym(x)(vm(x) - Um—l(x))

yeD’
< Z (T, 9)p - (2 = y) + cm(@)vm(x) — fn(2)
yeD’
< —fm(2), (3.9)
under our initial hypothesis that L is balanced and positive. Following our treatment of

the spatial case in [4], we define a function @ on the finite discrete set Z,,, = Z,(z) =
Z(x,tm), given by (1.20), by

W (2) = wm(x) + ap, (@, y) (wm(y) — wm(z)) (3.10)
whenever
z=zy =+ ap(z,y)(y — ).
It follows that

Xm(®) = P = Xuw, (%) C Xa,, (¥) (3.11)
and moreover, from (3.9),
D (W (@) = m(z)) < —fml). (3.12)
yeD’
Let
k(z) =1, (3.13)
k(y) =0 for ye Z,(x).

We then have

X | < | fn(@)|" | x0(2)|
= |fm(@)]"|Z5, ()| (3.14)
where Z,(x) ={ z+d'(z,tm;y)(y — )|y € E'(z,t) } and
Z (@) = Xk(@,tm), (3.15)

:{pER"‘p(yfx)gl, for all y € Zn(2))}.

Moreover, we need a geometric inequality proved in Lemma 3 of [6],

|Z5 (2)] < 7ol (3.16)

—

where €' = n# w2 and Z,,(x) is the convex hull of Z,,(z). From (3.14) and (3.11) we
have Vi)
X n
(@) < O(N) —Dtm) g 3.17
on@)] < CV) s ) (317)
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where

Ve, tm) = max Vit =z, y" — ). (3.18)
Yl Y€ Zm (x)

From (3.9), we also have

fm(z)
VU — Um—1)(x) < . 3.19
( D) < 2 (319)
Therefore, we obtain
D tmlxm(@)] = vt [Xm-1 (@) < (04 1) Y (0 = V1) (@) [ xom (@)
€D €D
|fm "V (2, tm)
N) .
cln, Z x) det[A(x, t)] (3:20)
es+
where
St ={r e} |vm(®) >vm_1(z)}.
Since vy = 0, we thus have
S | fi(@)|[" 1V (2, t5)
D vmlxm (@) < Cn,N) Y- Y
= gt v () det[A(z, t;)]
|f (z, )"V (2, ¢)
<C(n,N) > (3.21)
2, D) Al A 1)
Hence we conclude, from [2], Lemma 3.2,
maxu < maxuvy ,
) D
. [Fa, )t PN
< mHT VAL .
<cmman{ 3 Pl v (3.22)

(z,t)e8t
and the estimate (3.4) in the case b =0, ¢ < 0.

To treat the general case, we introduce, as in [2], a modified mesh function @ given
by
u = e "u(x,t), (3.23)

where £ is a non-negative constant to be chosen later. For fixed t € {t1, ..., ty}, we set
t = min{s | a(x,t;y,s) > 0, forsome z € D; and (y,s) € @}
and define new coefficients a by

a(x,ty,s) = e”(sff)a(ac,t;y,s). (3.24)
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Then we have the modified difference inequality,

Lu = Z a(x, t;y, s)uly, s)

ef"ff(x,t)
*|f(£L',t)| ) (325)

IV 1V

in place of (3.3). Furthermore, by (1.23)

E(Zat) = Z d(:c,t;y,s)

(y,5)€D
= > e haa ity t) + Y e a(a, ty,s)
(y.£)eD (y,8)€D
s<t
< TS (at) + (@)}
o (3.26)
provided
1 d
T (3.27)
T T

Clearly, (1.23) is both necessary and sufficient for the operator L to be of positive type.
Returning to the proof of Theorem 3.1, we replace u by @, with v and w defined accord-
ingly, to obtain from (3.25), in place of (3.9),

Z a’;n(may)(wm(x) - wm(y)) + ’Ym(m)(vm(m) - Umfl(x))

yeD’
< Z d;n(:c,y)(wm(:c) - wm(y)) + ’_ym(m)(’um(:c) - Umfl(x))
yeD’
< b (@) - p + Em ()0 (2) — e frn () (3.28)
where
a/(I,y,t) = Z@(x,t;y,s),
Yz, t) = Z@(x,t;ac,s),
B(Zat) = Zd(x,t;y,s)(yf:n) )
and
d;n(:c,y) = dl(l',y,tm), ’Ym(x) =7 7tm)7
Bm(x) = B(xatm)a Em(x =c 7tm)
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To handle the term involving b in (3.28), we proceed as in [5] and restrict the upper
contact set and normal mapping of v, by extending vy, to the ball B = By, 1q for some
R >0, so that v,, vanishes in B —®’. The normal mapping x,, and upper contact set
') are then defined with B replacing ®’. We then have for any p € x(z),

U, ()
R )

Ip| <

and hence we estimate, from (3.28)

Z a;n(ac,y)(wm(ac) - wm(y)) + 'Ym(x)(vm(x) - Um—l(x))

yeD’

< (lb—;;l + Cm) U () + |fm(x)‘ : (3.29)

Now, by (3.1) (3.2), we have

b(z,t b,
Jofz, D] (:;’ ) + c(w,t) < petTh {( }’%T — 1) e+ 1+ cf)r}

<0,

provided x and R are chosen so that

b/
(1 - ;;LT) A (3.30)

Consequently we obtain, from (3.29)

Z ain(xay)(wm(x) - wm(y)) + 'Ym(x)(vm(x) - Um—l(x)) < ‘fm(x)| (3'31)

yeD’

and, as before, we conclude the estimate (3.22) with u replaced by @ and d replaced by
d 4+ R. Accordingly, we have the estimate

|f (. )"+

maxu < C’(n,N)(dJrR)ﬁe”T{ Z det A, 1] fy_lV(:E,t)}n ) (3.32)

(z,t)eST
for any constants k and R satisfying (3.30) in ©. Choosing, say
R = 20T, k=142,

yields the estimate (3.4) as asserted.
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