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A CONTRACTION THEOREM IN MENGER SPACE

B. D. PANT AND SUNNY CHAUHAN

Abstract. The main purpose of this paper is to prove a common fixed point theorem sat-
isfying a new contraction type condition without appeal to continuity in Menger space.

1. Introduction

The concept of probabilistic metric space was first introduced and studied by Menger [4],
which is a generalization of the metric space and also the study of this space was expanded
rapidly with the pioneering works of Schweizer and Sklar [8, 9]. It is also of fundamental
importance in probabilistic functional analysis, nonlinear analysis and applications [1].

In 1972, VM. Sehgal and A.T. Bharucha-Reid [10] initiated the study of contraction map-
pings on probabilistic metric spaces. Several interesting and elegant results have been ob-
tained by various authors in this direction. In 1986, Jungck [2] introduced the notion of com-
patible mappings in metric spaces. Mishra [5] extended the notion of compatibility to prob-
abilistic metric spaces. And this condition has further been weakened by introducing the
notion of weakly compatible mappings by Jungck and Rhoades [3]. The concept of weakly
compatible mappings is most general as each pair of compatible mappings is weakly com-
patible but the reverse is not true. Recently, Singh and Jain [12] established a common fixed
point theorem in Menger space using the concept of weak compatibility and compatibility of
pair of self maps. For further information regarding this paper, we refer to [6, 7, 11].

The purpose of this paper is to prove a common fixed point theorem for four weakly com-
patible mappings satisfying a new contraction type condition without appeal to continuity in
Menger space.

Before start, we give some preliminaries.
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2. Preliminaries

Definition 2.1.([9]) A triangular norm T (shortly t-norm) is a binary operation on the unit
interval [0, 1] such that for all a, b, ¢, d € [0, 1] and the following conditions are satisfied:

i) T(a,1) =a;
(i) T(a,b)=Tb,a);
(i) T(a,b)<T(c,d)fora<c, b=<d;

(iv) T(T(a,b),c) =T (a,T(b,c));

Examples of t-norms are T(a, b) = min{a, b} and T(a, b) = max{a+ b—1,0}.

Definition 2.2.([9]) Amapping F : R — R* is called a distribution function if it is non-decreasing
and left continuous with inf{F(t) : t € R} = 0 and sup{F(t): t € R} = 1.

We shall denote by A, the set of all distribution functions defined on [—oo,00] while H
will always denote the specific distribution function defined by

0, if r=o0;
H(t) =
1, if ¢>0.

If X is a non-empty set, F: X x X — A, is called a probabilistic distance on X and the value
of F at (x, y) € X x X is represented by Fy .

Definition 2.3.([9]) The ordered pair (X, F) is called a probabilistic metric space (shortly PM-
space) if X is a nonempty set and F is a probabilistic distance satisfying the following condi-
tions: forall x,y,ze€ X and ¢,5s>0,

D Fry(=1eox=y;
(i) Fyy(0)=0;
(iii) Fx,y(t) = Fy,x(t);

(iv) ifo,y(t) =1 and Fy.(s)=1 then Fy ;(t+5s) =1.
The ordered triple (X, F T) is called a Menger space if (X, F) is a PM-space, T is a t-norm
and the following inequality holds:

(V) Fyy(t+5) 2T(Fy (1), F,y(s), forall x,y,z€ X and 1,5 > 0.

Every metric space (X, d) can always be realized as a PM space by considering F: X x X —
A, defined by Fy (1) = H(t —d(x, y)) for all x, y € X.
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Definition 2.4.([9]) Let (X, F, T) be a Menger space with continuous t-norm.

(i) A sequence {x,} in X is said to be converge to a point x in X if and only if for every e > 0
and A € (0,1), there exists an integer N such that Fy () >1-Aforalln=N.

(i) A sequence {x,}in X is said to be Cauchy if for every e > 0 and A € (0, 1), there exists an
integer N such that F . (€)>1-Aforalln,m=N.

(iii) A Menger space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.5.([5]) Self maps A and B of a Menger space (X, F,T) are said to be compati-
ble if and only if F4py, pax,(t) — 1 for all £ > 0, whenever {x,} is a sequence in X such that
Axy, Bx, — x for some x in X.

Definition 2.6.([12]) Self maps A and B of a Menger space (X, F,T) are said to be weakly com-
patible (or coincidentally commuting) if they commute at their coincidence points, that is, if
Ax = Bx forsome x € X, then ABx = BAx.

Remark 2.1.([12]) If self maps A and B of a Menger space (X, F, T) are compatible then they are
weakly compatible but the converse is not true. Therefore the concept of weak compatibility
is more general than that of compatibility.

The following is an example of pair of self maps in a Menger space which are weakly
compatible but not compatible.

Example 2.1. Let (X,d) be a metric space defined by d(x, y) = |x — y|, where X = [0,6] and
(X, F;T) be the induced Menger space with Fy,,(f) =
A and B as follows:

6—x, if 0<x<3; x, if 0=x<3;
Alx) = B(x) =

—dex,y) , for all £ > 0. We define self maps

6, if 3=<x<6. 6, if 3=<x<6.

Taking x,, =3 — L we get Ax, =3+ %, Bx,=3- % Thus, Ax,, — 3, Bx,, — 3. Hence x = 3.

n

Further ABx,, =3+ %, BAx; =6. Now; limy,—.co FABx,,BAx, (£) =lim ;oo Fy,14(1) = % <1, for

all £ > 0. Hence (A, B) is not compatible.
Coincidence points of A and B are in [3,6]. Now for any x € [3,6]. Ax = Bx = 6 and
AB(x) = A(6) =6 = B(6) = BA(x). Thus (A, B) is weakly compatible.

Lemma 2.1. ([6, 11]) Let (X, F, T) be a Menger probabilistic metric space and define Ej p: X* —
R* U {0} by
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Epp(x,y) =inf{t >0: Fy,(£) > 1- A},

foreach A €(0,1) and x,y € X. Then we have

(i) Foranype€ (0,1) thereexists A € (0,1) such that

E; p(x1,x5) < Ep p(x1, X2) + ...+ Ep p(Xp-1, X5),

foranyx,,..., x, € X.

(i) The sequence {x,}nen is convergent with respect to Menger probabilistic metric F if and
onlyif Ej g(xn, x) — 0. Also the sequence {x,} is a Cauchy sequence with respect to Menger
probabilistic metric F if and only if it is a Cauchy sequence with E) .

Proof.

(i) Forevery ue (0,1), we canfind a A € (0,1) such that
T 11-2,...,1-0)>1-p.
By the triangular inequality, we have

Fyy x, (Ep,p(X1,X2) + ...+ Ep p(Xn-1,X,) + 1n6)
> T (Fy, x, (B, p (X1, %2) +0),..., Fx,_, x, (Ex p(Xn—1, %) +6))
=T N1-A,..,1-0)>1—pu,

for every 6 > 0, which implies that
By p(x1,Xp) < Ep p(X1,X2) +...+ Epy p(Xp-1, X5) + 16.
Since 6 > 0 is arbitrary, we have
Ey p(x1,x0) < Ep p(x1, X2) +...+ Ep p(Xp—-1, Xp).

(i) (i)] We have Fy, x(n) >1-A < E) r(x,, x) <n, for everyn > 0. |
3. Result

Theorem 3.1. Let A,L, M and S be self maps on a complete Menger space (X, F,T) and satisfy
the following conditions:

(@ L(X) < S(X), M(X) < A(X);
(b) S(X) and A(X) are complete subspaces of X;
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(c) There exists a constantk € (0,1) such that
min{Frx,my(k1), Fsy,x(k)} + Y Fsy,my (k1) = [@Fax,1x(£) + BFax,sy(D)],

forallx,ye X andt >0 where0< a,f<1and0<y<1suchthata+p-y=1;
(d) The pairs{L, A} and {M, S} are weakly compatible;

In addition assume that
Epp(x,y) =inf{t >0: Fy ,(£) > 1- A},

foreach A€ (0,1) and x,y € X.
Then A, L, M and S have a unique common fixed point in X.

Proof. Let xy be an arbitrary element in X. By (a), there exist x;, x» € X such that Lxy = Sx;
and Mx; = Ax,. Inductively, we construct sequences {x,} and {y,} in X such that Lx,, =

SXxon+1 = Yen and Mxzp41 = AXopt2 = Y2n+1 forn=0,1,2,....

Putting x = x2,, and y = X251 in (c), then we get

Min{FLyx,, My, (K1), Fsxy,.y Lixpy (KO} + Y FSxy,000, Mty (K1)
2 [@F Ay, Lxsy (B) + BE Axy,, Sxp001 (D],
min{Fy,, y,,.., (k‘t),Fyz,“yz"(kt)} +YFy yone (kt) = [@Fy,, .\ y,, (1) + ,BFyZH_l,yz"(t)],
min{Fy,, y,,.., (kt),1} + YEys v (kt)=(a+ ,B)Fyz”_lyyz” (1),
Fy yoni KO +YFy,, . (kD) = (@+ B)Fy,, , y,, (0),
A +Y)Fy,, v (kny=(Q1 + Yy 1y, (1),
Eypyonis (KO Z Fyy, g, (8).

Similarly,
FJ/271+1ry2n+2 (kt) = Fy2nrJ/2n+1 (1.

Therefore, for all n, we have,
FJ/nyJ/rHl (kt) = FJ/nflyJ/n (1).

Consequently,

t
FJ’nv}’nH (t) = Fyn,l,y,, (E)
By repeated application of above inequality, we get

t

t
Fy oy (02 Fy, y, (%) 22 Fy (ﬁ)»
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forn=1,2,3,.... which implies that

Err(Yn Yne1) =inf{t >0:F), , (1) >1-A}
. t
< inf{z >0:Fyo.y1(ﬁ) >1-A}
= k™inf(£>0: Fy, ., (1) > 1A}
= knE/l,F(yO)yl)»

for every A € (0,1).

Now, we show that {y,} is a Cauchy sequence. For every u € (0, 1), there exists y € (0,1)
such that, for m = n,

Ey,F()’ny Ym) = Eu/,F()’m—ly Ym) +E1//,F()’m—2» VYm-1)t...+ Ew,F(J/ny Yn+1)
m—1
=Eyr(yo,y1) ) k' —0,

i=n

as m,n — oo. Thus by Lemma 2.1, {y,} is a Cauchy sequence in X. Since X is complete.
Therefore {y,} converges to z€ X. Thatis

lim y, = lim Lxy, = lim Sx2,41 = lim Mxy,41 = lim Axp, = z.
n—oo n—oo n—oo n—oo n—oo

Since S(X) and A(X) are complete subspaces of X then there exist v, w € X such that
S(v) = zand A(w) = z. Now we prove that S(v) = M(v) = zand A(w) = L(w) = z.

Put x = x2,, and y = v in (c), then we have
min{FLmeMy(kt),FSU,LXZn(kt)} +YFsymy(kt) = [aF Ax,,, Lxy, (£) + ,BFAmeSU(t)],
as n — oo, we have

min{F; yry (K1), Fz 2 (k0)} +yFz v (KT) = [aF, o (1) + BF, (1)],
min{Fy py (k1), 1} +yFzpmo (k1) = (@ + P),
Fz,My(kt) +YFz,Mv(kt) > (a+p),

(L+Y)Fzmo(kt) = (@ + B),
a+p 3
FZ,MU(kt) = ( 1+Y) - ]-r

for k€ (0,1) and ¢t > 0. Thus, we have z = Mv. Therefore, z= Mv = Sv.

Now, we put x = w and y = X»,41 in (c), then we have

min{FLw,sz,M (kt);FSx2n+1,Lw(kt)} +YFSx2n+1,Mx2n+1 (kt) = [aFAw,Lw(t) + ,BFAw,sz,M (t)]r
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as n — oo, we have

Min{Fru,z (K1), Fe w (K0} + Y Fe 2 (k1) 2 [aF; 1, (1) + BF, 2 (1)],
Fruwz(kt) +y = [@Fz 1w (0) + B,
Frwz(kt) = aF, 1y (0) + (B —y) = aF, rw(kt) + (B —7),
Fruz(kt)= (’f_;;/) =1,

for k€ (0,1) and ¢ > 0. Thus, we have z = Lw. Therefore, z = Lw = Aw.

It is given that the pairs {L, A} and {M, S} are weakly compatible, then L (A(w)) = A(L(w)),
thatis Lz = Az and M (S(v)) = S(M(v)), thatis Mz = Sz. Now we prove that Lz = Az = z and
Mz=S8Sz=z.

Put x = zand y = xp5+1 in (¢), then we have
min{FLz,sz,Hl (kt);FSx2n+1,Lz(kt)} +YFS)C2,1+1,M)C2,1+1 (kt) = [aFAZ,LZ(t) + ﬁFAZ,SJCz,Hl (t)];
as n — oo, we get

min{Fz ;(kt), Fz a(kD}+YF, (k1) = [Fpz A2(1) + BFaz, 2 (0)],
Fazz(kD)+y=[a+PFazz(0],

Fazz(kt) = PFazz(0)+(@—7) = BFaz (kD) + (a-7y),

Fage(kt) = (g) =1,

for k€ (0,1) and ¢ > 0. Thus, we have Az = z. Therefore, z=Lz = Az.

Now, we put x = X2, and y = z in (c), then we have

min{Fpy,, mz(k0), Fsz,Lx,, (K0} + Y Fszmz(k8) = [@F ax,,, Lx,, (£) + PFAx,,,s2(1)],
min{F; s;(kt), Fsz - (kt)} +yFsz s:(kt) = [aF, ; (1) + BF, s (1)],
Fsz(kt)+y = [a+ BF,s(1)],
Frsz(kt) = BF, s.(0) + (@ =) = BF s, (k1) + (@ —7),
Fos:(kD)= (‘f%g) =1,
for k€ (0,1) and ¢ > 0. Thus, we have z = Sz. Therefore, z = Mz = Sz.

Now combine all the results then we get z = Az= Lz = Mz = Sz. That s z is the common
fixed point of A,L, M and S.

Uniqueness: Let u(u # z) be another common fixed point of A,L, M and S. Put x = z and
¥ = uin (c), then we get

min{Fyz pu (K1), Fsy12(K0O} + 7y Fsypu(kt) = [@Faz 12(8) + BFaz su(0)],
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which implies that,

min{Fz,u(kt); Fu,z(kt)} +yFy,ulkt) = [aF, (1) + ﬁFz,u(t)]»
Fz,u(kt) +y= [a+ ﬁFz,u(t)]»
Fpu(kt) = BF, () + (@ —7y) = BF, (k1) + (@ ~7),

a—-y _
Fzyu(kt)z(l_ﬁ)—l,

for k€ (0,1) and ¢ > 0. Thus, we have z = u. Therefore, z is the unique common fixed point of
the self maps A,L, M and S. U

The following example illustrates Theorem 3.1.

Example 3.1. Let X = [0,30] with the metric d defined by d(x, y) = |x— y| and for each ¢ € [0, 1]

define
Fuy(f) = { m, if t>0;
0, it t=0.
for all x, y € X. Clearly (X, FT) is a complete Menger space, where T is a continuous t-norm.
Define A,L, M and S: X — X by

0, if x=0; 0, if x=0;

Alx) =<1 12, if 0<x<15; S(x)=1 6, if 0<x<15;
x-9, if 15<x=<30. x—6, if 15<x=<30.
0, if x=0; 0, if x=0;

Lx) = M(x) =
6, if 0<x=<30. 9, if 0<x<30.

Then A, L, M and S satisfy all the conditions of Theorem 3.1 with k € (0,1) and have a
unique common fixed point 0 € X. It may be noted in this example that the mappings L and
A commute at coincidence point 0 € X. So L and A are weakly compatible maps. Similarly,
M and S are weakly compatible maps. To see the pairs {L, A} and {M, S} are not compati-
ble, let us consider a sequence {x,} defined as x, = 15+ %,n > 1, then x;,, — 15 as n — oo.
Then lim,,_.oo Lx,, = 6,lim,,_.oo AXx, = 6 but lim,,_.oo Frax, aLx, (£) = m # 1. Thus the pair
{L, A} is not compatible. Also lim,_..o Mx, = 9,lim;,_.oc Sx,, =9 but lim,_.oc Fysx,,smx, (1) =
m # 1. So the pair {M, S} is not compatible. All the mappings involved in this example are

discontinuous even at the common fixed point x = 0.
On taking A= Sand L = M in Theorem 3.1, then we get the following:

Corollary 3.1. Let A and L be self maps on a complete Menger space (X, F,T) and satisfy the
following conditions:



A CONTRACTION THEOREM IN MENGER SPACE 67

(@) L(X) < A(X);
(b) A(X) is a complete subspace of X;

(c) There exists a constantk € (0,1) such that
min{Fry 1y (kt), Fay1x(KD}+YFay1y(kt) = [@Fax,1x(£) + BFax, ay(D)],

forallx,ye X and t >0 where0O< a,f<1and0<y<1suchthata+p—-y=1;

(d) The pair{L, A} is weakly compatible;

In addition assume that
Epp(x,y) =inf{t > 0: Fy y(£) > 1- A},

foreach A€ (0,1) and x,y € X.

Then A and L have a unique common fixed pointin X.
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