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WEIGHTED HARDY TYPE INTEGRAL INEQUALITIES
INVOLVING MANY FUNCTIONS

SABIR HUSSAIN, MUHAMMAD AMER LATIF AND WASEEM AKHTAR

Abstract. The object of this paper is to derive some new weighted Hardy type integral
inequalities involving many functions and to obtain a classical weighted Hardy type in-
equality involving many functions.

1. Introduction

In the theory of inequalities one of the well known inequality, due to G. H. Hardy, called
classical Hardy inequality, is the following [6, Theorem 330]:
Ifp>1,f(x)=0for0<x<ooand R(x) =1 [ f(¢) d, then

f RP(x)dx <
0

p |7 [
ﬁ] / fP(x)dx, (1)
- 0

unless f = 0. The inequality (1) is sharp one, that is, involved constant is the best possible one.
It was Hardy who first generalized his own result (1) as:
Form#1, p>1and f:(0,00) — (0,00), integrable function, the following does hold:

p
|m—1|

o] P proo
f FP(x)dx < f xP7"M P (x)d x, 2)
0 0

ff(t)dt m>1;
0
f fdt m<1,
0

unless f = 0. Inequality (2) is also sharp. The inequalities (1) and (2) have great importance in

F(x) =

the theory and applications of integral inequalities, and in particular in the analysis of qual-
itative as well as quantitative properties of solutions of differential and integral equations.
Due to this, over the years much efforts and time has been devoted to the improvement and
generalization of Hardy’s inequalities (1) and (2). These includes, among others, the works in
(1,6,7,8,10,11, 12, 13, 14] and by Hussain, Pecari¢ in [2, 3, 4, 5].
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The main aim of this paper is to establish new weighted Hardy type integral inequalities
involving two or more functions and to derive some weighted classical Hardy type inequalities

by means of fairly elementary analysis.

2. Main results

Lemma 1 ([9]). IfCy,Cy,...,Cy arereals and Cy41 = Cy, then

n—k+2 n
Y CrCry1+-Crigog < ZCf, wheren=k—1. 3)
r=1 r=1

Theorem 1. Forany 1 < i < n, let f;(x) be a non-negative and integrable function on (0, X),
X e Ry and w,u;,z; » [0,x] — R4, absolutely continuous with z;. essentially bounded and

positive (a.e). If u; is increasing and

. !
ui(x)w'(x) i>0(ae) fora>land1<,<n, @)
A -20)wx)ui(x) ~ y; >
ul(x)w (x) 1 1
1-2a)wu(x) ~ 5—l>0 (a.e), fora<z andl<i<n. )
Then,
Z 0 w(x) Rs(x) Ri“(x)deZ[ —ll] f w(x) gi(x)dx, 6)
where,
w2 ()20 f (%) i 5 and
gitx = zf(x) u(x) o A= Mmax (yi,01) an
v (X ui(DzZ(t
mf ui(nz;(1) f0 e, ash
Ri(x) = ! Zi(t)l
Vim [ ui()z;(1) .
o Z (D) filhdt, a<s.

Proof. Letusdeﬁnefor(x> ,0<x<XandO<a<b<oo:

y i) /x u; (1) 2)(1)

Ria
0= Z()

filt)ydt, 1<i<n,

with R;o(x) = R; (x).
Using the inequality (3) with k =2 for C; = Rj,4(x) :

Y Ria(¥)R(i+1)a(x) < Z R? (x).

i=1
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Multiplying both sides w(x) and integrating from a to b
n b n b
Zf w(X)Ria(X)Rii+1ya(x)dx < Zf w(x)R;,(x)dx. @
i=1/a i=1/a

Now,

2
b VW) pxow(0) 2t
I:f w(x)Rfa(x)dx:f W) [ )f u(Z?(:;()fi(t)dt dx.

Integrating by parts we have

b

u;” 2“(x) ui (1) z}(1)

v f O )
b 1 1-2a X u;(t t 2
_f G dx(\/—f witnz )()fz(t)dt) dx

I=

2
ﬁ(t)dt]

1-2a zi(t

w(b) u; 24 (b) [ b ui(0)z;(1)
1-2a f zi(1)
2 PPN w(x) 2 (%) fi (X)Riq(x)
+ f ! L d
1—205 a

1 b u(x) w'(x) R (x)
f dx

2
fi(t)dt] Ty

u;(x)

X,
zi (X)) u}(x)

ie.,

ui(x) w'(x)
(1-2a) w(x) u;(x)

b
f w(x) R, (x) |1+

(8)

2 fb u?‘“(x) w(x) z;(x) fi(x) Riq(x)
dx

<
2a—1Ja 2i(x) \/u(x)

From (4) and (8) we have

2y, fb uz=%(x) w(x) z}(x) fi(x)Riq(x) i

b
faw(x)Rfa(x)dxsm_l ;

zi(x) |/ u}(x)

By Holder’s inequality:

Y_il\/fab [\/w(x)Rm(x)]zdx

b ) 2
fa w(xX)R;,(x)dx < 7a

2

fb Uz~ (x)Vw )z} (x) fi (%)

zi (X)) u}(x)

X,
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i.e.,

b b~ (x) w(x) (2,01 f7(x)

f w) R, (xdx < 4| | f ’ — Ji
a 2a 1 z7 (x) u}(x)
o0 13~ (x) w(x) [2}(0)) f7(x)
<a[ L] f . dx )
2a 1 27 (x) u}(x)
By letting b — oo and from inequalities (7) and (9) we have
n e e] n A e e]

> | W) Ri(@) R (dax < 2|3 w(x) gi(x)dx. (10)

i=1 i=1 h
Let us define for a < % and0<a<b<oo,

Ror () = V i) /bul(t)z(t) odn 1<
ip(x f <is<n,
w u%(x) (1)
with R (X) = R;(x).
Following the same steps as in the proof of inequality (10) we obtain
n o0 n
> | w) Ri(x) R (x)dx < Z o W) giwdx. an
i=170 = -

Inequalities (10) and (11) are equivalent to (6).

Corollary 1. Forany1 < i < n, let f;(x) be a non-negative and integrable function on (0, X),
X eRy, A =maxy<;<,(y;,0;) and w: [0, X] — R;, absolutely continuous. Let

xw'(x 1 1
W) > —>0, fora>5and1<z<n

w(x) Yi
!
X w(x) 2i>0, fora<landlsisn.
w(x) 0; 2
Then,

n oo 1 rx 2 n 0o
Y| w —f fipde dxs4ZA§f w(x) ff(x)dx.
i=1J0 X Jo i=1 0

Proof. Follows from Theorem 1 by setting z;(f) = u;(f) = t; a =1and f;(t) = fi1(H forl1 <i <
n.

Theorem 2. Let the conditions of Theorem 1 be satisfied and p; > 1, k € N are such that q; =
forl<i<n.Let

kpl

u;(x) w'(x) 1
+ >—>0 (a.e), fora>
(1—akp;) wx) u,(x)  y; kpi

andl<i<n, 12)
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andl<i<n. (13)

+ () w'x) i >0 (a.e), fora< !
(akp;—1) wx) uy(x) ~ 0; kpi

Then,
i+k—1

]1:[ Rff (x)

n—-k+2 poo
> w(x)
i=1 Y0

kpi
|afl;:ci:91 - 1|] f w(x) gi(x)dx, (14)

axsy

where,

uz=%(x) zi(x) fi(x)
gi(x)— ;A= max(y;,0;), n=k-1 and

zi(x) R/ uf(x) t=r=n
o [° ui(t) Z;(1) .
u f l(t) ﬁ(t) dty a>k_pi’

P o [ Uit t
SRATAS) f u()Z()ﬁ(t)dt w<

e zi(1)

R;i(x) =

pi°

Proof. Letusdeﬁnefora> ,1<is=n0<x<XandO<a<b<oo:

Riq(x) =

"”,t/u(x X Y; !
f it Zl(t)fi(t)dt, l1<i<n.

u%(x) zi(0)

By using the inequality (3) for C; = Rlp; (%)

n—k+2
i i+ i+k— kpi
L Rig00) Rl g0 Rl < ZR 7 (),
ie.,
n—k+2 pb i+k—1 2y n b kp:
Y | w@| [] R@|dxs} | w)R ) (x)dx. (15)
i=1 Ja j=i j=1Ja
Now consider,

b .
1:[ w(x) R,V (x)dx

kpi

Uj (t)z ()
dx.

S w (xf - fi(n)dt

= f “UP () 1 ()

Integrating by parts, we have

b
x 1;(1) 2}(1) kpi
%/ f findr

Sz

1 kpia x)
- l—kp

a

—fb ul kpia (x) d ( {/—f ul(t) f( D )kpidx

1-kpia dx l()
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_ w(b) u1 kP (b fb u;(t) z, (t)
- zi (1)

1- kpi

e fb u;(x) w'(x) R} (%)

(r)ydt -
fi 1-kpia

X

u(x)

kpi fb U= (x) w(x) Z(x) fi(x) Ry ()

L=kpiaJa 210 % ful(x)

dx. (16)

From (12) and (16) we have

Yi kpi fb u2(x) wx) Z4(x) fi(0) R (x)

kpia—1Ja zi(x) % u ()

b
1:[ w(x) R (x)dx < dx.  (17)

By Hélder’s inequality:

kpi

_Yikpi \/ f [kq e Rkp, )]kqi g fb Uz~ (x) " wx) z,(x) fi(x)

- kpia—1 zi(x) %/} (x)

dx. (18)

kpi uz=%(x) zi(x) fi(x) e

zi(x)

b w(x)
a ui(x)

Yikpi
kpia—

=

From (15) and (18) we have

n—k+2 pb

Z w(x)
i=1 Ja

i+k-1

l_[ Rpj(x) kpl

kpi
N akpi—1 ] f w(x) gi(x)dx

kpidi kpi poo
#] f w(x) gi(x)dx. (19)

Let us define for a < kp and0<a<b<oo:

R Ui (%) fb ui (1) 2}(1)

U (x) 0

Rip(x) = filt)ydt, 1<i<n.

Following the same steps as in the proof of inequality (19) we obtain

n—k+2 pb

Z w(x)
i=1 Ja

i+k-1 p;
[1 Rjét(x)

j=i

n

dx <
i=1

By letting a — 0 and b — oo in inequalities (19) and (20) we get (14).

kpl kplf
- (xkpl] w(x) gi(x)dx

kpi

kpi
- (xkpl] f w(x) gi(x)dx. (20)

Corollary 2. Foranyl <i<n, letw, h;: [0, X] — Ry absolutely continuous functions for X € R,
and A; =max)<j<n(y;,6;). Let

!
1
L(X) >—>0, fora>—and 1<i<n.
(I-2api) wx) vi 2pi
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! 1 1
L(X) >—>0, fora<—and 1<i<n.
Rap;i—1) w(x) 6; 2pi
Then,
n 00 1 X B i n 219111 2pi poo
w(x) —f U hi(0 de f w(x) hi(x)dx.
i; 0 x® J, ' g‘ 2ap; -1 0 !

Proof. Follows from Theorem 2 by setting z;(t) = u;(t) = t; h;(t) = hj+1(?); p; = pi+1 and
fi)—t* 1 hj(t)fork=2and1<i <n.

Theorem 3. Let the conditions of Theorem 1 be satisfied and p; > 1, is such that q; = Splj = for
l<i=n.lLet

. /
(0 w (%) - >i>0(ae) fora>iand1<z<n (21)
(1-3api) wx) u;(x) v; 3pi
Then,
i w(x) FY (x) FP () FP3 (x)dx i SPiyi 3pifx wx) gi(xdx,  (22)
i—1Jo i+1 = sapl_l 0 ! 4
where,
3pi
2-a / . I-a ; Xy (X ; X
1) wi (0 2,0 i) wm ) wi(3) 2(3) fi(5) and
2 (x) *¢/ u;(x) 2 zi(3) >4/ u(x)
3”</u () px wy(t t
Fito = — f UL/
ui (x) zi (1)

,1<i<n0<x<X:

K ui(x) fx HOFAG)

u%(x) 2 (1)

Proof. Let us define for a > 3

Fi(x) =

filvdt, 1<i<n.

By using the inequality (3) with k =3 for C; = F!" (x) :

n—1

Y FPix) FP5Nx) FU (x) < Z FP (),

y i+1
i=1
i.e.,
n X
) w(x) FPioo FPv ) FPtdx < Y | w) BP (ndx. (23)
=170

i+1 i+2
i=1Y0

Now consider

X 35,
1:[ w(x) F;” (x)dx
0
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3pi
t t
:f B W | W [ — ( )Z()f,(t)dt dx.
0 xr2  zi(t)
Integrating by parts, we have
1 3pl / 3pi X
(x) ui(t) z; (1)
I </—f fiodr
1 3pia z() 0
Xu; %) g o [F WO ED o
_fo 1-3p;a dx( f oz ﬁ(t)dt) dx
wX) w;(X0) FP(X) X w'(x) wix) FP (x) 3pi (X
= —f X— f w(x)
u,(X)1-3p;a) 0o u(x)(1-3p;a) 1-3pia Jo

Uz (x) Zi(x) fi(x)  upmx) 25 (x/2) fi(x/2)ui(x/2)

<P ()
zi (x) %/ u’(x) 2 2i(x/2) *§/ u}(x)

From (21) and (24) we have

X .
f w(x) F;7 (x)dx
0

3piyi fxw(x)ngi_l(x) U0 Zi 0 fi(x) w23 i ui(3)

< - ax.
1=3piato 2 (x) ¢ fu (x) 22:(%) %/ u} ()
By Holder’s inequality:
‘D X0, L 3qi
r= [ a2t
3[’),‘
| X u?_“(x) z;(x) fi(x) u%_“(x) z;(x/2) fi(x/2) ui(x/2)
x f w(x) - dx
0 zi(x) >/ uj (x) 2zi(x/2) *§/ u}(x)
3pi
;i 13PirX FUZ 0 fi(x)  Zi(x/2) fi(x)2) ui(x/2)
3 327/;19:1] fw(x) u;” (%) z; (%) fi(x z;(x/2) fi (x/2) u;(x dr.

Zi (%) *§/ui(x)  2ufH(x) z;(x/2) *%/ ul(x)

From (23) and (26) we get (22).

Lemma2 ([9]). IfCy,Cy,...,Cy arereals and Cy41 = C fork =1, then

k

n
<nk! Z Cf.
r=1

(24)

(25)

(26)

27)
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Theorem 4. Let the conditions of Theorem 1 be satisfied and p > 1, k = 1 are such that q = %

Ifa>0and
u;(x) w'(x) 1
I+ kap) wi) W) %>O(ae) ,forl<i<n.
Then, .
b n n kai%V_ kp b
Fiﬂ i )
fa w(x) ; (x) ; kap i1 fa w(x) gi(x)dx

where,

kpa 1(1kp £kP
u;" (2 [2;()]P f77 (%) x zi() ﬁ(t)
8100 i Gy 4 Fi) = f w0 zm

Proof. Letusdefineforl<i<n;0<x<XandO<a<b<oo:

x t lt
Fiq(x) = uf(x) (/u( f th((t))i((t)) Jl<is<n.

By using the inequality (27) for C; = F;,(x) and k— kp:

n kp
Y Fia(0)|  <nPk? Z FiP (%),

i=1

i.e.,

b n kp . t l ,
[l ce] e i o ]
Now consider,
kp
X t lt
:f W) ) x | Txf“)f”dt .
u;(1) zi (1)

Integrating by parts, we have

1+kpa

B (x)
B 1+k wix

b
x Z4(8) fi(D) ]k”
)fidt
a ui(t) z;(r)
! kp
x fi(t) z.(t
(x) d ( ey f()zl()dt) i

_fa 1+kpa dx a Uui(t) z;(r)

wb) ui(b) Fy () b w' (x)u; (0F,) (x)
~ u(b) L+ kpa) _fa

1+kpa

u, (01 +kpa)

kp b ka_l

(o Fia uf(x)z;(x) fi (x)
1+kpa

X.
zi(x) §/ u}(x)

309
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(29)

(30)

(31)
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From (28) and (31) we have:

kp-1

b ;P F; f(0) Z(x) fi(x)
f W(X)Fff(x)dxsklf wx) x e 9 4 (32)
“ LrkpaJa 210 5/ u] (x)

By Holder’s inequality:

kp

] b k b a / i
- kyip k</f [k,, e F(cp_l(x)] qu kp f w(x) uf(x) z;(x) fi(x) dx
kpa+1 a ia . 20 K u;(x)

kyip
kpa+1

X. (33)

kp fb w(x) ulP* () (2} ()] FP f,."”(x)d

2P (0l ()P

From (30) and (33) we get (29).

Corollary 3. Forany 1 <i < n, let w, h; : [a,b] — Ry be absolutely continuous functions for
O<a<b<ocoandp>1.1If
x w'(x)

1 1
—————————>—>0, fora>—andl<i<n.
1+kap) wx) v 2p

Then,
kp 2p;
b n X hA(t) n k{]/ﬁkp,y‘ Pi b k
a 1 i p
fa w(x) l;x fa t2 dt dxsl;1 Tapil /a w(x) b7 (x)dx.

Proof. Follows from Theorem 4 by setting z; () = u;(t) = ¢t and f;(t) — =% () forl1<i <n.
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