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WEIGHTED HARDY TYPE INTEGRAL INEQUALITIES

INVOLVING MANY FUNCTIONS

SABIR HUSSAIN, MUHAMMAD AMER LATIF AND WASEEM AKHTAR

Abstract. The object of this paper is to derive some new weighted Hardy type integral

inequalities involving many functions and to obtain a classical weighted Hardy type in-

equality involving many functions.

1. Introduction

In the theory of inequalities one of the well known inequality, due to G. H. Hardy, called

classical Hardy inequality, is the following [6, Theorem 330]:

If p > 1, f (x) ≥ 0 for 0 < x <∞ and R(x)= 1
x

∫x
0 f (t ) d t , then

∫∞

0
R p (x)d x <

[

p

p −1

]p ∫∞

0
f p (x)d x, (1)

unless f ≡ 0. The inequality (1) is sharp one, that is, involved constant is the best possible one.

It was Hardy who first generalized his own result (1) as:

For m 6= 1, p > 1 and f : (0,∞) → (0,∞), integrable function, the following does hold:

∫∞

0
F p (x)d x <

[

p

|m −1|

]p ∫∞

0
xp−m f p (x)d x, (2)

F (x) =















∫x

0
f (t ) d t m > 1;

∫∞

0
f (t ) d t m < 1,

unless f ≡ 0. Inequality (2) is also sharp. The inequalities (1) and (2) have great importance in

the theory and applications of integral inequalities, and in particular in the analysis of qual-

itative as well as quantitative properties of solutions of differential and integral equations.

Due to this, over the years much efforts and time has been devoted to the improvement and

generalization of Hardy’s inequalities (1) and (2). These includes, among others, the works in

[1, 6, 7, 8, 10, 11, 12, 13, 14] and by Hussain, Pečarić in [2, 3, 4, 5].
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The main aim of this paper is to establish new weighted Hardy type integral inequalities

involving two or more functions and to derive some weighted classical Hardy type inequalities

by means of fairly elementary analysis.

2. Main results

Lemma 1 ([9]). If C1,C2, . . . ,Cn are reals and Cn+1 =C1, then

n−k+2
∑

r=1

Cr Cr+1 · · ·Cr+k−1 ≤
n
∑

r=1

C k
r , where n ≥ k −1. (3)

Theorem 1. For any 1 ≤ i ≤ n, let fi (x) be a non-negative and integrable function on (0, X ),

X ∈ R+ and w,ui , zi : [0, x] → R+, absolutely continuous with z ′
i

essentially bounded and

positive (a.e). If ui is increasing and

1+
ui (x)w ′(x)

(1−2α)w (x)u′
i
(x)

≥
1

γi
> 0 (a.e), f or α>

1

2
and 1 ≤ i ≤n, (4)

1+
ui (x)w ′(x)

(1−2α)w (x)u′
i
(x)

≥
1

δi
> 0 (a.e), f or α<

1

2
and 1 ≤ i ≤ n. (5)

Then,
n
∑

i=1

∫∞

0
w (x) Ri (x) Ri+1(x)d x ≤

n
∑

i=1

[

2λi

|2α−1|

]2 ∫∞

0
w (x) gi (x)d x, (6)

where,

gi (x) 7→
u4−2α

i
(x)[z ′

i
(x)]2 f 2

i
(x)

z2
i

(x) u′
i
(x)

; λi = max
1≤i≤n

(γi ,δi ) and

Ri (x) =



















p
u′

i
(x)

uα
i

(x)

∫x

0

ui (t )z ′
i
(t )

zi (t )
fi (t ) d t , α> 1

2 ;

p
u′

i
(x)

uα
i

(x)

∫∞

x

ui (t )z ′
i
(t )

zi (t )
fi (t ) d t , α< 1

2
.

Proof. Let us define for α> 1
2 , 0 ≤ x ≤ X and 0 < a < b <∞ :

Ri a(x)=

√

u′
i
(x)

uα
i

(x)

∫x

a

ui (t )z ′
i
(t )

zi (t )
fi (t ) d t , 1≤ i ≤ n,

with Ri 0(x) = Ri (x).

Using the inequality (3) with k = 2 for Ci =Ri a(x) :

n
∑

i=1

Ri a(x)R(i+1)a(x) ≤
n
∑

i=1

R2
i a(x).
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Multiplying both sides w (x) and integrating from a to b

n
∑

i=1

∫b

a
w (x)Ri a(x)R(i+1)a(x)d x ≤

n
∑

i=1

∫b

a
w (x)R2

i a(x)d x. (7)

Now,

I =
∫b

a
w (x)R2

i a(x)d x =
∫b

a
w (x)







√

u′
i
(x)

uα
i

(x)

∫x

a

ui (t ) z ′
i
(t )

zi (t )
fi (t )d t







2

d x.

Integrating by parts we have

I =

∣

∣

∣

∣

∣

u1−2α
i

(x)

1−2α

[

√

w (x)

∫x

a

ui (t )z ′
i
(t )

zi (t )
fi (t )d t

]2∣
∣

∣

∣

∣

b

a

−
∫b

a

u1−2α
i

(x)

1−2α

d

d x

(

√

w (x)

∫x

a

ui (t )z ′
i
(t )

zi (t )
fi (t )d t

)2

d x

=
w (b) u1−2α

i
(b)

1−2α

[

∫b

a

ui (t )z ′
i
(t )

zi (t )
fi (t )d t

]2

−
1

1−2α

∫b

a

ui (x) w ′(x) R2
i a

(x)

u′
i
(x)

d x

+
2

1−2α

∫b

a

u2−α
i

(x)w (x)z ′
i
(x) fi (x)Ri a(x)

zi (x)
√

u′
i
(x)

d x,

i.e.,

∫b

a
w (x) R2

i a(x)

[

1+
ui (x) w ′(x)

(1−2α) w (x) u′
i
(x)

]

d x

≤
2

2α−1

∫b

a

u2−α
i

(x) w (x) z ′
i
(x) fi (x) Ri a(x)

zi (x)
√

u′
i
(x)

d x (8)

From (4) and (8) we have

∫b

a
w (x) R2

i a(x)d x ≤
2γi

2α−1

∫b

a

u2−α
i

(x) w (x) z ′
i
(x) fi (x)Ri a(x)

zi (x)
√

u′
i
(x)

d x

By Hölder’s inequality:

∫b

a
w (x)R2

i a(x)d x ≤
2γi

2α−1

√

∫b

a

[

√

w (x)Ri a(x)
]2

d x

×

√

√

√

√

√

√

∫b

a







u2−α
i

(x)
p

w (x)z ′
i
(x) fi (x)

zi (x)
√

u′
i
(x)







2

d x,
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i.e.,

∫b

a
w (x) R2

i a(x)d x ≤ 4
[ γi

2α−1

]2
∫b

0

u4−2α
i

(x) w (x) [z ′
i
(x)]2 f 2

i
(x)

z2
i

(x) u′
i
(x)

d x

≤ 4
[ γi

2α−1

]2
∫∞

0

u4−2α
i

(x) w (x) [z ′
i
(x)]2 f 2

i
(x)

z2
i

(x) u′
i
(x)

d x. (9)

By letting b 7→∞ and from inequalities (7) and (9) we have

n
∑

i=1

∫∞

0
w (x) Ri (x) Ri+1(x)d x ≤

n
∑

i=1

[

2λi

2α−1

]2 ∫∞

0
w (x) gi (x)d x. (10)

Let us define for α< 1
2 and 0< a < b <∞,

Ri b(x)=

√

u′
i
(x)

uα
i

(x)

∫b

x

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t , 1 ≤ i ≤n,

with Ri∞(x) = Ri (x).

Following the same steps as in the proof of inequality (10) we obtain

n
∑

i=1

∫∞

0
w (x) Ri (x) Ri+1(x)d x ≤

n
∑

i=1

[

2λi

1−2α

]2 ∫∞

0
w (x) gi (x)d x. (11)

Inequalities (10) and (11) are equivalent to (6).

Corollary 1. For any 1 ≤ i ≤ n, let fi (x) be a non-negative and integrable function on (0, X ),

X ∈R+, λi = max1≤i≤n(γi ,δi ) and w : [0, X ] →R+, absolutely continuous. Let

1−
x w ′(x)

w (x)
≥

1

γi
> 0, for α>

1

2
and 1 ≤ i ≤ n,

1+
x w ′(x)

w (x)
≥

1

δi
> 0, for α<

1

2
and 1 ≤ i ≤ n.

Then,
n
∑

i=1

∫∞

0
w (x)

[

1

x

∫x

0
fi (t ) d t

]2

d x ≤ 4
n
∑

i=1

λ2
i

∫∞

0
w (x) f 2

i (x)d x.

Proof. Follows from Theorem 1 by setting zi (t )= ui (t ) = t ; α= 1 and fi (t )= fi+1(t ) for 1 ≤ i ≤
n.

Theorem 2. Let the conditions of Theorem 1 be satisfied and pi > 1, k ∈ N are such that qi =
pi

kpi−1 for 1 ≤ i ≤n. Let

1+
ui (x) w ′(x)

(1−αk pi ) w (x) u′
i
(x)

≥
1

γi
> 0 (a.e), for α>

1

k pi
and 1 ≤ i ≤ n, (12)
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1+
ui (x) w ′(x)

(αk pi −1) w (x) u′
i
(x)

≥
1

δi
> 0 (a.e), for α<

1

k pi
and 1 ≤ i ≤ n. (13)

Then,
n−k+2

∑

i=1

∫∞

0
w (x)

[

i+k−1
∏

j=i

R
p j

j
(x)

]

d x ≤
n
∑

i=1

[

k piλi

|αk pi −1|

]kpi
∫∞

0
w (x) gi (x)d x, (14)

where,

gi (x) 7→
u2−α

i
(x) z ′

i
(x) fi (x)

zi (x) kpi

√

u′
i
(x)

; λi = max
1≤i≤n

(γi ,δi ), n ≥ k −1 and

Ri (x) =



















kpi
p

u′
i
(x)

uα
i

(x)

∫x

0

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t , α> 1

kpi
;

kpi
p

u′
i
(x)

uα
i

(x)

∫∞

x

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t , α< 1

kpi
.

Proof. Let us define for α> 1
kpi

, 1 ≤ i ≤ n 0 ≤ x ≤ X and 0 < a < b <∞ :

Ri a(x) =
kpi

√

u′
i
(x)

uα
i

(x)

∫x

a

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t , 1 ≤ i ≤ n.

By using the inequality (3) for Ci = R
pi

i a
(x)

n−k+2
∑

i=1

R
pi

i a
(x) R

pi+1

(i+1)a
(x)...R

pi+k−1

(i+k−1)a
(x) ≤

n
∑

i=1

R
kpi

i a
(x),

i.e.,
n−k+2

∑

i=1

∫b

a
w (x)

[

i+k−1
∏

j=i

R
p j

j a
(x)

]

d x ≤
n
∑

i=1

∫b

a
w (x) R

kpi

i a
(x)d x. (15)

Now consider,

I =
∫b

a
w (x) R

kpi

i a
(x)d x

=
∫b

a
u
−αkpi

i
(x) u′

i (x)

[

kpi
√

w (x)

∫x

a

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t

]kpi

d x.

Integrating by parts, we have

I =

∣

∣

∣

∣

∣

∣

u
1−kpiα

i
(x)

1−k piα

[

kpi
√

w (x)

∫x

a

ui (t ) z ′
i
(t )

zi (t )
fi (t )d t

]kpi

∣

∣

∣

∣

∣

∣

b

a

−
∫b

a

u
1−kpiα

i
(x)

1−k piα

d

d x

(

kpi
√

w (x)

∫x

a

ui (t ) z ′
i
(t )

zi (t )
fi (t )d t

)kpi

d x
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=
w (b)u

1−kpiα

i
(b)

1−k piα

[

∫b

a

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t

]kpi

−
1

1−k piα

∫b

a

ui (x) w ′(x) R
kpi

i a
(x)

u′
i
(x)

d x

−
k pi

1−k piα

∫b

a

u2−α
i

(x) w (x) z ′
i
(x) fi (x) R

kpi−1

i a
(x)

zi (x) kpi

√

u′
i
(x)

d x. (16)

From (12) and (16) we have

I =
∫b

a
w (x) R

kpi

i a
(x)d x ≤

γi k pi

k piα−1

∫b

a

u2−α
i

(x) w (x) z ′
i
(x) fi (x) R

kpi−1

i a
(x)

zi (x) kpi

√

u′
i
(x)

d x. (17)

By Hölder’s inequality:

I ≤
γi k pi

k piα−1

kqi

√

∫b

a

[

kqi
√

w (x) R
kpi−1

i a
(x)

]kqi

d x
kpi

√

√

√

√

√

√

∫b

a







u2−α
i

(x) kpi
p

w (x) z ′
i
(x) fi (x)

zi (x) kpi

√

u′
i
(x)







kpi

d x

≤
[

γi k pi

k piα−1

]kpi
∫b

a

w (x)

u′
i
(x)

[

u2−α
i

(x) z ′
i
(x) fi (x)

zi (x)

]kpi

d x. (18)

From (15) and (18) we have

n−k+2
∑

i=1

∫b

a
w (x)

[

i+k−1
∏

j=i

R
p j

j a
(x)

]

d x ≤
n
∑

i=1

[

k piλi

αk pi −1

]kpi
∫b

a
w (x) gi (x)d x

≤
n
∑

i=1

[

k piλi

αk pi −1

]kpi
∫∞

a
w (x) gi (x)d x. (19)

Let us define for α< 1
kpi

and 0 < a < b <∞ :

Ri b(x) =
kpi

√

u′
i
(x)

uα
i

(x)

∫b

x

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t , 1 ≤ i ≤n.

Following the same steps as in the proof of inequality (19) we obtain

n−k+2
∑

i=1

∫b

a
w (x)

[

i+k−1
∏

j=i

R
p j

j a
(x)

]

d x ≤
n
∑

i=1

[

k piλi

1−αk pi

]kpi
∫b

a
w (x) gi (x)d x

≤
n
∑

i=1

[

k piλi

1−αk pi

]kpi
∫∞

a
w (x) gi (x)d x. (20)

By letting a → 0 and b →∞ in inequalities (19) and (20) we get (14).

Corollary 2. For any 1≤ i ≤ n, let w,hi : [0, X ] →R+ absolutely continuous functions for X ∈R+

and λi = max1≤i≤n(γi ,δi ). Let

1+
x w ′(x)

(1−2αpi ) w (x)
≥

1

γi
> 0, f or α>

1

2pi
and 1≤ i ≤ n.
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1+
x w ′(x)

(2αpi −1) w (x)
≥

1

δi
> 0, f or α<

1

2pi
and 1 ≤ i ≤ n.

Then,

n
∑

i=1

∫∞

0
w (x)

[

1

xα

∫x

a
tα−1 hi (t ) d t

]pi

d x ≤
n
∑

i=1

[

2piλi

2αpi −1

]2pi
∫∞

0
w (x) hi (x)d x.

Proof. Follows from Theorem 2 by setting zi (t ) = ui (t ) = t ; hi (t ) = hi+1(t ); pi = pi+1 and

fi (t ) 7→ tα−1 hi (t ) for k = 2 and 1 ≤ i ≤ n.

Theorem 3. Let the conditions of Theorem 1 be satisfied and pi > 1, is such that qi =
pi

3pi−1
for

1 ≤ i ≤n. Let

1+
ui (x) w ′(x)

(1−3αpi ) w (x) u′
i
(x)

≥
1

γi
> 0 (a.e), for α>

1

3pi
and 1 ≤ i ≤ n. (21)

Then,

n−1
∑

i=1

∫X

0
w (x) F

pi

i
(x) F

pi+1

i+1
(x)F

pi+2

i+2
(x)d x ≤

n
∑

i=1

[

3piγi

3αpi −1

]3pi
∫X

0
w (x) gi (x)d x, (22)

where,

gi (x) 7→







u2−α
i

(x) z ′
i
(x) fi (x)

zi (x) 3qi

√

u′
i
(x)

−
u1−α

i
(x) ui ( x

2 ) z ′
i
( x

2 ) fi ( x
2 )

2 zi ( x
2 ) 3qi

√

u′
i
(x)







3pi

and

Fi (x) =
3pi

√

u′
i
(x)

uα
i

(x)

∫x

x/2

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t .

Proof. Let us define for α> 1
3pi

, 1 ≤ i ≤ n, 0 ≤ x ≤ X :

Fi (x) =
3pi

√

u′
i
(x)

uα
i

(x)

∫x

x/2

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t , 1 ≤ i ≤ n.

By using the inequality (3) with k = 3 for Ci = F
pi

i
(x) :

n−1
∑

i=1

F
pi

i
(x) F

pi+1

i+1
(x) F

pi+2

i+2
(x) ≤

n
∑

i=1

F
3pi

i
(x),

i .e.,
n−1
∑

i=1

∫X

0
w (x) F

pi

i
(x) F

pi+1

i+1
(x) F

pi+2

i+2
(x)d x ≤

n
∑

i=1

∫X

0
w (x) F

3pi

i
(x)d x. (23)

Now consider

I =
∫X

0
w (x) F

3pi

i
(x)d x
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=
∫X

0
u
−3αpi

i
(x) u′

i (x)

[

3pi
√

w (x)

∫x

x/2

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t

]3pi

d x.

Integrating by parts, we have

I =

∣

∣

∣

∣

∣

u
1−3piα

i
(x)

1−3piα

[

3pi
√

w (x)

∫x

x/2

ui (t ) z ′
i
(t )

zi (t )
fi (t )d t

]3pi
∣

∣

∣

∣

∣

X

0

−
∫X

0

u
1−3piα

i
(x)

1−3piα

d

d x

(

3pi
√

w (x)

∫x

x/2

ui (t ) z ′
i
(t )

zi (t )
fi (t ) d t

)3pi

d x

=
w (X ) ui (X ) F

3pi

i
(X )

u′
i
(X )(1−3piα)

−
∫X

0

w ′(x) ui (x) F
3pi

i
(x)

u′
i
(x)(1−3piα)

d x −
3pi

1−3piα

∫X

0
w (x)

×F
3pi−1

i
(x)







u2−α
i

(x) z ′
i
(x) fi (x)

zi (x) 3qi

√

u′
i
(x)

−
u1−α

i
(x) z ′

i
(x/2) fi (x/2)ui (x/2)

2 zi (x/2) 3qi

√

u′
i
(x)






d x. (24)

From (21) and (24) we have

∫X

0
w (x) F

3pi

i
(x)d x

≤
3piγi

1−3piα

∫X

0
w (x)F

3pi−1

i
(x)







u2−α
i

(x)z ′
i
(x) fi (x)

zi (x) 3qi

√

u′
i
(x)

−
u1−α

i
(x)z ′

i
( x

2
) fi ( x

2
)ui ( x

2
)

2zi ( x
2 ) 3qi

√

u′
i
(x)






d x. (25)

By Hölder’s inequality:

I ≤
3γi pi

3piα−1

3qi

√

∫X

0

[

3qi
√

w (x) F
3pi−1

i
(x)

]3qi

d x

× 3pi

√

√

√

√

√

√

∫X

0
w (x)







u2−α
i

(x) z ′
i
(x) fi (x)

zi (x) 3qi

√

u′
i
(x)

−
u1−α

i
(x) z ′

i
(x/2) fi (x/2) ui (x/2)

2zi (x/2) 3qi

√

u′
i
(x)







3pi

d x

≤
[

3γi pi

3piα−1

]3pi
∫X

0
w (x)







u2−α
i

(x)z ′
i
(x) fi (x)

zi (x) 3qi

√

u′
i
(x)

−
z ′

i
(x/2) fi (x/2) ui (x/2)

2uα−1
i

(x) zi (x/2) 3qi

√

u′
i
(x)







3pi

d x. (26)

From (23) and (26) we get (22).

Lemma 2 ([9]). If C1,C2, . . . ,Cn are reals and Cn+1 =C1 for k ≥ 1, then

[ n
∑

r=1

Cr

]k

≤nk−1
n
∑

r=1

C k
r . (27)
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Theorem 4. Let the conditions of Theorem 1 be satisfied and p > 1, k ≥ 1 are such that q = p
kp−1 .

If α> 0 and

1+
ui (x) w ′(x)

(1+kαp) w (x) u′
i
(x)

≥
1

γi
> 0 (a.e), for 1 ≤ i ≤n. (28)

Then,
∫b

a
w (x)

[

n
∑

i=1

Fi a(x)

]kp

d x ≤
n
∑

i=1

[

k pγi
kq
p

n

kαp +1

]kp ∫b

a
w (x) gi (x)d x, (29)

where,

gi (x) 7→
u

kpα

i
(x) [z ′

i
(x)]kp f

kp

i
(x)

[zi (x)]kp (u′
i
(x))p/q

and Fi (x) = uα
i (x) kp

√

u′
i
(x)

∫x

0

z ′
i
(t ) fi (t )

ui (t ) zi (t )
d t .

Proof. Let us define for 1 ≤ i ≤n; 0 ≤ x ≤ X and 0 < a < b <∞ :

Fi a(x) = uα
i (x) kp

√

u′
i
(x)

∫x

a

z ′
i
(t ) fi (t )

ui (t ) zi (t )
d t , 1 ≤ i ≤ n.

By using the inequality (27) for Ci = Fi a(x) and k 7→ k p :

[

n
∑

i=1

Fi a(x)

]kp

≤ npk−1
n
∑

i=1

F
kp

i a
(x),

i.e.,

∫b

a
w (x)

[

n
∑

i=1

Fi a(x)

]kp

d x ≤ npk−1
n
∑

i=1

∫b

a
u

kpα

i
(x) u′

i (x)

[

kp
√

w (x)

∫x

a

z ′
i
(t ) fi (t )

ui (t )zi (t )
d t

]kp

d x.

(30)

Now consider,

I =
∫b

a
u

kpα

i
(x) u′

i (x)×
[

kp
√

w (x)

∫x

a

z ′
i
(t ) fi (t )

ui (t ) zi (t )
d t

]kp

d x.

Integrating by parts, we have

I =

∣

∣

∣

∣

∣

∣

u
1+kpα

i
(x)

1+k pα
w (x)

[

∫x

a

z ′
i
(t ) fi (t )

ui (t ) zi (t )
d t

]kp
∣

∣

∣

∣

∣

∣

b

a

−
∫b

a

u
1+kpα

i
(x)

1+k pα

d

d x

(

kp
√

w (x)

∫x

a

fi (t ) z ′
i
(t )

ui (t ) zi (t )
d t

)kp

d x

=
w (b) ui (b) F

kp

i a
(b)

u′
i
(b) (1+k pα)

−
∫b

a

w ′(x)ui (x)F
kp

i a
(x)

u′
i
(x)(1+k pα)

d x

+
k p

1+k pα

∫b

a
w (x)

F
kp−1

i a
uα

i
(x)z ′

i
(x) fi (x)

zi (x) kq

√

u′
i
(x)

d x. (31)
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From (28) and (31) we have:

∫b

a
w (x)F

kp

i a
(x)d x ≤

k pγi

1+k pα

∫b

a
w (x)×

F
kp−1

i a
uα

i
(x) z ′

i
(x) fi (x)

zi (x) kq

√

u′
i
(x)

d x (32)

By Hölder’s inequality:

I ≤
kγi p

k pα+1

kq

√

∫b

a

[

kq
√

w (x) F
kp−1

i a
(x)

]kq
d x

kp

√

√

√

√

√

√

∫b

a
w (x)







uα
i

(x) z ′
i
(x) fi (x)

zi (x) kq

√

u′
i
(x)







kp

d x

≤
[

kγi p

k pα+1

]kp ∫b

a

w (x) u
kpα

i
(x)[z ′

i
(x)]kp f

kp

i
(x)

z
kp

i
(x)[u′

i
(x)]p/q

d x. (33)

From (30) and (33) we get (29).

Corollary 3. For any 1 ≤ i ≤ n, let w,hi : [a,b] → R+ be absolutely continuous functions for

0 < a < b <∞ and p > 1. If

1+
x w ′(x)

(1+kαp) w (x)
≥

1

γi
> 0, for α>

1

2p
and 1 ≤ i ≤ n.

Then,

∫b

a
w (x)

[

n
∑

i=1

xα
∫x

a

hi (t )

t 2
d t

]kp

d x ≤
n
∑

i=1

[

kq
p

nk pγi

kαp +1

]2pi ∫b

a
w (x) h

kp

i
(x)d x.

Proof. Follows from Theorem 4 by setting zi (t )= ui (t ) = t and fi (t ) 7→ t 1−αhi (t ) for 1≤ i ≤ n.
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