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NEIGHBORHOODS AND PARTIAL SUMS OF CERTAIN
MEROMORPHICALLY MULTIVALENT FUNCTIONS

JIN-LIN LIU

Abstract. By making use of the familiar concept of neighborhoods of analytic functions, the
author proves an inclusion relations associated with the (n,d§)—neighborhoods of a subclass
Qrlp, a; A, B] which was introduced by Srivastava, Hossen and Aouf. The partial sums of the
functions in Qx[p, a; A, B] are also considered.

1. Introduction

Let 3_, ; be the class of functions of the form

FR) =24 anpp12"P7 (pkeN={1,2,3,..}), (1.1)

n=~k

which are analytic and p-valent in the punctured unit disk
Ur={z:zeCand 0< |z| <1} =U \ {0}.

In recent years, many important properties and characteristics of various interesting
sbuclasses of the class ) , of meromorphically p-valent functions were investigated
extensively by Srivastava et al. [d], Owa et al. |d], Yang [9], Liu and Srivastava |3, 4]

and other (|2, §]). In [d], Srivastava, Hossen and Aouf introduced and studied a subclass
Qklp, a; A, B] of Zp,k as following.

Definition. For fixed parameters A and B, with -1 < A< B <1, A+ B > 0,
and 0 < B < 1. A function f € Zpk is said to be in the class Q[p, «; A, B] of
meromorphically p-valent functions in U if and only if

(2f'(2)/f(2)) +p
B(zf'(2)/f(2) + [pB + (A = B)(p — o]

Many interesting properties of the class Q[p,a; A, B] were obtained by Srivastava,
Hossen and Aouf [1].

<1 (zeU*; 0<a<p). (1.2)
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In the present paper, we shall discuss the properties of Neighborhoods and partial
sums of the subclass Qk[p, o; A, B)

2. Main results

Following the earlier works (based upon the familiar concept of neighborhoods of
analytic functions) by Goodman [1] and Ruscheweyh [fl], we begin by introducing here
the d-neighborhood of a function f € Zp i of the from () by means of the definition

f)= {g € Z tg(z)=2"P + Z bip—12"TP71 and

n=~k

Z 1+B n+2p)1()B(A) O‘)(BiA)|an+p—1—bn+p—1| <9

n=k

(-1<A<B<I; 520)} (2.1)

Making use of definition (1), we now prove the following result.

Theorem 1. Let f € Qilp,o; A, B] be given by ([Tl). If f satisfies the inclusing
condition

(f(z)+e2P)1+¢e) € Qrlp,as A, B] (e € C;le| < 6; 6§ >0), (2.2)
then
Ns(f) € Qrlp, a; A, B]. (2.3)
Proof. Tt is easily seen from ([CZ) that a function f € Qi[p, «; A, B] if and only if

2f'(z) +pf(2)
Bzf'(z) + [pB + (A= B)(p — a)lf(2)

which is equivalent to

#0 (z€eU;oeC,|o|=1) (2.4)

(f x h)(2)

z—Pp

£0  (zeU), (2.5)

where, for convenience

. Bo—1)(n+2p—1)+o(p—a)(A=B) .,
)=2 +Z op—a)(A—B) '

=zP+ Z Crgp12" P71, (2.6)
n=~k
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We easily find from 0 that
(Bo—1)(n+2p—1)+0(p—a)(A— B)

|c’ﬂ+P*1| = 0'( — )(A — B)
1+ B)n+2p- D+ (p—a)(B-A4)
- (p—a)(B—A)
Furthermore, under the hypothesis of the theorem, ([Z3) yields the following inequality
h)(
‘L‘>6 (z € U;0 > 0). (2.7)

Now, we let
p(z) =27+ Y bupp12" PN € Ns(f),
n==k
then

‘ [£(2) = #(2)] % h(Z)‘

—-p

z

00

E +2p—1
‘ aner 1= anrp l)anrp lzn P ‘
n==k

= (1+ B)( n+2p—1) (p—a)(B - A) t-2p—
Z a)(B — A) ngp—1 — bnp—1| - |2 TP
<5 (zeU,5>0). (2.8)
Thus, for any complex number o such that |o| = 1, we have
@ x h)(z
e Ly (e, o)

which implies that ¢ € Q[p, a; A, B]. The proof of the theorem is thus completed.
Next, we prove

Theorem 2. Let f € 3, be given by [CT]) and define the partial sums s, (z) by

z7P m=1,2,...k—1;
sm(2) = z*erZaner,lz"H’_l m=kk+1,.... (2.10)
n=k
Suppose also that
Zln+p—1|an+p—1| <1
n=~k
1+B)(n+2p—1)+ (p—a)(B—-A4A)
(Where lntp—1 = ( ( = a)()B 7( n ( ) (2.11)

Then



304 JIN-LIN LIU

(0% f € Qxlp, o A, BJ;

f(2) o
Re(sm(z)) >1-— s (zeUm=kk+1,...) (2.12)
d
Cge(sm(z)) L S Y R (2.13)
0 -~ ; , ) :

Each of the bounds in (ZIZ) and EI3) is the best possible.
Proof. (i) It is not difficult to see that
z7P € Qilp, o A, BJ.
Thus, from Theorem 1 and hypothesis [ZI1]) of Theorem 2, we have
Ni(27P) C Qilp, oz A, B],

which shows that f € Q[p, o; A, B].
(i) Under the hypothesis in part (ii) of Theorem 2, we can see from (ZTITI) that

bngp > lngp—1>1 (n=kk+1,...).
Therefore, we have

m o0 o0
Z lan+p—1] + lntp Z lan+p—1] < Z lntp-1]|antp—1 (2.14)
n=k n==k

n=m-+1

by using hypothesis [Tl of Theorem 2 again.

Upon setting
_ f(2) 1
&) = lsm@) - zm+p)]

00
E +2p—1
lerp anﬂ,,lz" P

nemtl (m > k), (2.15)

m
2p—1
1+ Z Appp12"T2P
n==k

and applying (ZTIdl), we find that

oo
ltp Z |antp—1]

n=m-+1

< m S
2—-2 Z |an+p,1| — lerp Z |an+p,1
n=~k

n=m-+1

91(z) — 1‘
91(2) +1

<1 (z€eUm>k), (2.16)
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which readily yields inequality ([ZT2).

If we take
- mt2p—1
f(z) =277~ (m > k), (2.17)
lntp
then

f(z) Zmt3p—1 . 1 (1)
=1-— —1- — 1),

sm(2) lntp ln+p

which shows that the bound in {I2) is the best possible.
Similarly, if we put

Sm(2) lntp )

920) = (Ut ) (7 = T2

oo
(L+ lntp) Z A yp-12" P
=1- _n=mt (m > k), (2.18)
1+ Z an+p_1zn+2p—1

n=~k

and make use of [ZIdl), we can deduce that

o0
(14 lntp) Z lan+p—1]
92(2) - 1’ < n=m-+1
2-2 Z |antp—1] = (lmtp — 1) Z |an4p—1
n=*k n=m+1
<1 (zeUm>k), (2.19)

which leads us immediately to assertion (ZI3)) of the theorem.
The bound in I3) is sharp with the extremal function given by Id). The proof
of Theorem 2 is completed.
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