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A COMMON FIXED POINT THEOREM FOR
THE ¢-CONTRACTIVE MAPPING

CHI-MING CHEN AND TONG-HUEI CHANG

Abstract. In this paper, we shall discuss the common fixed point theorems of four
single-valued functions with ¢-contractive codition in cone metric spaces.

1. Introduction and Preliminaries

Huang and Zhang [1] and P. Vetro [3] generalized the concept of a metric space,
replacing the set of real numbers by an ordered Banach space and obtained some common
fixed point theorems for mappings satisfyng some contractive conditions. In this paper,
in the framework of cone metric spaces, we obtain a common fixed point theorem for
four mappings that satisfies a 1-contractive codition.

Let E be an arbitrary real Hausdorff topological vector space, P={P|P is a family
of seminorms which determines the topology on F }, and let C C E be a proper closed
convex and pointed cone with apex at the origin and intC' # ¢ (see, [2]), that is, C
satisfies the following conditions:

(i) C is proper closed with intC' # ¢,
(i) A\C C C, forall A >0
(iii) C+C cC, and
(iv) N (=C) ={0}.
Given a proper closed convex and pointed cone C' with apex at the origin, we define a

linearly ordering < with respect to C' by x < y if and only if y —z € C'. We shall write
x < y to indicate that = < y but = # y, while << y will stand for y — z € intC.

Definition 1. The cone C is called normal if for each p € P, there exists a number
kp > 0 such that for all z,y € E,

0 <z <y implies p(x) < kpp(y).

The least positive number k, satisfying above is called the normal constant of C' with
repect to each seminorm p, p € P.
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Definition 2. The cone C is called regular if every increasing sequence which is bounded
from above is convergent. That is, if {z,,} is a sequence such that

r1<zg <3< <, <<y

for some y € F, then there is « € F such that lim,_p(z,) = p(z) with repect to each
seminorm p, p € P. Equivalently, the cone C' is regular if and only if every decreasing
sequence which is bounded from below is convergent.

Remark 1. It is clear that a regular cone is a normal cone.

In the following we always suppose that F is a real Hausdorff topological vector space,
C'is a proper closed convex and pointed cone in E with apex at the origin and intC' # ¢,
and < is a linearly ordering with respect to C.

We generalize the definition of a cone metric space [1] and P. Vetro [3], as follows:

Definition 3. Let X be a nonempty set. Suppose the mapping d : X x X — FE satisfies

(i) 0 < d(x,y), for all z,y € X, x # y,
(ii) d(x,y) =0 if and only if z = y,
(iii) d(z,y) = d(y, z), and
(iv) d(z,y) +d(y,z) > d(x, z), for all z,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 4. Let (X, d) be a cone metric space, and let {z,,} be a sequence in X and
z € X. If for every ¢ € C' with 0 << ¢, there is IV such that

d(xp,x) << ¢, forall n> N,
then {z,,} is said to be convergent and {z,,} converges to x.

Definition 5. Let (X, d) be a cone metric space, and let {x,,} be a sequence in X. We
say that {x,} is a Cauchy sequence if for any ¢ € E with 0 << ¢, there is N such that

d(Xp, Tm) << ¢, for all n,m > N,

Definition 6. Let (X, d) be a cone metric space. If every Cauchy sequence is convergent
in X, then X is called a complete cone metric space.

Follows above definitions, we are easy to show the following lemmas.

Lemma 1. Let (X,d) be a cone metric space, C' be a normal cone with normal constant
ky for each p € P, and let {x,} be a sequence in X. Then {z,} converges to x if and
only if d(xn,x) — 0 as n — 0.

Lemma 2. Let (X,d) be a cone metric space, and let {x,,} be a sequence in X. If {x,}
is convergent in X, then {x,} is a Cauchy sequence.
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Lemma 3. Let (X,d) be a cone metric space, C be a normal cone with normal constant
ky for each p € P, and let {x,} be a sequence in X. Then {z,} is a Cauchy sequence if
and only if d(xn,xm) — 0 as n,m — oo.

Definition 7. Let S,G : X — X be two single-valued function. We say that S and F'
are compatible if
lim d(SFxz,, FSz,) =0

n—oo

whenever {x,} is a sequence in X such that lim,,—cod(Fx,, Sz,) = 0.
In particular, d(SFz, FSxz) = 0 if d(Fz, Sx) = 0 by taking x,, = z for all n.

2. Main results

In this section, we assume that the function v : C° — C, C(C E) is a proper
closed convex and pointed ”regular” cone with apex at the origin, satisfies the following
conditions:

(i) v is a strictly increasing, continuous function in each coordinate, and
(i) for all t € C, 9(t,t,t,0,2t) < t, ¥(¢,t,¢,2t,0) < t, and ¥(¢,0,0,¢,¢) < t.

Theorem 1. Let (X, d) be a complete cone metric space, and let S,T,F,G : X — X be
four mappings such that for all z,y € X,

d(Sz,Ty) < (d(Fz,Gy),d(Fz, Sr),d(Gy, Ty), d(Fz,Ty), d(Gy, Sz)).

Assume that TX C FX and SX C GX, and the pairs {S, F} and {T,G} are compatible.
If F or G is continuous, then S, T, F and G have a unique common fized point in X.

Proof. Given zy € X. Define the sequence {x,,} recusively as follows:
Gront1 = Sxon = 22p, Fonta = Tont1 = 22n41.
Since

d(z2n, zant+1) = d(Szan, TTapt1)
< Y(d(Fran, Grant1), d(Fxan, Stan), d(Grant1, Twant1), d(Fan, TToni1),
d(Gxant1,Sxan))
< (d(z2n—1,22n), d(22n—1, 22n), d(22n, 22n+1), d(22n—1, 22n41), (220, 220))
< ¥(d(z2n—1, 22n), d(22n-1, 22n), d(22n; 22n+1), d(22n-1, 220) + d(22n, 22n41)), 0),
hence

d(zan, zon+1) < d(2z2n—1, Z2n)-
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Similary, since

d(z2n+1, 2Zant+2) = d(Swanta, TTant1)
< Y(d(Frant2, Grant1), d(Fxonto, STant2), d(Grant1, TTant1),
d(Frani2, TTont1), d(Grant1, STan))
< P(d(z2n+1, 22n), d(22n41, 22042), d(22n, 22n41), 0, d(220, 22n+2))
< (d(22n+1, 22n); d(22n+1, 22n42), d(22n5 22n41), 0, d(22n, 22n+1) + d(22n41, 22n+2))),

hence
d(2z2n41, 22n42) < d(22n, 22n41)-
Now, for each natural number m, if we denote ¢, = d(2m, 2m+1), then {c,} is a
decreasing sequence in C. Thus it must converges to some ¢ € C with ¢ > 0, since C' is

regular.
If ¢ > 0, then by the above inequalities, we have

(1) if m is even, then ¢ < ¢t1 < Y (Cmy Cmy Cm, 0, 2¢,). Passing to the limit, as m — oo,
we have ¢ < ¢ < (¢, ¢,¢,0,2¢) < ¢, which is a contradiction.

(2) if m is odd, then ¢ < ¢pi1 < Y(em, Cmy Cmy 2¢m, 0). Passing to the limit, as m — oo,
we have ¢ < ¢ <(c,¢,¢,2¢,0) < ¢, which is a contradiction.

Thus, ¢ = 0.
Next, we claim that the following result holds:
for each v > 0, there is ng(y) € N such that for all m,n > ngy(vy),

d(zm, 2n) <7y (*)
We shall prove (x) by contradiction. Suppose that () is false. Then there exists some
~v > 0 such that for all £ € N, there are my,ny € N with my > njp > k satisfying:
(i) myg is even and ny is odd, (see Yen [4])
(ii) d(zm,,2n,) = 7, and

(iil) my is the smallest even number such that the conditions (7), (i4) hold.
Since ¢, \, 0, by (i7), we have limy_cc d(2m,,, 2n, ) = 7, and

¥ < d(zmy» 20y, ) = A(STpm,, TXn,,)
S YPY(A(Fmy, Gy, )y A(F X, , Stm,), d(Gan, , Txn, ), d(FXm, , Ty, ), d(GEy, , Stm,))
< w(d(zmk_17 ch—l)v d(ka—h ka)a d(znk—l’ an)? d(ka—la an)? d(znk_17 ka))
< w(cmqurd(ka, an)+cnk71; Cmy—15Cny—1, ka,1+d(2mk, an); an,1+d(2mk, an))
Letting k — oo, we get v < 9(7,0,0,7,7v) < 7, a contradiction. It follows from (x) that

the sequence {z,} must be a Cauchy sequence, hence {z,} converges to some z € X. So,
Fxo, — 2z, Gropy1 — 2, Sty — z and Txoy 11 — 2z as n — 00.
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Assume F is continuous. Then we have F2xs,, — Fz and FSxzq, — Fz as n — 0.
Since S and F' are compatible and d(Sxay,, Fa,) — 0 as n — oo, from

d(SFxap, Fz) < d(SFxay, FSxay) + d(FSxay, Fz),

we deduce that d(SFxa,, Fz) — 0 as n — oo.
For any n € N,

d(SFIan T$2n+1)
< P(d(F?2an, GToni1), d(F? 2oy, SFx2,), d(GTani1, To2n41), d(F*02n, TTon41),
d(Gxapi1,SFxay)), and

d(SZ, T$2n+1)
< ’(ﬂ(d(FZ, GIQn_H), d(FZ, SZ), d(G$2n+1, TIQn_H), d(FZ, Tx2n+1),
d(GIQnJrl, SZ))

As n — oo, we get

d(Fz,z)
(52, z)

which imply that Fz = z and Sz = z.
Select 2 € X such that Gz’ = z = Sz. Then TGz’ = Tz, and

(d(Fz,2),0,0,d(Fz,z),d(Fz,z)), and

(4
Y(d(Fz, 2),d(Fz,52),0,d(Fz, z),d(z, 5z)),

IAIA

d(z,Tz") = d(Sz,T7")
<Y(d(Fz,G2'),d(Fz,82),d(Gz',T%"),d(Fz,Tz"),d(Gz', Sz))
<9(0,0,d(z,T2"),d(z,T2"),0),
which implies that T2’ = z and so GTz2’ = Gz. Since T and G are compatible and
d(TZ',Gz") =0, we get d(Tz,Gz) = d(TGz',GTz") = 0, which implies Tz = Gz. Since
d(z,Tz) =d(Sz,Tz)
< Y(d(Fz,Gz),d(Fz,5%),d(Gz,Tz),d(Fz,Tz),d(Gz,S5%))
< Y(d(2,T%),0,0,d(z,Tz),d(z,T(2))),
we have d(z,Tz) =0, and so Tz = z.

Hence z is a common fixed point of S, T, F and G with Sz =Tz =2 = Fz = Gz.
Let y be a common fixed point of S, T, F' and G. Since

d(y z) = d(Sy,T%)
((Fy,Gz d(Fy,Sy),d(Gz,Tz),d(Fy,Tz),d(Gz,Sy))
¥(d(y, 2),0,0,d(y, 2),d(y, 2))

This implies y = z. Hence z is the unique common fixed point of S, T, F and G.
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The proof for G' continuous is similar.
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