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ON THE MAXIMAL TEMPORAL AMPLITUDE OF DOWN STREAM
RUNNING NONLINEAR WATER WAVES

MARWAN

Abstract. This paper concerns with the down-stream propagation of waves over
initially still water. Such a study is relevant to generate waves of large amplitude
in wave tanks of a hydrodynamic laboratory. Input in the form of a time signal is
provided at the wave-maker located at one side of the wave tank; the resulting wave
then propagates over initially still water towards the beach at the other side of the
tank. Experiments show that nonlinear effects will deform the wave and may lead
to large waves with wave heights larger than twice the original input; the deforma-
tions may show itself as peaking and splitting. It is of direct scientific interest to
understand and quantify the nonlinear distortion; it is also of much practical inter-
est to know at which location in the wave tank, the extreme position, the waves
will achieve their maximum amplitude and to know the amplitude amplification
factor. To investigate this, a previously introduced concept called Maximal Tempo-
ral Amplitude (MTA) is used: at each location the maximum over time of the wave
elevation. An explicit expression of the MTA cannot be found in general from the
governing equations and generating signal. In this paper we will use a Korteweg - de
Vries (KDV) model and third order approximation theory to calculate the approx-
imate extreme positions for two classes of waves. The classes are the wave-groups
that originate from initially bi-chromatics and Benjamin-Feir (BF) type of waves,
described by superposition of two or three monochromatic waves. We show that for
initially bi-chromatics signals, the extreme position does not depend on the phases
of the mono-chromatic components. For BF signals, however, the phases of the
mono-chromatic components influence the extreme position essentially. The theo-
retical results are verified for the case of bi-chromatics with numerical as well as
experimental results; for BF signals we use an analytical solution called the Soliton
on Finite Background (SFB) for comparison.

1. Introduction

This study is directly motivated to be able to generate extreme waves in wave tanks of
hydrodynamic laboratories. In such a generation, a time signal is given to a wave-maker
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that determines the motion of flaps that push the water. Waves are then produced that
propagate down stream over initially still water along the wave tank. Because of non-
linear effects the original signal deforms, see [18, 9, 19, 20]. This nonlinear deformation
may lead to amplification of the waves so that waves can occur with wave heights that
cannot be generated in a direct way by wave-maker motions. The nonlinear effects are
difficult to study over the long distances and times that are relevant for the laboratory.
In particular it is not clear which waves, i.e. which waves resulting from a certain signal,
will show amplitude amplification; and if so, at which position in the tank the largest
waves will appear. We will call this position the extreme position. The inverse problem,
given a specified extreme position, find the possible generating wave-maker signals, is of
most scientific interest, and of direct relevance for the hydrodynamic laboratories.

To investigate these problems, it is most fruitful to interpret the down-stream evolu-
tion as a spatial succession of wave signals. Directly related to this is a concept called
the Maximum Temporal Amplitude (MTA) that has been introduced in [2]. The MTA
measures at each location in the wave tank and the wave basin the maximum over time
of the surface elevation. The location where the MTA curve achieves its maximum is the
extreme position: there the largest waves will be found [13, 14]. The time signal of the
surface elevation at that position will be called the extreme signal. Clearly this signal
depends on the input at the wave-maker. The ratio of the maximal value of the MTA
compared to its value at the wave-maker defines the amplification factor. The MTA can
also be used for the inverse problem when a wave-field with a clear extreme position is
considered. Suppose that L p is the distance in the wave tank from the wave-maker where
the extreme signal is requested to appear. If the extreme position of the wave-field is
denoted by %4z, the signal to be generated at the wave-maker should be the the signal
of the wave-field at the location of z = z,,4: — Lp.

The aim of this paper is to derive the approximate extreme positions for certain
wave-fields, and the sensitivity of this position on the phases of constituent monochro-
matic waves at the wave-maker. We restrict ourselves to wave-fields that arise from
bi-chromatics and Benjamin-Feir (BF) wave-maker signals. The bi-chromatics signals
consist of two mono-chromatic components of the same amplitudes but slightly different
frequencies; the BF signals consist of a large mono-chromatic wave perturbed by two
side bands. These signals develop into highly distorted wave-groups with clear ampli-
tude amplification from nonlinear effects. They are prototypes of interesting wave-groups
with extreme waves, see for instance the insightful investigations in Longuet-Higgins [12],
Phillips [17] and Donelan [7].

For bi-chromatics, many numerical and experimental results are available to verify
our theoretical investigation, such as [18, 19]. The BF signals lead to the well known
Benjamin Feir instability [5]; this case is particularly nice, since there exists an exact
solution of the full nonlinear evolution in the form of an explicit solution of the Non-
linear Schrédinger (NLS) equation called the (spatial) Soliton on Finite Background
(SFB) [1]. Written in the field variables, see e.g. [4, 10], this spatial SFB is in the far
field in the form of a mono-chromatic with two small symmetric side bands, the BF-
instability case. For this last case, the amplitude amplification can be as large as three,
depending on the modulation length, while for the bi-chromatics it is a bit less.
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To simplify the technical calculations in the following, instead of the full surface wave
equations, we will use a modified Korteweg - de Vries (KDV') model with exact dispersion
relation; for the kind of waves under consideration, this is a valid approximation. As
has been shown in previous work, see also [2], for narrow banded spectra, the third
order effects can dominate the second order effects and are responsible for the large
amplification factors. For that reason we will use third order theory for our analysis.

The organization of the paper is as follows. In the next session we present the math-
ematical model to be used and the third order asymptotic expansion for this model. In
Section 3, we approximate the MTA by an explicit expression obtained from third order
theory. In subsection 3.1, we derive the approximate extreme position for bi-chromatics
signals, and in subsection 3.2. for BF signals. The effect of the phase of the mono-
chromatic components in the signal at a wave-maker on the extreme position is explicitly
presented in the derived formulas. The results, and the verification of the derived for-
mulas for the extreme position are presented in Section 4. Finally in Section 5, we make
some concluding remarks.

2. Third order theory for the KdV model

The evolution of rather long and rather small surface gravity waves is governed to
a reasonable approximation by the well known KDV equation. In normalized variables,
the KDV equation with full dispersion [8] has the form

Oum +iQ=id: )y + §0un® =0, M

where n(x,t) is the surface elevation. The parameter p is the non-linear coefficient, and
Q) is the operator that produces the dispersion relation between frequency w and wave
number £ for small amplitude waves given by w = Q(k) = k/tanh k/k.

The laboratory variables for the wave elevation, horizontal space and time 7,45, Tiqb,
tiap are related to the normalized variables by n4 = A1, T1ep = ha and 4, = t\/h—/g,
where h is the uniform water depth and g is the gravity acceleration. Consequently, cor-
responding transformed wave parameters such as wave length, wave number and angular
frequency, are given by Ajgp = hA, kjap = k/h, wigp = wm.

In this paper, we approximate solutions of (1) using a direct expansion up to third
order in the power series of the wave elevation. Here, we write

3
n=en® 4 e2n® 4 5377;)), (2)
where ¢ is a positive small number representing the order of magnitude of the wave
amplitude. The terms 7V, 7 and 5 describe the linear first order, the second and
third order non-linear term, respectively. Assuming that the linear term 7! consists of

three frequencies that are close to each other (narrow band), in the third order we take

only the largest contribution, namely the third order side band ng). The frequencies of

the side bands are close to the frequency of the linear term. It is known that this direct
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expansion leads to resonance in the third order, see [6, 2]. To prevent the resonant term,
we modify this expansion using Linstead-Poincare technique [21] by allowing a nonlinear
modification of the dispersion relation

ko k@ 4 ek® 4 2k®@ (3)

with k(0 = Q1 (w).
For the linear signal we take

N
) = Z ape'? + c.c., (4)

p=1
where N = 2 or 3 for bi-chromatics or BF signals respectively. Here ¢, = k,x — wpt +1p,
where (k,,wp) are related by the linear dispersion relation, and with 4, the phase of
each mono-chromatic wave; c.c. denotes the complex conjugate of the previous terms.
The following procedure has been described in [6, 3] without taking the phases of the
mono-chromatic components of the signals into account, i.e. for v, = 0. Since we aim
to investigate the effect of these mono-chromatic phases on the global behaviour of the
propagating signal along the wave tank, we add arbitrary phases ¢,. Substituting (2)
and (3) into (1), for n*) as the linearized solution as in (4), the second order leads to

Y =0,p=1,...,N and

N N
n(z) —u <Zz%aq (S+ei(¢p+¢q) + S_ei(¢p—¢q)>> +c.c., (5)

p=1qg=1

where
1 B0+ k()
20, +w, — QY + £

In order to distinguish the free waves that will be introduced later, we call the second
order solution in (5) the second order bound wave; this solution contains non-linear terms
as the results of mode generation. The resonant terms in the third order bound wave,
lead to the non-linear dispersion relation

S4 =

nl 0 2
k k() ké)
with

) ) k'(o) N
k}(}):, (0) Za sy+s)|,p=1,...,N. (6)

The third order side band nib) can be expressed as
N N N

nsb :”2222%%‘% par(Sp + Sq.r)e UPptda=dr)

p=q q#r r=1

Z Z Z apaqar Lpg,r(Sp,r + Spq + Sq,r)ei(¢p+¢r¢7') +cc,
PFQ,pF#T qFT =1



DOWN STREAM RUNNING NONLINEAR WATER WAVES 55

where

kY 1 KO 4 k<0>
Sp = (0),’ “ra =
2w, — Q2kp ) wp—l—wq—Q(k: —l—k )
kY — k) KO+ kY — £
Sy = : .= 7
. Wp — Wr — Q(kzgo) — &) " Wp T Wg — W — Q(k’z(no) + kc(zo) - k?7(-0))
and

V() = (k) p=1,...,N.

In this paper, we mimic the generation of waves in a hydrodynamic laboratory and so
we are interested in a solution that at a given position, say = = 0, is given by the signal

N
t) = Zapewp + c.c., (8)
p=1

where 6, = wyt + 1, p = 1,2,3. To satisfy the signal at this position, the contribution
of the second order and third order side band terms at 2 = 0 have to be compensated
by harmonic modes, called free waves. The second order free waves are given by

N N

2 19 (wp+w 9w, —w

77}7)66 = H lzzapaq <5+€ Dwptwe) 4 5 (wr q))
p=1qg=1

+ c.c. 9)

This is a wave with the same frequencies as in the second order bound wave, but consisting
of harmonic modes that satisfy the linear dispersion relation. The third order side band
free wave consists similarly of monochromatic waves and is of the form

N N N

2 i (wpt+wqg—wy)
nsbfvee* Zzz%aqar pa,r(Sp + Sq,p )€ NPT

p=q qFr r=1

N N N
Z Z Z apaqay Lpg,r(Sp,r + Spq + qur)em(%wqiw") +c.c,
PFq,p#T qFT =1
(10)

with 9(w,) = Q7Y w,)z—wpt+1b, p=1,..., N. Taken together, the third order solution
of (1) and satisfying (8) is

. 3
n~ 7’(1) + 77( ) — n;'r)ee + nib) - nib)f'ree (11)
3. Maximal Temporal Amplitude and the extreme position

In previous studies of bi-chromatics waves [18], [9], [19], [20], it was found experi-
mentally, numerically and theoretically that depending on the wave amplitude, but just
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as well as on the frequency difference, large deformations and amplitude increase can
develop. This was made more clearly visible in [2] where, for the corresponding optical
problem, the so-called mazimal temporal amplitude (MTA) was introduced. At each
position downstream from the wave generator, this MTA measures the maximum over
time of the surface elevation. When plotted as a curve in the down stream direction, this
curve shows (almost periodic) oscillatory behaviour in which several wavelengths can be
seen and interpreted. At specific locations the curve achieves its maximum at places
where the amplitude amplification (compared to the amplitude of the generated wave)
is maximal and where ‘extreme’ waves appear.

According to the previous section, the third order approximated solution of (1)is given
by (11); we will use this approximation to study the MTA, and hence we take the MTA
to be defined as

m(x) = mtaxﬁ(:n,t). (12)

In deterministic extreme wave generation performed in hydrodynamic laboratories, MTA
is proved to be a useful concept to predict the position where the most extreme signal
appears in the wave tank, [4]. Furthermore, it gives a practical value of the Amplitude
Amplification Factor, AAF = m(zmax)/m(0), where xyax is the first position where
M(Tmax) = max, m(z), for 0 < v < L and L the length of the wave tank. Therefore it
is of interest to calculate the value of x,.x and the dependence of this position on the
input signal at the wave-maker.

In [2] an explicit expression was given for zp.x for input signals in the form of bi-
chromatics waves with zero phases for a KDV model of an optical pulse propagation
in non-linear media using third order approximation. A similar formulation for uni-
directional bi-chromatics are derived in [13] for propagation of water wave where the
initial phases of the mono-chromatic components are zero. It will be shown in the next
subsection that for bi-chromatics signals z,.x does not depend on the initial phases of
the mono-chromatic components. In the second subsection we will consider the similar
problem for BF-signals.

3.1. The extreme position for bi-chromatics signals

In the following we briefly derive the explicit expression of z.x for an input signal
in the form of bi-chromatics wave and show that this x,.x does not depend on the
initial phases of the mono-chromatic components. Denoting the indices 1 and 2 in the
expressions (4) — (10) by (+) and (—) for the case of bi-chromatics signals, the linear
term can be written as

7 = g(cosf, + cosh_), (13)

Vo — w4t + 14, with ¥4 the phase of each mono-chromatic wave, and the

wave numbers ordered according to kf) > k(f)).
The following expressions are rewritten from (5)—(10).

where 04 = kzgJ

n® = pug?(sy cos(204) + s_ cos(20_) + 2s cos(f4 + 0_) + s cos(64 —0_)), (14)
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77}211); = pg” [s4 co 2w+):c = 2wt) + 5 cos(Q7 (2w )z — 2w-1)]
-|—,uq2 [23 cos(Q w+ two )z — (W +w)t)]
+uq? [so cos(Q M wy —w_)z — (wy —w_)t)], (15)
@) 2 2 kf)
k = —u°q 7(50 + s+ + 28) (16)
- Vg(k)

Using this wave number correction, the first order expansion 7(!) can be written as
M = 2q cos(Enl:c — Wt + ay)cos(kr — vt +a_) (17)

with @ = (wy +w_)/2, v = (wy —w_)/2 and kK = Q71 (v).
The third order bound and free waves are expressed as
nib) =¢*B, cos(Enlac — Tt + ay)cos(3™x — 3ut 4+ 3a_) —
¢’B_ sin(Enl:E — Wt + oy ) sin(3s™x — 3vt + 3a_) (18)

and

niz)fw = ¢®B, cos(Kz — Wt + ay) cos(Kx — 3vt + 3a_) —

¢*B_sin(Kz — ot + ay )sin(Kz — 3vt + 3a_), (19)
—nl
where % and ™ are nonlinear wave numbers; corresponding to w and v respectively,

K=(Q"'CQu;—w )+ 20w —wy))/2, K= 2wy —w ) —Q (2w —w,))/2.
The coefficients of third order side bands are B+ = a4 £ a_, with

Qk'(o) o k'(o)
2 Tk
at = p”(s4 + s0) )
2wy —w_ — Q(st_o) — k)
(0) (0)
2k — kY

2
a_ = p=(s— + so) ;
2W_ —wy — Q(Zk(,o) - ksro))

see [13], ay = (g +¥)/2, and a_ = (g — p_)/2.

For wave parameters of laboratory interest B_ << By, the expressions (17) and (18)
show that the first and the third order side band bound wave have approximately the
same carrier. The superposition of the first order with the third order side band bound
and free waves leads to a spatial envelope of the carrier wave, resulting in a modulation
of the carrier. Under the assumption B_ << By, the phases of first order, third order
side band bound and free waves are the same, namely a, and so the spatial envelope

has modulation length A = 27/ ‘(Enl - K)/ 2‘. This value can in fact be obtained by

considering the superposition of the third order bound waves and free waves only where
)\ appears as the 'wave length’ of MTA. The positions of zero phase of the spatial envelope
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show that the location of the first maximum of MTA does not depend on the phases of
mono-chromatic components and it can be expressed in the form

B T
Tmax ~ _—nl —
B K‘
N ™
2026 + 2¢%(5 + 2p2 02k )V, (k)
1 1
-9 (27) 2
where
N Q” 7. 27. 1 1. 7.
ﬁ:— 3(_),’?:'”5( — +_ K _)and02=#.
2Vg (k) Vy(k) \Vy(k)—1 20— Q(2k) 2w — Q(2k)

3.2. Extreme position for BF signals

Recent progress in deterministic extreme wave generation is based on the so called
(spatial) Soliton on Finite Background (SFB), [4, 10, 11]. The SFB is an exact solution
of the (spatial) Non-linear Schrodinger equation and is described in detail in [1] and has
been considered in [15, 16] as a possible description of large amplitude increase for surface
waves, leading to ‘freak’; or ‘rogue’ waves. This spatial SF'B is at each position periodic
in time, but with surface wave elevations that resemble a soliton profile in space. But
the asymptotic values have a finite nonzero value, the amplitude of the mono-chromatic
wave in the far field. Written in physical variables, SFB is the nonlinear extension
of the modulation (Benjamin-Feir) spatial instability of a mono-chromatic wave. The
family of SFB solutions depend essentially on three parameters, namely the frequency
of the carrier waves, the modulation length, and the maximum amplitude of the extreme
signal; one of these parameters can be replaced by the amplitude of the asymptotic mono-
chromatic wave. The first parameter, the frequency of the carrier wave, enters indirectly
through the value of the coefficients of the NLS equation.

In the far field the physical SFB is a modulated mono-chromatic wave, a mono-
chromatic wave with two symmetric side bands. The frequencies are therefore written as
the central frequency ws = wy, and sidebands ws = wg + v, w1 = wy — v. The amplitude
of the central wave is ag, and ones of the side bands are a3 = a1 = dag for some small
parameter §. In this paper, we will investigate the effects of the initial phases of the
mono-chromatic components. This makes that we take (8) in the form

7(0,t) = age!(mwottvo) 4 §5qqei(—wrttdn) 4 5q0pi(—wsttvs) 4o o (21)

where 1y and 1,13 are the initial phases of the mono-chromatic and the two side
bands respectively. For ease of presentation, we rewrite the phases vy, 11 and 3 as
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P1 = Yo + a — [ and Y3 = Py + a + [, with arbitrary values of 19, a and (3. Then the
expression for the signal at the wave-maker can be written as

ﬁ(O,t) _ aoei(*“"’t*w“) + 5(1061‘0‘[671'(7””@ + ei(futJrﬁ)]ei(woterg) + e
= ag[1 + 20€™ cos(—vt + B)]e!Twottvo) 4 ¢ (22)

The expression of ") (z,t) in (4) becomes
n(l)(x,t) _ aoei(k;glzfu)()tJr’tbg) + 50/061'(]971“17“)1154»'4/)1) + 5aoei(k§l17”3t+w3) +ece.
=ao[l + 95¢i ("1 —kg )a-+a) cos(k™x — vt + 5)]€i(kglm7“’°t+w°) +ece (23)

where k7 = (kP + k3b)/2, k7t = (k' — k1) /2, and k2! is the non-liner wave number
corresponding to wg. From (23), we observe that the superposition of the three mono-
chromatic waves leads to a spatial envelope that is modulated with wave length A\; =
21/ |kt — kB

As shown in [2, 13], the second order terms do not affect the extreme position; hence
this position can be approximated by considering the first and the third order side bands
only. The most important third order side bands that determine the position are the
terms in (7) that have wave numbers close to that of the first order term. These important

terms as a part of ngi) can be written in the form

3)x i
1" (x, 1) = adpe

+agﬁ_3€i((2k3’7k’1”)z—(w0—u)t+wo—a+ﬁ)

ER R — kDD z—wot+1po+2a)

+a86+36i((2k6‘l7kgll)z7(wg+u)t+wofa7ﬁ) 4 c.c., (24)

and the corresponding terms of nig?free (x,t) are

3)x
ngb?free(m’t) = a’gpe

+a86736i(971(2wo7w1)mf(wgfv)t+wgfa+ﬁ)

i(Q 7 (wo)z—wot+1ho+2a)

+agﬁ+3ei(Q71(Qwo—wg)x—(wO-i-l/)t-‘r’l/)()—a—ﬂ) + c.c. (25)

Here p = 62u?(s12 + 83,2 + s13)L13.2, B3 = 0p*(s2,1 + s2)Lao,1, and B3 = 0pu®(s23 +
$2)Laa 3. Since § << 1 it follows that p << B3 and so the terms agp cos((k3' + k! —
kpbx + 1o + 2a) in niz)*(x,t) and adpcos(Q~(wo)z + Yo + 2a) in nii?*ree(x,t) can be
neglected. The remaining terms in (24) and (25) become

ng)*(% t) ~ agﬂ%ei{[(kgﬂ—W)x—a]+[R"1x—ut+ﬁ]+[kglx—w0t+¢o]}
+agg+36i{[(k81—W)x—a}—[n"’w—vtﬂi]+[k3’x—wot+wo}} + e
~ age—i[(W—kgl)x.i_a]Bbw(x’ t)ei[%ﬂx—wot-ﬁ-wo] +c.c., (26)

and
nig?;ree(‘x’ t) ~ ageii[iéK”(wo)y%Jra]Bfw(x, t)ei[K(“"’)mf‘““tW“] + c.c., (27)
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where

By (w, 1) = B_gellF" 7 vHH8l 4 g gemils™ e —vitp]
Bf’w(xat) _ 6736'L[K’(w0)uzfyt+ﬁ] + 6+367i[[{’(w0)ym7ut+ﬁ]’

K(wo) = Q Y (wp), and K(wo £v) =~ K(wg) £ K'(wo)v + K" (wo)v?/2.

It is interesting to see that the third order side band bound and free waves have
spatial envelopes that do not depend on time. The first order term has an envelope with
the same length as the third order bound wave nii)*(x,t). Thus superposition of the
first order term with the third order side band bound and free waves leads to a spatial

envelope with a short modulation length A\, = 4n/[| — $ K" (wo)v?| + |(k7 — k3] and
a longer modulation length A, = 47 /|| — $ K" (wo)v?| — |(k"l — kp1)||. These values of
As and \; are obtained by only considering the superposition of the third order bound
waves and free waves where \g shows how MTA oscillates with \; as the overall ‘wave
length’ of the MTA. Furthermore, since the spatial envelopes of the third order bound
waves and free waves contain the phase «, the location of the first maximal position of
MTA can be expressed in the form

5 _ ™ _ 2
max _ %K”(wo)l/2| + |(W — knby)| _%K//(MO)VQ + (W — kph)
T
= K wo)r |6 + kD) /2 - k)
20

—3K" (wo)v? + (kY + k) /2 — kP
1 1

where the expressions for kZ@), i=1,2 and ké” are described in the previous section.

4. Verification of the derived formulas

In what follows, we verify the formulas derived in Section 3. For the case of bi-
chromatics signals, we use available numerical and experimental results. For the exper-
iments, the propagated signals are measured only at a limited number of locations in
the wave tank; hence, the location where the MTA is maximal, the extreme position,
can only be obtained within a range determined by the locations where the signals are
measured. For the case of BF signals, verifications are done through the exact expression
of the physical SF'B solution.

In this section we use laboratory variables in standard ST units [m,s]. We consider
a typical wave tank with a layer of water of 5m deep, and with a length of 250m, and
express all quantities in laboratory variables.
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Table 1: Comparisons of the extreme positions: Z,ax calculated with third order theory
(20) above, the numerical results 2. ) calculated numerically, and the experimental
result Ty.(px p) With specification of the various cases listed in the given references.

Case Tmax(HBR) Tmax Tmax(EXP)
=009, 0, —3.264,0_=3.028 | 155.0m | 157.50m 140m-160m, [20]
¢ =008, w04 =3.300,0_ =2.990 | 127.0m | 118.00m | 100m-120m, [18] & [20]
¢ =0.09, 0, —3.300,0_=2.990 | 109.8m | 110.90m 100m-120m, [20]
q¢=0.10,ws = 3.491,w_ = 2.856 47.0m 48.62m 40m-60m, [20]
0.35

0.3
<
=o0.25
=

0.2

0.15 | | | |
10 60 110 160 210 260

x : distance from wave maker

Figure 1: MTA for bi-chromatics signal with ¢ = 0.08, wy = 3.3, w_ = 2.99 and
v = 0.155.

4.1. Verification for bi-chromatics input signals

The predicted extreme position &,.x derived by the third order approximation (TOA)
in (20) will be compared with results from a numerical wave tank, HUBRIS, used at
Maritime Research Institute Netherlands (MARIN) [20] and with experimental results
reported in [18, 20]. We present the results in Table 1, providing the reference to the ex-
periments. It is seen that the predicted values are reasonably close to both the numerical
values as well as to the experimental results.

In Figure 1, we present MTA curve computed numerically with HUBRIS for an input
bi-chromatics signals with amplitude ¢ = 0.08, and frequencies of the mono-chromatics
w4 = 3.30 and w_ = 2.99. Experiments for this case have been conducted independently
in [18] and [20] where in both experiments the largest signal appears at a distance of
approximately 120m away from the wave-maker, which is the extreme position. In Figure
2, we show signals at different locations in the wave tank computed using HUBRIS. As
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signal at z=0 signal at =60
0.4 0.4
0.2} . 0.2 - .
0 0
-0.2 -0.2
0.4 0.4
50 60 70 80 90 70 80 90 100 110

signal at =127 signal at x =160

0.2 0.2
0 0
0.2 0.2
0.4 0.4

105 115 125 135 145 125 135 145 155 165

signal at =200 signal at =220

0.4 0.4
0.2 0.2
0 0
0.2 -0.2
-0.4 -0.4

332 342 352 362 372 345 355 365 375 385

Figure 2: Bi-chromatics signal at some positions with ¢ = 0.08, w; = 3.30, w_ = 2.99
and v = 0.155 computed using HUBRIS.

shown in Table 1, for this case the third order approximation in (20) gives the position
of Tmax ~ 118m away from the wave-maker. This result of the extreme location shows
a good agreement with the same approximation using multidirectional KP model for
multidirectional wave in case the wave propagation angle is zero(see[14]).

4.2. Approximated MTA for BF input signals

In the next subsection we will verify the derived formula for the extreme position
Zmax 10 (28) for an initial BF signal by comparing with an exact analytical solution
SF'B. Before doing so, in this subsection we will first show that the global behaviour of
MTA can be captured by the first and third order terms only. Further we will illustrate
that although we do not use all the third order terms in approximating this location
ZTmax, the derived formula is reasonably good in comparison to first maximum 2z, of
m_o(x) = max;[fj(z,t) — n® (x,t)], where 7j(z,t) contains all orders.

We take ag = 0.16m, § = 0.1, wg = 3.145/s and v = 0.155/s with some different
values of a related to the phases of the mono-chromatic components. The non-linear
coefficient of KDV is taken to be p = 3/2, see [8].

In Figure 3, we show MTA as a function of z based on the full third order solution.
The upper figure shows m(z) = max;7(z,t) and the lower figure is obtained when the
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Figure 3: The Maximal Temporal Amplitude calculated in the upper figure with all
orders, max; 7(x,t), and in the lower figure without the second order contributions:
maxy [ﬁ(“La t) - T](z) (:L', t)] :

Table 2: The first maximum zpax of m_s(z) and the approximated value Zmax in (28)
for various values of phases a.

Case | Tmax for m_zs(x) T max
Q=T 173.5m 185.06m
a=m/2 343.0m 370.13m
a=m/3 302.0m 308.40m
a=m/4 280.0m 277.60m
a=m/5 261.5m 259.10m
a=m/6 246.5m 246.75m

second order terms are subtracted: m_o(x) = max;[7j(z,t) — n®(z,t)]. The phases of
the tri-chromatics are ¥g = 0, « = = 0 so that ¥; = 3 = 0. It is seen from these
results that the global behaviour of the MTA m(x) can be captured by the third order
interaction m_s(x) only.

For the case above the first position of m_s(z) is Tymax = 180m while the approximate
Tmax = 185m. We will now investigate how the phases of the mono-chromatic components
influence the value . and Zmax. In Table 2, we show the value zy,.x and the predicted
value Zpyax for the same case above but for different values of a. In Figure 4 we show
m_o(z) for two different values of «, the upper figure for « = 0 and the lower one for
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Figure 4: Maximal Temporal Amplitude for two different values of o, (Upper) a=0 and
(lower) a=m/4.

a = 7/4. Tt is clearly seen that there is a significant difference of the location where the
maximum value is obtained.

4.3. Comparison of MTA of SFB and third order calculations

Since numerical and experimental results are not easily accessible, to verify the derived
formula (28) we use an exact solution SFB which is a special solution of NLS equation.

First we briefly describe this SF'B solution. It is an exact solution of the spatial NLS
equation that corresponds to the KDV equation. With n(x,t) the wave elevation, we
write n(z, t) with a complex slowly varying envelope A(&, 7)

n(x,t) = A(E, 7)elkor=wot) ¢ ¢ (29)

with slow variables ¢ = z and shifted time variable 7 = ¢t — 2/9Q/ (ko). Then this complex
amplitude satisfies the spatial NLS equation that can be derived as in [8]. From [1] an
exact solution called soliton-on-finite-background (SFB) can be found for this equation,
which is a modulation of a mono-chromatic signal by a small frequency v, explicitly given
by

A7) = A€ mage™ i, (30)

where
(0% — 1) cosh(k€) + /1 — 2 /2 cos(vT) + iDV/2 — D2 sinh(k€)

cosh(k€) — /1 — D2/2cos(vT) .

Here 7 is a normalised modulation frequency such that 0 < 7 < /2 is the region of
Benjamin Feir (BF) instability. The wavenumber « is given by k(v) = fvy/2v2 — v? =

A(ga T) =
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Figure 5: SFB signal with parameters (wo, ag,7) = (3.5, 0.1,1). (Upper) at 150m before
extreme position and (lower) at extreme position.

yré¢/2 — 2. The largest elevation is at (£,7) = (0,0) and at far distance from the
position £ = 0, |A(§,7)| — ao for £ — +oo. This shows that ag is the amplitude of the
asymptotic monochromatic wave (the ‘back ground’). Furthermore, it is seen that 1 <
A&, )| /a0 < 3 and lim, g |A(E, 7)|/a0 = 3. Hence, the largest possible amplification
factor is 3.

The MTA of the SFB m (z) = max; n(x,t) is explicitly given (up to a spatial shift)
by (see [4])

(%?)2 - cosh2(l;2x) i_\/V;iQT/z

We will now use this exact solution to validate the derived formula .5 in (28). We
note here that the analytic SFB has precisely one extreme position (symmetric around
this position), while the third order solution will produce some quasi-periodic curve; so
globally very different. Therefore comparison can only be made with the first hump of
the third order calculation.

We first take a case of SFB with parameters (wo,ag,?7) = (3.5, 0.1,1). For these
parameters, we map the signal at extreme position (z,¢) = (0, 0) into the position z = Lp
in the tank, a distance Lp = 150m from the wave-maker. In Figure 5 we present the
SFB signal at the extreme position and at the position of the wave-maker. With 7j(w) the
Fourier transform of the signal at the wave-maker, the absolute value of the amplitude
spectrum +/7(w)n*(w) is given in the upper plot of Figure 6. This shows that the signal at
the wave-maker can well be approximated by a superposition of three mono-chromatics,
with frequencies (wg, w1, ws) = (3.5,3.0916, 3.9084). From the signal at the wave-maker
the corresponding phases in radiant are given by (g, 91, 13) = (—1.5708,1.0308,0.5777).
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Figure 6: Amplitude spectra of SFB signal with parameters (wo, ag,?7) = (3.5, 0.1, 1).
(Upper) at 150m before extreme position and (lower) at extreme position.

Table 3: Comparison of the extreme positions &,y calculated with TOA (the third order
approximation, given by (28)) and the exact value for the SFB solution, for various values
of the parameters.

ag J wo | W (0 Yo V3 m(0) | Tmaw(srB) | Tmax

0.0822 | 0.146 | 3.7 | 0.70 | —0.93 | —1.82 | —0.60 | 0.194 140m 145.6m

0.0849 | 0.120 | 3.7 | 0.80 | —2.18 | —1.79 0.54 | 0.196 140m 133.6m

0.0810 | 0.148 | 3.8 | 0.65 0.95 2.09 | —0.87 | 0.190 130m 136.3m

0.0822 | 0.145 | 3.8 | 0.70 | —2.88 | —3.01 | —1.03 | 0.194 125m 130.6m

0.0835 | 0.122 | 3.8 | 0.75 | —0.47 2.12 0.46 | 0.192 130m 125.7m

The lower plot in Figure 6 is the amplitude spectrum at the extreme position, the position
r = 150m in the wave tank.

Table 3 compares the position 2.y of the first maximum of the MTA approximated
by the third order calculation (TOA) given by (28) with the position of the maximum
MTA of the exact SFB. The results in Table 3 show that the predicted values are
reasonably close to the exact values. To interpret the results of this table, we relate it to
the significance of the MTA as illustrated in Figure 7. This picture shows a snap shot
of wave elevation under the MTA curve for the SFB, which asymptotically looks like a
slightly modulated monochromatic, corresponding to a BF signal. Shown is the spatial

pattern: the modulated mono-chromatic evolves into wave-groups with largely deformed
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Figure 7: Snap shot of wave elevation under an MTA curve for a tri-chromatics signal
based on SFB with parameters (wo, ag,7) = (3.5, 0.1,1).

envelopes, increasing in maximal amplitude till the extreme position o ax(sFB)-

5. Concluding remarks

We have considered propagation in initially still water of waves generated at a wave-
maker by a specific signal. The signals that were considered belong two classes of wave-
groups, namely bi-chromatics and BF signals. Such signals can easily be used as input
to a wave-maker at one side of a wave tank used in a hydrodynamic laboratory. The first
class contains signals having two mono-chromatic components of the same amplitudes
but slightly different frequencies. The BF signal is tri-chromatics: a mono-chromatic
perturbed by two symmetric side bands. All these signals have a narrow banded spec-
trum. While propagating down stream from the wave-maker, the input signals changes
in shape and amplitude; in the considered cases, a largely amplified elevation is found
somewhere down stream in the tank. To find the precise location where the largest signal
appears in the tank, the concept of MTA has been used. MTA gives at each location
in the wave tank the maximum of the surface elevation over time. For deterministic ex-
treme wave generation knowing this extreme position is of most interest. Furthermore,
prescribing the position where the extreme wave has to appear in the wave tank, the
MTA can be used to assist what kind of signal has to be generated at the wave-maker in
such a way that the propagating signal produces the requested extreme wave elevation
at the requested position.

For the two classes of wave-groups as input signals at the wave-maker, we have derived
an approximation for the extreme position, using third order perturbation theory. We
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have investigated the effects of the phases of the mono-chromatic components on the
location of the extreme position. We showed that for bi-chromatics signals, the location
of maximum MTA is almost independent on the phases. For the BF signal, however,
the phases of the mono-chromatic components influence the location of the maximum
MTA considerably.

For the bi-chromatics case, we verified the calculated extreme position with published
numerical and experimental results. Since experimental results for BF signals are not
easily accessible we verified the formula using an exact solution of NLS equation called
spatial Soliton on Finite Background which is a non-linear extension of the Benjamin Feir
instablity. These comparisons show reasonably close values of the predicted locations and
the known results. Thus we conclude that for a given input to the wave-maker in the
form of bi-chromatics or BF signals the derived explicit formula can be used to predict
the location where the most extreme wave elevations appear in the wave tank. Future
works will focus on multi-directional wave propagation and apply similar methods used
in this paper.
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