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ON OPERATOR DEFINED BY DOUBLE ZETA FUNCTIONS

RABHA W. IBRAHIM AND MASLINA DARUS

Abstract. The aim of this paper is to introduce an operator defined by generalized double
zeta function involving the Riemann, Hurwitz, Hurwitz-Lerch and Barnes double zeta
functions for analytic functions in the unit disc. Certain new subclasses of .« using this
operator are suggested. Some interesting properties of these classes are studied.

1. Introduction

In the recent years, there has been an increasing interest in problems involving evalua-
tions of various families of series associated with the Riemann zeta function and Hurwitz zeta
function and their extensions and generalizations such as the Hurwitz-Lerch zeta function.
These functions arise naturally in many branches of analytic function theory and algebraic
number theory, and their studies have numerous important applications in mathematics and
physics (see [1, 2]]).

The Hurwitz zeta function is defined by
(]
((x) a) = (a+ n)_x) (a¢ {0,—1,—2,..},%()6) > 1))
n=0
which is a generalization of the Riemann zeta function
[e 0]

(x)=) n* Rx)>1.

n=0

As a generalization of both Riemann and Hurwitz zeta functions, the so-called Hurwitz-Lerch
zeta function is defined by [3]

o0 y}’l
O(y,x,a) = —_—, ,—1,-2,..}, 1, 1). 1
7, x, @) ,;O(mn)x (aeC\{0 LR(X) > 1, [yl <1) )
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It is clear that @ is an analytic function in both variables x and y in a suitable region and it
reduces to the ordinary Lerch zeta function when y = 2wiA. Moreover, @ yields the following
known result [3]:

oy l,a)=a LF(a,1;a+1,y),

where » F) is the Gaussian hypergeometric function. Also we recall a further generalization of
the Hurwitz-Lerch zeta function ®,(y, x, a) in the form [4]:

Dy (y,x,a) = n;o @t 2)

(@aeC\{0,-1,-2,.},R(x) >1,]y| <1, peC)

=L _ (u+1) -+ (u+ n—1) denotes the Pochhammer symbol.

where (@), = T =

Recall that many interesting properties and characteristics of the Hurwitz-Lerch zeta func-
tion ®,(z, y, a) can be found in the recent investigations by, for example, Choi and Srivastava
[5], Ferreira and Lo'pez [6], Garg et al. [7], Lin and Srivastava [8], Lin et al. [9] and Luo and
Srivastava [10].

The double zeta function of Barnes [11] is defined by

(e8]

{(x,av)=) > (m+a+vn) ™™, 3)

n=0m=0

where a # 0 and v is a non-zero complex number with |arg(v)| < n. Combining (1-3), Bin-
Saad [12] posed a generalized double zeta function of the form

(2 y,x,a) = Z(u)nd)(y,x,awn)%, 4)

n=0

where |y| <1,|z] < 1; pe C\{0,-1,-2,...},v € C\{0}; a € C\{—(m +vn)}, {n,m} e NU{0} and ® is
the Hurwitz-Lerch zeta function defined by (1).

Let # be the class of analytic functions in U := {z € C: |z| < 1} and #’[a, n] be the subclass of
€ consisting of functions of the form f(z) = a+a,z" +a,+1 z"™14 .. Let<f be the subclass of
A€ consisting functions normalized by f(0) = 0 and f'(0) = 1. For functions f = z+ Y5, a,z"
and g=z+X5, b,z" € U, the Hadamard product or the convolution product is defined by

f(2)xg(z)=z+ ) anb,z", (z € U). (5)

n=2

Using the Hadamard product of incomplete beta function which is related to Gauss hyper-
geometric function ¢(a,c,z) := z,F(1,a;c, z), Carlson and Shaffer defined a linear opera-
tor as in [13]. Also, by using the Hadamard product of generalized hypergeometric function
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zoF)(a, b;c, z), Noor [14] introduced a linear operator as follows:

Iy(a,b,c)f(2) = (z2F1(a,b;c,2)) "V % f(2), (f €.

In this work, by using the Hadamard product or the convolution product of generalized Hurwitz-
Lerch zeta function given by (4), a function is defined as follows:

v ( __®(y,x,a+vn)
n(y, X, a) = o na (neNU{0}). (6)

It is clear that W (y, x, a) = 1. Now consider the function

Yu(z,y,x,a) = ZO ('L:l)"‘l’ . x,a)z", (7)
implies
Yz y,x,0) =2+ Z T —y Y1 x @2” 8)
Thus
2Y (2,3, %, a) * (2Y 4z, y,x, @) 7Y = q )A, A>-1)

¥

= (N = 1)'

poses a linear operator

I}z y,x,a) f(2) = (2Y (2., x%,a) "V * f(2), (fesd)
anz
n=2 (u) n—l\yn—l (J/, X, a)

=z+ (10)

where |yl <1,]z| < 1; pe C\{0,-1,-2,..},v € C\{0}; a € C\{—(m +vn)},{n,m} e NU {0} and V¥ is
defined in (6). Itis clear that I ﬁ(z, nx,af(z)ed.

By using properties of the Pochhammer ’s symbol, we pose

Lemma 1.1. For f e o, |y| <1,|z| <1; pe C\{0,-1,-2,...}; a € C\{—(m + vn)},{n, m} e NU {0}
then
2l (z,y,%,a) f(2) = A} (2,y,%,0) f(2) - A= DI} (2,1, %, 0) f (2). (11

For analytic functions f and g in U, we say that f is subordinate to g, written by f < g,
if there exists an analytic function w with w(0) = 0 and |w(z)| < 1(z € U), such that f(z) =
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g(w(z)) (see [15]. In particular, if g is univalent in U, then the subordination f < g is equiva-
lent to f(0) = g(0) and f(U) < g(U).

A function f € Ais said to be in the class .#3(y) if it satisfies
+
(f’(z))5<%' (zeU,y>0,6>0). (12)

Also, a function f € A is said to be in the class J5(y) if it satisfies

1 V0 y+z
- Ur Oy6 O ].3
(f’(z)) <7’_Z (zeU,y> >0) (13)
y
y 2

Figure 1.1: f(2) = %i* y>1.

Now we define a subclass of analytic functions containing the operator (10). Let f € o then f
is a member of the class Sﬁu* ,(B) if and only if

iz yxa) @) 1+pz
<
INzyxa)f(z) 1-Pz

, (B>0).

To discuss our problem, we recall the following lemma due to Jack [16].

Lemma 1.2. Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains its maximum value on
thecircle|z| = r <1 at a point zy, then

zow'(z9) = kw(zo), (14)
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y=tan(x)
1

0.2 0.4 0.6 0.8 1

Figure 1.2: f(z2) = itg;, B>0.

where k is a real number and k = 1.
Lemma 1.3. (see [17]) Let ¢p be convex in U with Ri{x¢(z) + 1} > 0 for x,T € C, also let p(z) €
A (U) with p(0) = ¢(0) and satisfied the Briot-Bouquet differential subordination

zp'(2)
p(2) + @t <¢pz), zeU

implies that
p(2) <¢p(z), z€U.

2. Main Results

In this section we establish the sufficient conditions for functions to be in the classes

F5(y),Ts(y) and yu*, 1(B). Moreover, we investigate some inclusion properties.

Let us start with the following result:

Theorem 2.1. If f € o/ satisfies

zf"(z) 2y
R( 5 )< S+ 12’ (zeU) (15)
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forsomey >0, 6 >0 then f € F5(y).

Proof. Let w(z) defined by
, Y+ w(z)
(f'(2))° =
i Y- w(z)

Then w(z) is analytic in U. From (16) we observe that w(0) = 0. Also it follows that

, (Y # w(2). (16)

ol (g = YW@
S @@ =

sf'(@)  2yw'(z)

5(f' _
=0 = = w)?
(2 _ 2yw'(z)
') (y—w@)y+w)
zf"(z) 2yzw'(2) 2y
SR _R >0,
= R ) T o) S

Now we proceed to prove that |w(z)| < 1. Suppose that there exists a point zy € U such that
Maxz <zl w(z)| =|w(zp)| = 1. 17

Then, using the Lemma 1.2 and letting w(zg) = el? and zyw'(z9) = ke, k=1 yields

5§R(Zf (Zo)) .y 2yzow'(zo)
1" (20) (y — w(20)) (y + w(z0))
2yke?)
(y — %) (y +e9)
2ky 2y

T g

Thus we have

1
Ry, 2 5 e U)

flz) "~ 8(y+1
which contradicts the hypothesis (15). Therefore, we conclude that |w(z)| < 1 for all z € U that

is
(f'(2))° < 77:—: (zeU,y>0,5>0).

This completes the proof of the theorem.

Corollary 2.2. If f € o satisfies the condition (15) for some0 <y <1, § >0, then

, 5_1+y 1+y
[(f(2) —1_YI<—1_Y, (zeU). (18)
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Proof. Since f satisfies the condition (11) implies f € .#5(y), then there exists a function w(z)
with w(0) =0 and |w(z)| < 1 such that

1w YT w@)
(f'(2)° = 77_ e
Thatis
! ) _1
wiz = LLE 2D,
(f'(2)° +1
then we obtain (18).
Corollary 2.3. If f € of satisfies
I}z, y,x,a) f(2))
é}e( ‘e »uaf )—1<27Y2, (ze U)
I} (z,y,x,a) f(2)) As(y+1)

forsomey>1,6 >0, then If}(z, »x, a)f(z) e Fy).

Proof. It is clear that for f € of we have [ &(z, ¥, x,a) f(z) € o/. By using Lemma 1.1, a compu-

tation gives

z2(I}Mz,y,x,a) f(2)" (z(IMz,y,x,a) f(2)))

e earior) e arar )
(2, y,x,a) f(2) (2, y,x,a) f(2)
(IM(z,y,x,a) f(2)

(e E2DATEN)
Uz, y,x,a) f(2)

_r
< 50+ 2’ (zeU).

Hence in view of Theorem 2.1, we obtain I f;(z, ¥ x,a)f(z) € F5(y).

Theorem 2.4. If f € of satisfies

—w(z)

zf"(2) 2y
R( @ )>5(1—Y2)’ (zeU) (19)
forsomey>1,6 >0, then f € T5(y).
Proof. Let w(z) defined by
+
HORE i WAy # wia. (20)
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Then w(z) is analytic in U. From (20) we observe that w(0) = 0. Also it follows that

5 2yw'(2)
-5 / -1 p11 —
@ @D = o

= '@ 2yw'(2)

=5(f' =
= -06(f(2) o - -w@?
(=) _ 2yw'(2)
fle)  (w@)-y)y+w)
1! !
36%(Zf (Z)):§R 2yzw'(2) )> 272.
f'(@) (wz) -y y+w@) 1-y

Now we proceed to prove that |w(z)| < 1. Suppose that there exists a point zy € U such that
Maxz <zl w(z)| = |w(zp)| = 1. (21)

Then, using Lemma 1.2 and letting w(zo) = '’ and zow'(z0) = ke'®, k = 1 yields

1 !
5§R(Zf (Zo)) R 2yzow' (zp)
f(20) (w(z9) =) (y + w(zp))
2yke'%)
(€0 —y)(y +e9)
_ 2ky 2y
= =7 < =72’ v>1.
Thus we have "
RE@) 2 ey

fle) "~ 6(1-y?)
which contradicts the hypothesis (19). Therefore, we conclude that |w(z)| < 1 for all z € U that
is

(f'(2)7% < % (zeU,y>1,6>0).

This completes the proof of the theorem.
In the same manner as in Corollaries 2.2 and 2.3, we have the following result:

Corollary 2.5. If f € o satisfies the condition (19) for somey > 1, 6 >0, then

I(f' @0 -1I<1, (zeU). (22)

Corollary 2.6. If f € of satisfies

UMz, y,x,a) f(2)
( n ¥y f )_ 2y el

1>———
;i (2, y,x,a) f(2))’ A6(1-7?)
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forsomey>1,6 >0, then I’l(z,y,x, a)f(z) e T5(y).
Y i

The following result shows the sufficient condition for functions f to belong to the class
«5”‘: 1B).

Theorem 2.7. If f € of satisfies

2(I}(z,y,x,a) f(2))" 28
R( +1) < 5, (zeU) 23)
I}z, y,x,a) f(2)) B+1)

forsome >0, then f € =9#*'/1(,6).
Proof. Let w(z) defined by

2z yxaf@] 1+ pw(z)
Nz yxafz)  1-Pw(

, (1# Bw(z)). (24)

Then w(z) is analytic in U. Further, from (24) we have w(0) = 0. Also it follows that

dﬁkz%xJUfwn”+l_ 2Bz (2)
Uz yxafz)y — (0-Ppw)?

m{zUﬁwg%xwﬂf&D”+l}_§% 2Bz (2) }
Up(z,y,x,a) f(2)) (1-pw(2))?

2%
(B+1)2

Now we proceed to prove that |w(z)| < 1. Suppose that there exists a point zy € U such that
Maxz <zl wz)| =w(zp)| = 1. (25)

Then, using Lemma 1.1 and assuming w(zo) = % and zow'(z9) = ke'?, k =1 yields

§R{zo(I;}(z,y,x,cl)f(za))” +1}—§R{ 2Bz0w' (20) }
I}z, y,x,a) f(20)) - Buwo(2))?
2pke'®
—p =
{(1_’5619)2}
_2kB
S A+p)?
.2
T A+p)?

Thus we have

(Z(Iﬁ(z,y,x,a)f(z))” o 2

+1)= , (zeU)
U4 (2, y,x,a) f(2))’ a+pr
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which contradicts the hypothesis (23). Therefore, we conclude that |w(z)| < 1 for all z€ U
implies
2z yxaf(@ 14z
T <
iz yx,a)f(z) 1-Pz

This completes the proof of the theorem.

, (>0).

Corollary 2.8. If f € o satisfies condition (23) for some0 < 3 < 1, then

2z yxa)f(R)] 1 1

—% < —.
Li(z,y,x,a)f(z) 1-B 1-P

(26)

Proof. Since f satisfies the condition (23) implies f € 5”; ,(B), then there exists a function
w(z) with w(0) = 0 and |w(z)| <1 such that

z[Iﬁ(z,y,x, a)f(2) 1+ pw(2)
Nzyxafm 1-Ppwk’

That is
2} (zyx,a0) f(2) B

Lizyx,a) f(2)
A ’
RETER RN
Lizyx.a) f(2)

lw(z)| = |
+1]

then we obtain (26).

Corollary 2.9. If f € of satisfies condition (23) for some 0 < < 1, then If;(z,y, x,a)f(z) is
starlikein U.

Now we introduce the inclusion relations.

1% (2,y,%,0) f (2) 2

Theorem 2.10. Letﬁ >0, A>-1 and/J eC. If%{m} > =1 then
fh W)X,

yl:/l(ﬁ) c yu*,/ul(ﬁ)'

Proof. Our aim is to apply Lemma 1.2. Let f € yy’i 1(B) and

z[IMz, 3, x,a) f(2)]
p(z) = =

, (p(0)=1).
I}z, y,x,a) f(2) P

Then we have

p'z) Az yxa) f))
p(z) + < = ¢(2),
kp@+v Iz y,xa)f(2)
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for some v and «. It is clear that ¢»(0) = 1. Hence f € VJ,AH B).

3. Conclusion

From above, we conclude that by using the convolution product (Hadamard product), a

linear operator containing the generalized double Hurwitz-Lerch zeta function can be intro-

duced. Some of its properties are discussed and some classes are suggested. One can use the

modified Hurwitz-Lerch zeta function as in [12] to define more generalized linear operator.

Moreover, for different classes of analytic functions, for example multivalent functions, mero-

morphic functions and multivalent meromorphic functions, one can apply (7) to obtain new

operators in the unit disc. Other work related to zeta function can be found in [18,19].

(11]
[12]

(13]

(14]

[15]
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