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OSCILLATION AND NONOSCILLATION OF NONLINEAR
NEUTRAL DELAY DIFFERENCE EQUATIONS

E. THANDAPANI AND P. MOHAN KUMAR

Abstract. In this paper, the authors establish some sufficient conditions for oscillation and
nonoscillation of the second order nonlinear neutral delay difference equation

A*(zn — pn@n—k) + gnf(Tn_e) =0, n >ng

where {p,} and {g,} are non-negative sequences with 0 < p,, < 1, and k and ¢ are positive

integers.

1. Introduction

Consider the second order nonlinear neutral delay difference equation
A2(xn - pnmnfk) + an(xnfé) =0, n>npe€ N (1)

where N = {0,1,2,...} and A is the forward difference operator defined by Az, =

Tp41 — T, Subject to the following conditions:

(c1) {pn} and {¢,} are non-negative real sequences with {g,} not identically zero for
infinitely many values of n;

(c2) f:R — R is continuous and nondecreasing such that wf(u) > 0 for u # 0;

(c3) there is a positive constant p such that 0 < p, < p < 1, and k and ¢ are positive
integers.

For any real sequence {¢,,} defined in ng — 0 < n < ng where § = max{k, £}, equation
(@ has a solution {z,,} defined for n > ngy and satisfying the initial condition x,, = ¢,, for
ng — 0 < n < mng. A solution {z,} of equation () is oscillatory if it is neither eventually
positive nor eventually negative, and nonoscillatory otherwise.

In several recent papers [3, 4, 7—20], the oscillatory and nonoscillatory behavior of
solutions of equation ([l) has been studied when {p,} is a non-positive real sequence.
However in [14], the authors consider the case {p,} is non-negative and attempted to
extend the known results in [1] on delay difference equation to neutral difference equation
with p, = p € (0,1). In fact the authors [14] proved the following two theorems:
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Theorem A. Assume that 0 < p < 1, {qn} is a nonnegative real sequence and
f:R — R is continuous and nondecreasing with uf(u) > 0 for u#0. If

> d < d
0< o T <o forall >0 (2)

e f@) oo (@)

then every solution of the equation
A (2 — prni) + qnf(2n—0) =0, n>mng (3)

is oscillatory if and only if

Z ng, = oo. 4)

Theorem B. Assume that 0 < p < 1, {qn} is a nonegative real sequence and f :
R — R is continuous and nondecreasing with uf(u) >0 for u #0. If

€ 0
0</0%, _E%<oo for all € >0 (5)
and
fluww) > f(u)f(v) if wo>0 and |v]| > M (6)

for some constant M > 0, then every solution of equation @) is oscillatory if and only if

S Fn)g, = . (7)

n=ngo

In the following we give an example which illustrates the sufficient part of Theorem

A is false. Ak —A_1)2g(a—D)A
Let k,0>1,0<p<1, a>1. Choose A>—4 logp and set ¢, = (pe 71)(6@,;1) © i

It is easy to see that {x,} = {e~*"} is a positive solution of the equation

A2(5L'n 7p1'n7k) + Qn|mnfl|a_1mnfl = 0; n Z no (8)

even if (@) is satisfied. The error occurred in the proof is due to their false assertion
that if {x,} is eventually positive solution of equation @) then z, = z, — pz,_y is also
eventually positive. The same false assertion was also used in the proof of Theorem B
and therefore the sufficient part of Theorem B may not be true. Therefore, so far there
are hardly any results on the oscillatory behavior of solutions of equation () with {p,}
is nonnegative.

In this paper, we study the oscillatory and nonoscillatory behavior of equation ()
with 0 < p, < 1 and the nonlinear function f is either supelinear or sublinear. In Section
2, we present a new sufficient condition for the oscillation of all solutions of equation (I)
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when f is superlinear and extend the necessary part of Theorem A to equation ().
Section 3 contains similar results for equation ([{l) when f is sublinear. For basic results
on the oscillation theory of difference equations one can refer the recent monographs [1]
and [2].

2. Oscillation results for superlinear case

In this section we shall investigate the oscillatory behavior of solutions of equation ()
when f is superlinear. The function f is said to be superlinear if there exists a constant

« > 0 such that
lim inf ('f(x”) > 0. 9)

z—0 |£L’|a

We need the following lemma given in [12] to prove our main result of this section.

Lemma 1. Let {Q,} be a nonnegative real sequence, f : R — R be continuous with
uf(u) > 0 for u # 0, and 6 be a positive integer. Assume that there exist § > 0 and
A > $log 3 such that i%(%) >0 and nan;o inf[Q,, exp(—e*™)] > 0 then the following
inequality

Az, + an(xn—é) <0, n>no,

has no eventually positive solutions.

Theorem 2. With respect to the difference equation [) assume that £ > k, and
condition @) hold. If there exist a A > lﬁk‘x such that

lim inf g, exp(—e*) > 0 (10)

n—oo
then every solution of equation () is oscillatory.

Proof. Let {z,} be a nonoscillatory solution of equation ([@l). We may assume
without loss of generality that z,, > 0 and 0 < p, < p for all n > ng for some integer
ng € N. Set

Yn = Tn — PnTn_k- (11)
Then it follows from equation (Il that A%y, <0 for all n > ng + 6. This implies that
{Ay,} is nonincreasing for all n > ng + 6. Hence, there are two possible cases that

Ay, > 0 for all n > ng + 6 or Ay, < 0 for all n > n; for some integer ny > ng. If the
later case holds, then there exits a constant ¢ > 0 and an integer no > n; such that

Ty — PnTn—k < —C, N2 Ng,

which implies that
Ty < —CH+ PpTp_k, N> nsg. (12)



326 E. THANDAPANI AND P. MOHAN KUMAR

From ([[2), we have

zn2+k § *C‘i’pan
Tngiok < —C+ P(Tngtr) < —C— pe+ pPin,
Tnytsk < —C+ p(Tnytok) < —c — pe — pPe+ piay,
and hence it follows that -
-
l'n2+jk S - Z cpl + p']l'nQ,
i=0
and so Tp,4jr < 0 for large j, which contradicts the fact that x, > 0 for all n > nq.
Hence
Ay, >0 for all n>ng+ 6. (13)

From ([3), it follows that {y,} is increasing for all n > ng + 6 and so there are two
possible cases:
(i) yn <0 forn>ng+6 or
(ii) yn > 0 for n > ng for integer ns > no.
If case (i) holds, that is, y, < 0 for all n > ng + 6 then

1
Tp_g > mpUntket > ng + 26, (14)

and 1
A%y, +quf (- ]—)ym-e) <0, n>no+20. (15)

Summing the inequality (&) from n > ng + 26 to oo, we find

)
1
—Ay, + Z qsf( — Z—jys_;,_k_g) <0, n>ng+26. (16)

log
l—k

From the assumption A > , we can choose an integer m such that 1 <m < /{—k and

e MEmk=m) (17)

Note that —Ay,, is decreasing for all n > ng + 6, it follows from (@) that

n+m

—Ayn + ( Z QS>f( - %yn-i-k—é—i-m) <0, m>mno+26. (18)

sS=n

Set

n+m

1 1
Zn=—=Ayp, S=L—k-m, Qn== g
p p S=n
Then (&) can be written as

Azp + Qnf(zn-s) <0, n>ng+26. (19)
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This shows that ([[d) has an eventually positive solution {z,}. On the other hand, by

(),

ILm inf[Q,, exp(—e*™)] > m+1)

p n—oo

lim inf [( min qs) exp(fe)‘”)] > 0. (20)

n<s<n+m

In view of () and @0), Lemma 1 implies that the inequality (Id) has no eventually
positive solutions. This contradiction shows that case (i) is impossible.
If case (ii) holds, that is , y, > 0 for all n > ng, then it follows from equation () that

A%y + o f(Yn—0) <0, n>n3+0. (21)

Summing ) from ngy = ng + 6 to n and then taking n — oo, we find

o0

Z an(yn—é) < Ayn,- (22)

n=na

Since f(yn) is nondecreasing for all n > ny, it follows from (Z2) that

FWns) D> as < Ay, < o,

sS=n

which contradicts ([[) and so case (ii) is also impossible. This completes the proof of
the theorem.

In the following theorem, we extend the necessary part of Theorem A to equation ()
without assuming that f is non-decreasing or satisfies Lipschitz condition on the given
interval as in [14].

Theorem 3. With respcet to the difference equation [Il) assume that

o

> (n+1)g, < oo (23)

n=no

Then equation [ll) has a bounded nonoscillatory solution.

Proof. Set M = max{f(z): 2(1 — p) <z < 3}. By [E3), we can choose an integer

N > ng sufficiently large such that M 3°°° \(n + 1)g, < 252. Let B be the set of all

real sequences x = {z,}22 \ with the norm ||z|| = sup |z,| < co. Then B is a Banach
n>N

space. We define a closed, bounded and convex subset S of B as follows:

2(1 — 4
S:{x:{xn}eB:%angg,nzN}.

Define two maps 7; and 73 : S — B as follows:

Tix. — l-p+pnZnr, n>N+0
YT\ Tiense, N<n<N+0
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oo

> (s=n+1)qsf(xse), n>N+0

Toxnte, N <n<N+0.

Toxy, =

First we show that for any x,y € S, Tix + Toy € S. Infact, for every z,y € S and
n > N + 6, we have

ﬁxn+72yn§1fpf§p+%:§
and
Tizn +Toyn > 1 —p— 1P 2(1_p)-
3 3
Hence

2(1 — 4
(71)) < Tz, + Ty, < 3 for all n > N.
Thus, we have proved that 7yx + Toy € S for any x,y € S.
Next we shall show that 7; is a contraction mapping on S. Indeed for any z,y € S
and n > N + 6, we have

This implies that
[Tz — Tayll < pllz - yl|.

Since p € (0, 1), we conclude that 77 is a contraction mapping on S.

Now we show that 75 is completely continuous. First we will show that 75 is con-
tinuous. Let () = {xﬁf)} € S be such that IS) — I, as i — oo. Because S is closed
x={x,} €S. Forn > N + 6, we have

oo

T2() — Tan| < > (s—n+1)g
s=N-+0

f(xillg) - f(msfl)‘~

Since
gs(s —n+ 1)‘f<1'ii_)g) - f(xsfé)‘ <2M (s + 1)gs

and |f(acgl)l) — f(xzs—¢)| — 0 as i — oo, in view of ZJ), and applying the Lebesgue
dominated convergence theorem, we conclude that lim ||Z32(") — Tox|| = 0. This means
that 75 is continuous. o

Next, we shall show that 7S is relatively compact. For any given € > 0, by 3)
there exists an integer Ny > N + 6 such that

oo

€
M Z(s+1)qs< 3
s=N;



NONLINEAR NEUTRAL DELAY DIFFERENCE EQUATIONS 329

Then for any = {x,} € S and j,n > Ny,

|,T2Ij - ,Tanl < Z(S —Jj+ 1)Qs|f(xs—€)| + Z(S —n-+ 1)Qs|f(xs—€)|

s=j s=n

(s+1)gs + MY (s +1)gs

sS=n

WE

<M

S

+- =e.

IA
N ™
IR

This means that 758 is uniformly Cauchy. Hence by [3], 728 is relatively compact. By
Krasonselskii fixed point theorem [f], there is a © = {x,,} € S such that 1z + Tox = z.
Clearly © = {x,} is a bounded positive solution of equation ([{Il). This completes the
proof.

3. Oscillation results for sublinear case

In this section we establish conditions for the oscillation and non oscillation of equa-
tion () when the nonlinear function f is sublinear. The function f is said to be sublinear
if f satisfies condition (H).

Theorem 4. With respect to the difference equation [l) assume £ > k and condition

@) hold. If
Z Gn = OQ, (24)

n=ng
then every solution of equation () is oscillatory.

Proof. Let {z,} be a nonoscillatory solution of ([ll]. We may assme without loss of
generality that z,, > 0 and 0 < p, < p for all n > N for some integer N > ng. Set y,
in (). Using the same argument as in the proof of Theorem 2, one can consider two
possible cases:

(i) A%y, <0, Ay, >0,y, <0forn>ny >N +0
(i) A%y, <0, Ay, >0, y, >0 for n >ng > N + 6.
If case (i) holds, then

1
Tp—g > *EynJrkfla n>mn.

Substituting this into equation ([Il) and using the nondecreasing nature of f(x), we obtain

1
A%y, + qnf< - 5yn+kfl) <0, n>n.

Summing the last inequality from n > n; to oo, we find

—Ayn + Z QSf( - %ys—kk—é) <0. (25)
s=n
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Since —y,, in decreasing for n > ny, we have from (ZH)

n+l—k

Ay (D a)f(- %yn) <. (26)

sS=n
Set z, = f%yn. Then H) can be written as

1 n+l—k
Azn—i—y—)( Z qs)f(zn)SO, n>n.

s=n
From the last inequality, it follows that

n+l—k

Az, 1
+—( qs)go, n>ni. 27
P Tl 2 : 27)
Summing (1) from n; to N and using sublinear condition (@), we have
N s+0—k N

1 —Azg

- @) <

p &) L 76

Letting n — oo, we obtain

oo s+l—k 00
0> 3 (X a)z-b Y a
s=n1 t=s s=ni1+l—k

which contradicts condition (24l) and so case (i) is impossible.
If case (ii) holds, then z;,, > y, for n > ng. Substituting this into equation () and
using the fact thet f(u) is nondecreasing in u, we obtain

A2yn + an(ynfl) <0, n>na+ 0.

Summing the last inequality from nz = ns + 6 to oo, we find

Z an(ynfé) < Ayn3~ (28)

n=ns

Since f is nondecreasing, it follows from ([8) that

f(Ynsy) Z In < Ayn,.

n=ns
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which contradicts [3) and so case (ii) is also impossible. This completes the proof of
the theorem.

Theorem 5. With respect to the difference equation [Il) assume that

Z f(n)gn < co. (29)

n=ngo

holds. Then equation [{l) has an eventually positive solution which tends to infinity as
n — 0.

Proof. Choose an integer Ny > 6 + % sufficiently large such that

oo

S ) < =L, (30)

2
n=Np

Choose an integer m > 0 such taht mk > 6 and Ny > (m + 1)k. Set

0 pWe-mk)
No — mk — png—mi(No — mk — k)

Then 1 N, k 1 N k
1_p:( —p)(No — mk) Sag( —p)(No — mk) -1
No — mk (1 —p)(No — mk)
Define the sequence {y,} as follows:
an, No — (m+ 1)k <n < Ny —mk
PnYn—k + (1 —p)n, No—mk <n < Ny
Yn = n—1
Patn—k+ (L =pn+ D> (s —n+1)qsf(ys—o), n > No.
S:NO
(31)
It is easy to see that
(I-pn<yn<n (32)
for No — (m + 1)k < n < Np. In the sequel, we prove that
1
5(1—p)n<yn<n, n > Nog — (m+1)k. (33)
If B3) is not true, then there exists an integer ny > Ny such that
1
ynl S 5(1 7p),n’1
and )
5(17p)n<yn<n, No—(m+1Dk<n<m (34)
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or
1
Yn, > n1 and 5(17p)n<yn<n, No—(m+ 1)k <n<nj. (35)
If B4) holds, then from B), ) and B4, we have
nlfl
Yni = DYy —k + (L =p)n1 + > (s =1+ 1)qs f (ys—s)
s=Ny
ni1—1
> (1= p)No + (n1 — No) {1 -p— > QSf(ysfé)}
s=Ny
n—1
> (1= p)No + (n1 — No) {1 -p— > QSf(ysfé)}
s=Ny
1—
> (1—=p)no+ (m —NO)[l —p— Tp}
1
> 5(1 —p)n.

This contradiction implies that B4 is not true. If BH) holds then from B), @) and
B3) we have
ni1—1
Yni = Pratny—k + (L=p)na+ Y (s =1+ 1) f(ys—0)
s=No
>p(ni —k)+ (1 —p)ny =ny — pk < nq.

This is also a contradiction and so ([BH) is not true. Therefore [B3)) holds. It is easy to
see that {y,} satisfies the equation

AQ(yn - pnyn—k) + an(yn—é) =0, n>Np.

This shows that {y,} is a positive solution of equation () with the desired asymptotic
behavior. The proof is now complete.
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