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THE TWO DIMENSIONAL GENERALIZED WEYL
FRACTIONAL CALCULUS AND SPECIAL FUNCTIONS

V.B.L. CHAURASIA AND MUKESH AGNIHOTRI

Abstract. The object of this present paper is to derive a relation between the
two dimensional I-transform involving a general class of polynomials and the Weyl
type two dimensional Saigo operators of fractional integration. The results derived
here are general in nature and include the results given earlier by Saigo, Saxena
and Ram [10],Saxena and Ram [§8], Saxena and Kiryakova [9] and Chaurasia and
Srivastava [12].

1. Introduction

A. K. Rathie [11] introduced the I-function in the form

I(Z) _ m,n[z] — mon |:Z (al,Alaal)a s (avapaap)

pa pa (ﬁl;Bhbl)w"7(ﬁQ7Bqabq)
1 100
= 9 9(§)z§d§, (1)
T J —ico
where . .
(B — B;&)} | [T (1 — o + A;6)}%
[T, = By [T (1 = a; + 4;6)}
j=1 j=1
0(¢) = —; 7 ; (2)
[T ra—-s+B63" [ {T(ay - 4;6)}1
Jj=m+1 Jj=n+1
where aj, 7 =1,...,pand b;, j = 1,...,q are not, in general positive integers. Clearly

for non-integral values of a; or b;, (1) is not expressible as an H-function. Here z may be
real or complex but is not equal to zero and an empty product is interpreted as unity;
p,q,m and n are integers such that 0 < m < ¢; 0 <n <p, 4; >0 (j = 1,...,p),
B >0(=1,...,9); aj, 5 =1,...,pand 3;, j = 1,...,q are complex parameters.
The contour in (1) is presumed to be the imaginary axis Re({) = 0 which is suitable
indented in order to avoid the singularities of the gamma functions and to keep these
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singularities at appropriate side. For a; not an integer, the pole of the gamma functions
of the numerator of (2) is converted to branch point. The branch cuts can be chosen in
order that the path of integration can be distorted for the contour Re(£) = 0 as long as
there is no coincidence of poles from I'(3; — B;¢) and I'(1 — a; — a;€). The sufficient
conditions for the absolute convergence of the contour integral (1) is given by

m n q p
Q= "[b;Bil+ Y la;A;l = > b;Bjl— > lajA;] >0. (3)
i=1 i=1 j=mt1 j=nt1

This condition provides exponential decay of the integrand in (1), and region of absolute

convergence of (1) is

Qr

Jarg(2)] < - @

Srivastava [2] introduced the general class of polynomials

[7]
S’rn{b[z] = %An,kxka n=0,1,2,..., (5)
k=0 )

3

where m is an arbitrary positive integer and the coefficients A, ;; (n, k > 0) are arbitrary
constants, real or complex. By suitable specialization of the coefficients A,, i, the general
class of polynomials can be reduced to large spectrum of polynomials as cited in the
papers referred to above.

2. Fractional Integrals and Derivatives

An interesting and useful generalization of both the Riemann - Liouville and Erdelyi
- Kober fractional integration operators is introduced by M. Saigo [5], [6] in terms of
Gauss’s hypergeometric function as given below. Let u,v and w are complex numbers
and let z € Ry = (0,00) following [5], [6] the fractional integral (Re(u) > 0) and
derivative (Re(u) < 0) of the first kind of a function f(x) on Ry are defined respectively
in the forms

—u—

u,v,Ww po T Y ’ u—1 . C. S .
0,z f - F(u) /O (1' - 8) 2F1(U + v —w; 1- E)f(S)dS, RG(U) > 07 (6)
dn Uu+n,v—n,w—mn g,
= wl‘o’z f, 0 S Re(u)+n§ ]., (n: 1,2,3,...). (7)

where o Fy (p; o3 1; -) is Gauss’s hypergeometric function. The fractional integral (Re(u) >
0) and derivative (Re(u) < 0) of the second kind are given by

1 o0
T f = m/x (s — )" ts™ Y o Fy (u 4 v, —w;u; 1 — %)f(s)ds7 Re(u) > 0,(8)

n
= (—1)”d—J“+"’”_"’“’f; 0<Re(u)+n<1, (n=123,...). 9)

dxn x,o0
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The Riemann-Liouville, Weyl and Erdelyi-Kober fractional calculus operators follow as
special cases of the operators I and J as detailed below.

Ry =1 = o [ o= 9" s Refu) >0 (10)
= ddnn RyE'fi 0<Re(u)+n<1, (n=1,23,..). (11)
Wl =Wt = o [0 s Rel) > 0 (12)
=(-1)" dd:" Wyilnfi 0<Re(u)+n<1, (n=1,23,...). (13)
B =1 =T [ s s s Relw) >0, (14)
KESf = I220f = s [ s Rew >0, (15)

Following Miller [3] we denote by S7 the class of functions f(x) on R4, which are infinitely
differentiable with partial derivatives of any order behaving as o(|x|™7) when  — oo
for all 4. Similarly we denote Sa, the class of functions f(z,y) on Ry x Ry, which are
infinitely differentiable with partial derivatives of any order behaving as o(|z|~ 7, |y|~72)
when & — oo, y — oo for all v; (i = 1,2). The two dimensional Saigo operator of Weyl
type fractional integration of order Re(u) > 0, Re(n) > 0 is defined in the class Sy by

B
u,v,w « x y u— — —Uu—v —
T T £ () / / (t - 2)* 1 (¢ — gyt
2F1(u + v, —wiu; 1 — ;)2F1(77 + 8, —a;m; 1 — %)F(tvc)dtdc, (16)

where v, 3, w, « are real numbers. More generally, a Saigo operator of Weyl type
fractional calculus in two variables is defined by the differ integral expression

_1\M+N v, 3 M+N
w,v,w TN, 5,0 _ ( 1) Yy 0 / / t u 1 n— lt u—v ,— n—_3
T @) = AN 5Ty 2 ()

2F1(u+ v, —wyu; 1 — ;)2F1(77 + 6, —a;n; 1 — %) (t,c)dtde, (17)

for arbitrary real v and n, M, N = 0,1,2,.... For f(z,y) € Sz this differ integral exists
and also belongs to Sz [3].

In particular, if {Re(u)+ M} > 0, {Re(n)+ N} > 0 then (17) yield partial fractional
derivative of f(x,y).

On the other hand if we set v = § = 0, (17) yield the Weyl type Erdelyi-Kober
operators in two dimensions

K3 Kol f ()] = T It 1 (a, )]
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(_1)M+N a 6M+N u+M 1 n+N—-1
" T(utM)T (77+N ) 9z M oy N “-a) (c=y)

t~U e TR (L, e)dtde. (18)

3. Two-dimensional Laplace transform and I-transforms involving a general
class of polynomials

The Laplace transform u(a,b) of function f(x,y) € So is defined

(a,b) = LIf(z, 9); 0,b] = / / €95 f (3, y)drdy, (19)

where Re(a) > 0, Re(b) > 0.
Analogously, the Laplace transform of

fldvVa?2 —h?H(x —h), fVy>?—g*?Hy —g)], *>h>0,y>g>0 (20)
and H (s) denotes Heaviside’s unit step function.

Definition. By two -dimensional I-transform A(a,b) involving a general class of poly-
nomials of a function F'(z,y), we mean the following repeated integral involving two
different I-functions with a general class of polynomials

Alab) = AT F ()i i)
(Oél, Ay, al), ceey (Ozz,,7 Ap, ap)

al,p lb o— IIm,n|:al,A
/ / y P ( ) (ﬂl;Blabl)au~7(ﬂanqabq)

AI ’aAl’a ! m
L [(by)A Egi,’Biljljb’l)),...’((ﬂ By bp))]Snf[(by)‘sQ]F(fan)dxdy- (21)

Here, it is assumed that A > 0, g > 0, A > 0, M > 0; A(a,b) exists and belongs to Ss.
Further assume

St [(az)™)

|arga/\|<%, |aurgb/\|<ﬂ (22)
2 2
where
P
Q= Z|b Bj |+Z|%A | - Z 0Bl — > lajA;[ >0 (23)
j=m+1 j*nJrl

’

q

Z|b’B'|+§:|a;A;|_ > vBj| - Z |a Al > 0. (24)
j=1

j=m+1 Jj=n+1
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4. Relationship between two - dimensional I - transform involving a general
class of polynomials in terms of two -dimensional Saigo operator of Weyl type

For Re(u) > 0, Re(n) >0, g >0, A > 0 and A" > 0 then there holds the formula

J“””J”ﬁﬂﬁgfﬁﬁfzZJM{F@aw;moymbH

h g
(ala Ala al)a RN (apv AP) ap)a (17/)7]17151; )‘7 1)) (U+U+U}7p+]_*k151, >‘a 1) :|
v— p+1_k1617 )\a 1)7 (U} —p+ 1- kl(sla )‘7 1)) (ﬁh Bl; bl)a ER) (ﬁcp BQ7 bq)

(W (
Sy (an)

p'+2,q'+2
( ))\/ (O/l’Alhal)?""( /,A//, ;) (1—U—k252,)\l,1),(77+ﬁ+0é o+1— kg&g,)\/,l)
| (8= 01~ kado, X, 1), (@0 -+1— koo, X, 1), (B BLLBY), . (8, Bl B)
S::f[( y)2]F (2, y)dady = Ay (a,b), (25)

where, it is supposed that Aj(a,b) exists and belongs to Sy as well as A > 0, X > 0.

Proof. Let Re(u) > 0, Re(n) > 0 then in view of (16) and (21) we have

JE T Aa, b))

a’b? b
7F7// (t—a)* He—b) " H e Py By (ud-v,—aw; u 17—)2F1(7]+ﬂ,ﬂ n,lfz)

{/hoo/oaz)ﬁ(‘:y)“%” () M) Sm ()™ 117 o [(ey)™ 1S [(ey) ™) F y)dxdy}dtdc. (26)

On interchanging the order of integration which is permissible due to absolute con-
vergence of the integrals under consideration and on evaluating the t- and c- integrals
through the integral formula Erdelyi [1]

()T (p)T(v+p—a—p)
L(y+p—a)l(y+p—p)

1
/ 27N —2)P Py (a, By w)de =
0

for Re(y) > 0, Re(p) >0, Re(y —p—a —3) > 0.
For a little simplification L. H. S. of (26) become our required result (25).

5. Special cases

(i) By applying our results derived in (25) to the case of Hermite polynomials G. Szego
[4] and H. M. Srivastava [2] by setting

1 k

S%(2] — x2 H,( ) in which case m =2, A, = (—1)

)

2

B
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we have the following interesting consequence of the main result

Ju”wjnﬁa[Am o Zmn’ 2{F(ac,y);p,o;a,b}}

P,q;n1,P,q" ;2

71.115171 0+n252 1 ym+2.n
/ / ax) (by) L5 0o

ax )\ (0&1,141,0,1) (apaApaap) (1—p—k1(51,)\,1),(u+v+w—p—|—1—k¢161,)\,1)]
L (U p+1 k1617)‘ 1) (U} p+1_k1617)\;1)7(ﬁ1;B1;b1)7"'7(ﬁanQ7bq)
[ 1 m’'4+2,n'
Hpy, _2(7)51} Ty o gto
] @ A1 00), - 0 Ay ), (1= o, X, 1), (B a0 +1—hdy, X', 1)
L v (ﬁ—0+1—k2(527)\l,1),(06 U+1 k2527)\71);(ﬁhBiabll)a'"7(ﬁ(ll’7Bl’ab;)
r 1
H,, | ——=|F(z,y)dzdy, 27
T Fla)dady (27)

(ii) For the Leaguerre polynomials (G. Szego [4] and H. M. Srivastava [2]) by setting
Sliz] — L )[:E] in which case m =1, A, = (”';O‘/) and (25) reduces to the
following formulae

1
(a/+1)g

Juijnﬁa[Amnlm n' I{F(x’y);p’g;a,b}}

P,q;n1,p",q ;N2

g
(alaAlaal) (apaApaap)v(]-pkl(Sla)\al)v(u+v+wp+1k1517>\a1):|
(’U P+]— k1517>‘ 1) (wip‘i’l7k1517>\a1)7(ﬂlaBlabl)a”~7(ﬂ¢1aB117bq)
(a)[( al}lmwn

(aw)

p'+2,q'+2
(b W (o, AL, al), ..o (A, Ay ay), (1—0—1@252,)\’,1),(77—1—5—1—@ o+1—kada, N, 1)
(6 o+1-— k2527>‘ 1) (a O—+17k2527)‘/71)a(6iaBiab/1) (6//7B/U ;)

[(by) Q}F (z,y)dwdy. (28)

(iil) For the Jacobi polynomials (G. Szego [4] and H. M. Srivastava [2]) by setting S, (z) =
pis )(1 — 2z) in which case m =1 and A, = (”Za’)% in (25) reduces to
following formulae

Ju”wjnﬁa[Am o lim/n's1 {F(x,y);p,o;a,b}}

P,q;n1,P",q" ;2

A i
g

{(ax))‘ (a1, Ar,a1), ..., (ap, Apyap), (1—p—k161, M\, 1), (u+v+w—p+1—Fkid1, A\, 1)
(U7P+1*k1517)‘ 1) (wip‘i’l7k1517>\a1)7(ﬂlaBlabl)a”~7(ﬂ¢1aB117bq)

Pfﬁ‘"ﬁ/) {1 — 2(am)51} I;n+§2q”+2
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(O/laAllaall)a ceey (O‘;;MA;)UG';)’)? (170—*1172527)\/7 1); (ﬂ+5+a*0+1*k252, )‘/a 1)
(ﬁ—0+1—k2(52,)\l, 1), (Oé—O'—l—l—k’g(SQ,)\l, 1), (ﬁi,Bi,bll), RN (ﬁ;,,B; b )

7 Vg

[(by)x

P [1 = 2(by)™ | F(z, y)dady, (29)

6. Some known results

(i) When the exponents b; (j =1,...,m)and a; (j =n+1,...,p) in (25) are unity ,
the I-function reduces to H-function and we arrive at the result given by Chaurasia
and Srivastava [12, pp.237-249].

(ii) On taking a; = b; = 1, n1 = ne = 0 in (25), we arrive at the result obtained by
Saigo, Saxena and Ram [10, pp.63-73].

(ii) For a; =b; =1, n1 =ne =0 =w = « in (25) we have a result, earlier proved by
Saxena and Kiryakova [9, pp.133-140].

7. Relationship between one-dimensional I-transform involving a general class
of polynomials in terms of one-dimensional Saigo operator of Weyl type

Definition. Let A(a) be the one-dimensional I-transform involving a general class of

polynomials of F(z) defined by

Pp,q,n1

(o)

Ala) = Ap EF (2); p, al :/h (az)?~ L% [(ax) ]S} [(az) ) F (x)de, (30)
provided that A(a) exists and belongs to S; where A\ > 0, |arga®| < $Qm, F(z) =
F(dvx? —h?)H(z — h).

For Re(d) > 0, h > 0, A > 0 and then the following formula
ju,v,w {Am’n’ml{F(:L'); P a}} _ / (ax)pfljm—iﬂ,n
h

a,00 p,q,n1 p+2,q4+2
(az))‘ (ala Al; al)a LR (apv Apa ap)v (17/)7]{357 >‘a 1)7 (u+v+w+1*p*k6a >‘7 1)
(’U*p+171€5, )‘7 1)) (w —p+ 1- k57 >‘a 1)7 (61; Blv bl)v ceey (ﬂqa Bqa bq)

Syt [(am)‘s]F(x)dx = Aq(a), (31)

holds, provided that A;(a) exists and belongs class 5.

v a

/00(5 —a)" STV S By (u v, —wiuy 1 — g)f(s)ds (32)
0

ju,'u,w — a

SR
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8. Special cases

(i) We take v = 0 then J»%¥f = K% f are the one-dimensional Erdelyi-Kober
operator of fraction integration defined by (15) then the (31) reduces to the following
formula

(o]
Kzla)] = [ Gy i,
3

[(ax)k (a1, Ar,a1), ..., (ap, Ap,ap), (utv+w+1—p—kd, A\, 1)
(U} —p + 1-—- kéa )‘7 1)) (ﬁh Bl; bl)a sy (ﬁcp BQ7 bq)
Sﬂl[(aac)‘s]F(x)dx, (33)

(ii) By applying our results derived in (31) to the case of Hermite polynomials G. Szego
[4] and H. M. Srivastava [2] by setting S2[z] — 2("/? H,,(51~) in which case m = 2,

2z
An,k = (_1)k7
TU,V,W m,n,2 . e p+ 67;1 —1m+2,n
Ja,oo [Ap,q,nl{F(z)apaa}} = ; (ax) Ip+2,q+2
(ax)A (a1, A1,01), ..., (ap, Ap,ap), (1—p—ko, A\, 1), (u+v+w+1—p—Fkd, A\, 1)
(v—p+1—=Fko,\, 1), (w—p+1—kdA\1),(61,B1,01),...,(8y, By, by)
1
H, | ——— ) F(x)dx, 34
o=@ (34)

(iii) For the Leaguerre polynomials (G. Szego [4] and H. M. Srivastava [2]) by setting
Slix] — LY )[Jc] in which case m =1, A, = ("J;al)m and (31) reduces to
the following result

T (AP @] = [,
(ax)A (ala Ala al)a R (apa AP? a’;ﬁ)v (17/)7]{357 >‘a 1)7 (u+v+w+1*p*k5a >‘7 1)
("U*/)ﬁ*]_*k(s’ >‘a 1)7 (U) —p+ 1- k57 >‘a 1)7 (617 Bl; bl)a ceey (61]7 Bqa bq)
L) (ax)?|F (z)dz. (35)

(iv) For the Jacobi polynomials (G. Szego [4] and H. M. Srivastava [2]) by setting
Sp(x) = plep )(1 — 2x) in which case m = 1 and A, = (”Za/)@'/ﬁ%r;rl)k in
(31) reduces to following formulae

T (AP @ pa)] = [ (@,
(ax)A (a1, A1,01), ..., (ap, Ap,ap), (1—p—ko, A\, 1), (u+v+w+1—p—Fkd, A\, 1)
(v—p+1—=Fko,\, 1), (w—p+1—kdA\1),(61,B1,01),..., (8, By, by)
P A1 — 2(ax)’| F(2)dz. (36)
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9. Some Interesting Known Results

(i

) If wetake b; (j=1,...,m)=1landa; (j=n+1,...,p) =1, (31) reduces to the
result obtained by Chaurasia and Srivastava [12, pp.237-249].

(ii) Taking a; =b; =1, ny =ne =0 in (31) we arrive at the result obtained by Saigo,

Saxena and Ram [10, pp.63-73].

(iii) On taking a; = b; = 1, n1 = ng = 0 in (33), we get the result earlier proved by

for

1]
2]
3]
[4]
[5]
(6]

7]

8]
[9]

(10]

Saigo, Saxena and Ram [10, pp.63-73].
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