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BLENDERS FOR A NON-NORMALLY
HENON-LIKE FAMILY

SHIN KIRIKI AND MASAKI NAKAJIMA

Abstract. A blender is an indispensable concept presented by Bonatti and Diaz [3]
to study high-dimensional C'-robust transitive dynamics around heterodimensional
cycles. In this paper, we present a certain Hénon-like family of real quadratic diffeo-
morphisms on R®, which exhibits an phase transition from non-normal horseshoes
to blenders. It can be observable from a rapidly jump of topological dimension for
some projected stable segments in some characteristic region of R?.

1. Introduction
1.1. Non-normally Hénon-like family

A family of real quadratic polynomials
fa,b(za y) = (1 - aac2 + bya Z)

or its topological conjugacy class is called a Hénon family, presented in [15]. Under
appropriate conditions for parameters (a,b), the family exhibits representative dynami-
cal features from horseshoe structures to strange attractors via homoclinic bifurcations,
see [1, 2, 13, 14]. Moreover, the family plays a significant role in more general situa-
tions of two-dimensional dynamics near homoclinic tangencies, see in [5, 17, 18]. On
the other hand, in higher than three-dimension, although several excellent results exist
by using methods extended directly from two-dimensional cases as in [19, 22], certain
new mechanisms different from the two-dimensional cases are required to explain some
phenomena such as bifurcations on heterodimensional cycles studied by Diaz and others
[3, 8,9, 10, 11, 12]. A blender is indeed an essential concept to understand these results,
first presented by Bonatti and Diaz [3, 5, 7]. Especially, it makes a significant contribu-
tion to obtain robustness of cycles close to a given heterodimensional bifurcation in the
C! topology [4]. A precise definition of blender will be present in the next section.
Affine examples of blenders are already presented in [5, §6.2.1] and [7, §3], which are
constructed geometrically by adding three-dimensional deviations to non-normally affine
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horseshoe maps on R3, see the next section. However, as far as authors know, there is no
example which is defined by a real quadratic polynomial, like the Hénon family, which
has blender structures. So, we here present a simple family of real polynomials on R?
defined as follows:

Cabe,d(T,y,2) =(1— az? + by, x, cz+ dx).

Especially, for |¢| > 1, a topological conjugacy class of this family is called to be non-
normally Hénon-like in this paper.

Before stating the main result, let us give a brief overview for the family: If |¢| < 1
and d = 0, since @qp.c.a(®,y,2) = (fap(z,y),cz) is the essentially same as a normally
Hénon-like family which are studied in [22, 6, 21, 16], we can not expect to detect blender-
like structures in such cases. Hence, we should focus on the family for |¢| > 1. Under
the condition d = 0, if a and b satisfy similar open conditions given by Devaney-Nitecki
[13], ¢ has a basic set, called a non-normally hyperbolic horseshoe in [7, §1], such that
(i) the dimension of unstable bundle of basic set is equal to 2; (ii) the restriction for
¢ to the basic set is conjugate to the full shift on two symbols; (iii) the basic set as
well as it’s stable and strong unstable manifolds are all embedded to the zy-plane (see
Figure 1). That is, the nontrivial dynamics of ¢gpcq With d = 0 is no different from
that of two-dimensional Hénon family. Then, in this paper, we study what happens
in three-dimensional dynamics of this family when the value of d varies from 0. In
fact, one will observe that the parameter d controls a structural deviation from non-
normally hyperbolic horseshoe to generate certain distinctive properties with respect to
its invariant manifolds.

Figure 1: Stable, strong unstable segments and local unstable manifold of p in the non-
normally hyperbolic horseshoe for g p 0 for a =5, b = —0.1 and ¢ = 1.1.
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In the end of the section, we introduce one of advantages of our settings: the above
polynomial definition allows us to simulate it on computers. For example, stable, strong
unstable segments and local unstable manifold for some fixed point in the non-normally
hyperbolic horseshoe for ¢q 4 ¢4 With d = 0 can be observed numerically as in Figure 1.
In addition, several numerical pictures of blender phenomena in the case of d # 0 will be
presented in the next section.

1.2. Blenders and main result

To grasp a concept of general blender and its related properties easily, an affine
example in [5, 7] is useful as follows. Let h be a two-dimensional diffeomorphism which
has an affine horseshoe for the rectangle R = [~1,1]? on the xy-plane in R? such that

e (R) N R consists of two sub-rectangles Ry = [—1,1] x I and Ry = [—1,1] X I,
where I, I, C (—1,1) are disjoint closed intervals along the y-axis,

e RN A7 (R) consists of two sub-rectangles h™1(Ry) = J; x [-1,1] and h™!(Ry) =
Jo x [—1,1] where Jy, JJo C (—1,1) are disjoint closed intervals along the z-axis,

e The restriction of h to h™!'(R;y) Uh~!(Rz) is uniformly expanded and contracted
along the x and y-axis, respectively. For simplicity, the expanding ratio is supposed
to be bigger than 2.

Using the affine horseshoe map h, an affine blender map is defined as a diffeomorphism
@ : R? — R? satisfying

B(z,y, 2) = (h(z,y), 5z/4) if (z,y) € h"Y(Ry) and z € [-1,1],

Y2 = (h(x,y), 5z/4—1/2)if (z,y) € h"1(Ry) and z € [-1,1].

A maximal invariant set A = (), o, $"(D), where D = [—~1,1]* is a unit cube, is
called an affine blender which has a uniformly hyperbolic splitting TA = E} ¢ E} where
ER is the one-dimensional stable bundle along the y-axis and E} is the two-dimensional
unstable bundle along the xz-plane, respectively. Therefore, the index (dimension of the
unstable bundle) of A is equal to 2. Set A := Ry x [—1,1] and B := Ry x [—1,3/4] of
&(D) N D (see Figure 2). Denote a saddle fixed point which is contained in A by p.
Observe that the connected component of W#*(p) N D containing p, denoted by W3 (p),
is located on the disk D N {z = 0}. To introduce the following distinctive property with
respect to stable manifold of p, consider an upper subset D := D N {z > 0} of D (see
Figure 2). For given y € [-1,1], z € (0,1) and 0 < € < 1 — z, a two-dimensional subset
S. = [-1,1] x y x (2,2 +¢) in D is called a unstable strip of width . Note that the
unstable strip is tangent to EX.

Lemma 1.1.(distinctive property [3, 5, 7]) The stable manifold W*(p) intersects with
any unstable strip Sc of width € in D for arbitrarily small € > 0.
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Figure 2: Affine blender map and its invariant cones

Remark 1.2. The above lemma implies that W*(p) is projectively dense in l~), that is,
Cl(m, (W*(p) N D)) D DN {x =0},

where CI(+) is the closure of a given set and m, : D — D N {x = 0} is a canonical
projection along the strong stable direction given in the z-axis.

For a given unstable strip S, let w(S) denote the length of the shortest curve in
S which intersects transversely with the strong unstable cone and connects the two
boundary components inside the strip. Lemma 1.1 can be obtain from the following fact:

e For a given unstable strip S. in D, either ¢(S.) intersects W3 (p), or else &(S.)N D
contains a unstable strip " with w(S’) > 5e/4 (see [5, Lemma 6.6] or [7]).

Now, one can extract essences from the above affine model to define general blenders
from a constructive viewpoint as presented in [5, §6.2.2]: Let ¢ be a C! diffeomorphism
on a three-dimensional Riemannian manifold M and D C M be a copy of the three-
dimensional disk [—1,1]3. We say that (D, ) is a blender structure or o has a blender
A =,ez " (D), if it has the following two properties:

e (hyperbolicity) there exist ¢-invariant two unstable cone fields C**, C* with C** C
C" in the tangent space of ¢~ 1(D) N D and ¢~ l-invariant stable cone field C* in
the tangent space of ¢(D) N D such that every vector in C* (resp. C*) is uniformly
expanded by dy (resp. dp~1);
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e (distinctive property) for any two-dimensional strip S tangent to C* crossing D,

— either ¢(S)ND contains a strip S’ tangent to C* which intersects the connected
component of W#*(p) N D containing p,

— or p(S8)ND contains a strip &’ with w(S") > Aw(S) where A > 1 is independent
of S.

Let us now state our result for the non-normally Hénon-like family on R? defined by
cp(:c,y, Z) = Saa,b,c,d(xay; Z) - (]- - a1'2 + bya z, cz + d’I’), (]—1)
where a, b, c and d are real parameters.

Main Theorem. There exists a constant 0 < § < 1/4 such that if the parameters a, b, c,
and d in (1.1) satisfy the following conditions:

1

15(1 + |b])?
1= §,

a>a
4

10
,0<|b|<5,1+|d|<c<§, |d| < (1.2)

then

(1) for d =0, @apeo has a non-normally hyperbolic horseshoe Mg p.co containing a
saddle fized point pyp.c0 satisfying

dim Cl(7, (W* (pa,p,c,0)) = 1.

(2) for d # 0, Qapca has a blender Mo pca = (Npez Pop.ealD) for some cube D =
D p,e.a C R3, containing a saddle fized point p,p c.a satisfying

dim(CL(y (W (pa.p.e.q) N D))) = 2.

Remark 1.3. Numerical simulations in Figure 3 also support the main theorem. In fact,
although uniformly hyperbolicity of ¢4 p.c.a does not break down under conditions (1.2),
geometrical dispersions of stable segments abruptly occurs if d crosses 0, which corre-
sponds to the phase transition from the non-normally hyperbolic horseshoe to blenders.

2. Geometrical property
2.1. Configurations of p-image

The condition (1.2) with d # 0 implies that ¢4 p.c.q has a saddle fixed point of index
2, denoted by
P = Pa,b,ec,d = (l‘p, Yp, Zp)a (2'1)
where

(1-¢)zp, b—1—+/(1-0)*+4a
Ip:yp: d = 2a .
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Figure 3: (a.1) Stable segments for ¢q p.c.q for d = 0 and (a.2) their projective images on
the yz-plane; (b.1) Stable segments for ¢qp ¢ q for d = —0.1 and (b.2) their projective
images on the yz-plane, where (a,b, ¢) is fixed near (5,—0.1,1.11).

Set a three-dimensional disk:
D = Dapea=1{(z,y,2) : |z|, [yl <71, [z = 2p| < 72}

where

|d,|
c—1

T = Tla,b ' =

3(1+[b]) + 24/(1 +]b])2 + 4a
4a ’

T2 = T2a,b,c,d +=—

Note that

[b] + 1+ /(6] +1)2 + 4a 4

<r < -,

2a 5

where the second inequality is obtained from conditions for a and b in (1.2). Denote each

side panel in D = Dgpcq by X+ = X:fb’c’d ={r=4r}ND YT = Yaﬁfb’c’d ={y =

+r}ND, and Z* = Z;tb ed =12 =2, £r2}ND. Remark that positions of D, . 4 and
the xy-plane vary according to d, as shown in Figure 4, satisfying as follows:

(2.2)
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Figure 4:

o ford<0,72,,.,C{z=—2r} and Z;”b,c’d c{z=0}
o ford>0,7;,, ,C{z=0}and 27,  ,C{z=2r}

In the next proposition, we observe the positional relationship between ¢g p c.qa(D)
and D under the parameter condition (1.2).

Proposition 2.1. If the parameters of ¢ = ©q.b.c.a satisfy (1.2), then the intersection

between p(D) and D consists of two disjoint components A = Aqpecd and B = Bapc.d
which satisfy the following conditions:

(1) If d < 0, then

AN(YEUp(XTuzH)) =2, BNn(YFUZTUup(X*UuZ))=0.
(2) If d > 0, then

AN(YEUp(XTuZz%)) =2, BN(YFUZ Up(XTUuZh)) =0

Proof. First, let us show the case of d < 0. Set the points on the edges of D as

= (0,—7r1,0), Pg =(0,—7r1,—211),

= (xry,—r1,0), (:l:rl, —ry, —2r1),
= (0,74,0), = (0,71, —21r1),

= (xry,71,0), = (Lry,m, —2r1).

See Figure 5.

We here consider a canonical projection 7, : R3 — R? along the z-axis. Since
T2 0 Pabed(®,Y,2) = fap(z,y) which is the two-dimensional Hénon family given in the
introduction, the same discussions as in [13] hold for 7, 0 ¢ := 7, © Y4 p.c.d, as follows:
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Figure 5: D and ¢q p.c.a(D) when b,d < 0.

e By (2.2),
1+bry >1—|blry >4/5> .

Hence, 7, 0 p(P1) = (1 —br1,0) and 7, 0 o(Q1) = (1 + br1,0) are contained in the
half-plane {x > r;}. Also, by (2.2)

1—ar?£br; <1—ar? —|blr; < —r1.

Then, for each i = 1,2, m, 0 p(P;) = (1 —ar? —bry, —r1), T 0p(P") = (1 —ar? —
bri,m), m.0o9(Q;) = (1—ar? +bry, —r) and 7, 0 (Q)) = (1 —ar} +bry,r;) are
located on {z < —r1}. See Figure 6.

o mop(Y) (resp. m,0p(Y 7)) is a quadratic curve between m,0p(Q;") and m,0p(Q;)

(resp. 7, o p(P;") and 7, o ¢(P;)) which has the critical point 7, o ¢(Q;) (resp.
7, 0 p(P;)). See Figure 6.

Next, consider the other projection m, : R3 — R? along the y-axis. One can observe
the following situations (see Figure 7):

e Since myop(P) = (1—bry,0) and myop(P; ) = (1—ar?—bry, —dry), the subsegment
of my 0 o(Z ) between these points has no intersection with m,(Z*). On the other
hand, the remaining subsegment of 7,0p(Z ) between 7,00 (Py) and 7,00 (P;") has
has no intersection with m,(Z"), and penetrates 7, (D) from 7, (X 1) to m, (X ™).
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Figure 6: Projections of D and ¢(D) on the zy-plane for b, d < 0
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Figure 7: Projections of D and ¢(D) on the xz-plane for b,d < 0

e By direct calculations,
—2crg — dry < —2rs.

Therefore, the subsegment of m, o ¢(Z~) between m, o p(Ps) = (1 — br1,0) and
my 0 @(Py ) = (1 — ar? — bry, —2cry — dry) has no intersection with m,(Z 7). Also,
the subsegment of 7, 0(Z~) between 7, 0p(P,) and 7, 0¢(P;") has no intersection
with m,(Z7).

From the above facts,
A:=pD)NDn{z <0}, B:=¢pD)NnDn{z>0}

satisfy the claim (1) of this proposition. One can check similarly the case (2) for d > 0.
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2.2. Stable cone field and structural deviation

The next lemma is a technical result to construct cone fields assuring the uniform
hyperbolicity in following several propositions. Let A and B be the components of
©(D) N D in the above Proposition 2.1.

Lemma 2.2. Suppose that a and b satisfy (1.2). Then
(1) [z] > (L+[b])/a for (z,y,2) € ¢~ (AUB),
(2) |yl > @+ |b])/a for (z,y,z) € AU B.
Proof. For (z,y,2) € ¢ (AU B),
11— az? +by| <rq

where 1 = {3(1 + [b]) + 2+/(1 + |b|)? 4+ 4a}/(4a) given in the main theorem. Then, we

have
|x| > a2\ /1=rpB= 2—1a\/4af B(306 + 2+/ 2% + 4a),

where (3 := 1+ [b]. Observe that, for every a > 1532 /4,

%(zm — B3B8+ 24/ 5% + 4a)) > 0.
So, for any a > 1532 /4, we get
1 2 1 2 2 5 _ D
2—\/4a76(36+2\/ﬂ T40) > /1502 — B30 + 2/ + 152 = 2.
a 2a a

That is, |z| > (1 + |b|])/a. Moreover, one can check |y| > (1 + |b])/a in essentially the
same way as above.

We here construct a stable cone field C® for which central angle is dependent on the
parameter b. The inverse function of (1.1) is given by

1 r—14+ay? z—dy

(pa,b,c,d(x7 Y, Z) = (y7 b ) c ) (23)

Proposition 2.3.(stable cone fields) Let

¢*(a) =C(a) = {(&n. Q) e T,D + VIolnl = VE+ T}

for each ¢ € AU B. If the parameters of © = pqap.c.a satisfy (1.2), then each v € C*(q)
satisfies (dp=1)qv € C5(p~1(q)) and |(dp~1)4v| > plv| for some constant p > 1.
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Proof. Write ¢ = (x,y,2) € AUB and v = (&, 7,() € C(q). From the direct calculation,
u = (6-1,m-1,C-1) = (dp™")qv = (0,07 (€ + 2ayn), ¢~ (¢ — dn)).
By the fact |n] > /€2 + (2 > [€],]¢], and conditions ¢ > 1, |d| < 1/9 in (1.2),

€1+ <P e+ ldnl)? <P {1+ 21+ [d)?)
< {14 (1+1/9)%} = 1815%/81 < 2.31°.

Meanwhile, by Lemma 2.2 and 0 < |b] < 1/4,

21 2 bl (2alyllnl — [€)* = [b]72n* (2aly| — 1)*
> Ao {2(1 + [b]) — 13* > 4] 71

Therefore, one has [b|n?; > &2, + (2, that is, u € C*(¢~1(q)). Moreover,
lull = In—1] > 2162 || > 4]n| = 4]}v]),
where || - || is the maximum norm which is equivalent to the Euclidean norm.

As stated in the previous subsection, ¢qp.c.a(D) has the saddle fixed point p in A.
Denote the connected component of W#(p)ND containing p by W3 (p). From Proposition
2.1, we have a two-dimensional subset of the boundary of B which is contained in Int(D)
for d < 0 (resp. d > 0), which is denoted by 7B (resp. 8~ B), see Figure 8.

Figure 8: Positional relationship between W3 (p) and B

Proposition 2.4. Suppose the parameters of ¢ = g p.c.a satisfy (1.2). For any d < 0
(resp. d > 0), there exist a small neighborhood V't (resp. V=) of 0T B (resp. 0~ B) such
that

Vinwg(p) =2 (resp. V- NW35(p) = 2).
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Proof. The upper bound ¢ for |b| in the condition (1.2) will be decided definitely in this
proof. For any d < 0, observe
e '(BycDn{0<z<r}.
Hence, for any (z,y,z) € 91 B, its z-coordinate satisfies
z>dry.

Remark that W5 (p) is a segment through p, for which the tangent space is contained
in the stable cone C;(p) with opening slope is smaller than /|b| as given in Proposition
2.3. Hence, for any (z,y,z) € W5(p),

z < zZp+2r14/|b],

where z, is the z-coordinate of p. For |b| — 0, one get

B d{3(1+ |b]) +2+/(1 + b))% + 4a} R d(3 4 2v/1+ 4a)
4a

d?‘l = drl;a,b = 1a

and
Cdb—1—/(1-b)?+4a) d(—1—+/1+ 4a)

P = Frapes = 2a(l —0) T 2410
Since d < 0 and ¢ < 10/9,

d(—1—+1+4a) - d(3+2v1+4a)
2a(1—¢) da

Therefore, by taking 6 > 0 small enough, for any 0 < |b| < §, one obtain

Zpabea T 2T1;a,b\/m < dri;a,b-

This implies that, for d < 0, W5 (p) is located below 0 B as shown in Figure 8. Hence,
one can take a neighborhood V' of 9 B such that V' N W3 (p) = @.
For d > 0, it is clear that the claim can be shown similarly. This ends the proof.

2.3. Strong unstable and unstable cone fields

Proposition 2.5.(unstable cone field) Let

(@) ={(&m0) eTD : VE+T = Van|}

for any q € ¢ Y (AU B). If the parameters of ¢ = @ap.ca satisfy (1.2), then each
v € C%(q) satisfies (dp)qv € C*(p(q)) and |(dp)qv| > plv| for some constant p > 1.
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Proof. For any ¢ = (z,y,2) € ¢ ' (AU B) and v = (£,7,¢) € C%(q), set

w = (5177717 Cl) = (dcp)qv = (720’1'5 + bn7§7c< + df)

For simplicity, use the maximum norm || - || same as in the previous proof. By the
condition ¢ > 1+ |d| in (1.2),

[wl = max{|&, [ml, [C1[} = el¢] = [d]|€] > (c = [d])IC] > [C]. (2.4)
The proof will be divided into the following three cases:

e First consider the case: || > |n|. By directly estimations,

& + ¢t = {20€1(1 + [b]) — bnl}* + (|e] — |dé])?
> {20€[(1+ [b]) - |bg[}? > 4€2 = 457

Hence, w € C*(¢(q)).

It 1¢] =[],
[0l = max{[¢], [nl, <]} = [€]-

By Lemma 2.2, we have

Jw[l = max{[&1 ], [m], 1]} = [2ax€] — [bn] > 2[¢],

That is, |w|| > 2|v]|.
On the other hand, if [£| < ||,

[[o]] = max{[¢], n, [¢]} = IC].

By (2.4), we get ||w| > p|lv|| where p > 1 is some constant.
e Next, consider the case: |n| > [¢] and |¢| > v/2[¢|. By the condition ¢ > 1+ |d| in
(1.2)
&+ ¢ = (e¢| = 1dg])? > (¢ (el = dN)? > [¢]* > 2[¢]* = 2|m|*.

Then, we get w € C*(p(q)).
Since v2[n| < /€2 + (2 < /12 + (2, one can get || < |¢| which implies that

l[oll = max{[¢], [n], <]} = I<]- (2.5)

So, from (2.4), we obtain ||w]|| > p||v]|.
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e Finally, consider the remaining case: |n| > |¢| and (| < v/2[¢|. Since the previous
(2.5) also holds,
V21 = (¢l > Inl > 1¢].

So, one can estimate as follows.

&+ G = {20€](1+ b)) — [onl}* + (le¢| — |dg])* > {21€] (1 + [b]) — [bg]}?
> {20€(1+ b)) — V2I¢[pl}* > 4¢% = 4n}.

Thus, we obtain w € C*(¢(q)). Moreover, by Lemma 2.2,
[wll = | = 2az8 + bn| > 2alz|[C] — [blIn] > 2(1 + [b])IC] — [b]|C] > 2|¢] = 2|v].
Now therefore, these cases complete the proof of this proposition.

Proposition 2.6.(strong unstable cone field) Let

ci(q) = {(&m Q) € T,D : I¢] = VaViP + 7}

for every q € ¢ (AUB). If the parameters of o = pa.p.c.a satisfy (1.2), then (dp),C*"(q) C
C((q))-

Proof. For given ¢ = (2,y,2) € ¢ 1 (AU B) and v = (£,71,¢) € C*(q), write
(1,11, C1) = (dp)gv = (=2a2€ + bn, &, <€ + dE).
By Lemma 2.2 and [¢]/v/2 > |51, ||, one can obtain
& > (2ala([€] - [bn))* = {2(1 + [p])IE] — [bll€]/v2}? = 4€.
From the condition (1.2), observe that |d| + ¢/v/2 < 1. Therefore, we get
0t 4 CF < €+ (1de] + elg)? < {1+ (d] +¢/V2)*)€* < 27,

which concludes (£1,11,¢1) € C**((g)). This ends the proof.

3. Proof of main result
3.1. Characteristic region in D

We say that a segment L is unstable (resp. stable) through D, if (i) T,.L C C"*(x)
(resp. C%(z)) for every z € L; (ii) one of the end-points of L is contained in X (resp.
Y ") while another is contained in X~ (resp. Y ). Moreover, we say that an unstable
segment L* through D is in the upper (resp. lower) region to a stable segment L*
through D, if L™ dose not intersect L®, and L“ is in the homotopy class of the segment
Lt =[—ry,r] x {0} x {ra} (vresp. L™ = [—r1,71] x {0} x {—r2}) in D\ L. See Figure
9.
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Figure 9: L is located in the upper region of W5 (p).

Proposition 3.7. Suppose the parameters of ¢ = Yqp.c.a satisfy (1.2) with d < 0 (resp.
d > 0). Then, there exists a neighborhood U~ (resp. UT) of Z= (resp. ZT) on the
boundary of D = Dgpc.a such that every unstable curve L" through D in the upper
(resp. lower) region of W3 (p) dose not intersect U~ (resp. U™T).

Proof. We here show the claim for d < 0. In the case for d > 0, the proof is essentially
same. By p € Int(A) and Proposition 2.3,

(Wi(p)nA) N (ZEfuXx*) =o.

Therefore,
Wi (p) C Int(p™" (A)).

Also, from Proposition 2.1, one can get immediately
e N AN ZFUuXE) =02

That is, it implies the existence of a sufficiently small neighborhood U™ of Z~ satisfying
U~ N 1(A) = 2. Hence, one can get not only W5 (p)N\U~ =@ but L*NU~ = & for
any unstable curve L* in the upper region of W5 (p).

3.2. Sufficient condition for the blender structure

The following properties for ¢, 3 4 Will be sufficient to show the existence of blenders,
which are corresponding to the conditions given primarily by Bonatti-Dias [3, p.365-369].

Lemma 3.8. Suppose the parameters of ¢ = @ap.c.a satisfy (1.2) with d < 0 (resp.
d>0).
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(I) There exists a box D = Dy pca C R such that D N (D) contains a connected
component A disjoint from Y+ and o(X* U Z%), and contains another connected
component B disjoint from Y=, ZT and o(XT U Z7) (resp. o(XTUZT)).

(IT) There exist cone fields C*, C*, C*" and a constant p > 1 satisfying as follows:

(IL.a) For every x € AU B and every vector v € C*(x), the vector w = (dp~1),v
belongs to the interior of C*(p~1(x)), and |w| > p|v|;

(IL.b) For every x € ¢ '(A) U Y (B) and every vector v € C%(z), the vector
w = (dp)gv belongs to the interior of C¥(p(x)), and |w| > plv|;

(Il.c) For every x € ¢ *(A) U ¢ 1(B) and every vector v € C*“(z), the vector
w = (dp)gv belongs to the interior of C*"(p(x)).

(IIT) Let W .(p) be the connected component of W*(p)N D containing p with index(p) =
2, which is a unique saddle fixed point for ¢ in A. There exists a neighborhood U™
(resp. UT) of the side face Z~ (resp. ZT) of D such that every unstable curve L*
through D in the upper (resp. lower) region of W2 _(p) dose not intersect U~ (resp.
Ut).

(IV) There exist a neighborhood U of Z of D and a neighborhood V of W .(p) such
that, for every unstable curve L™ through D in the upper (resp. lower) region of
Wg (p), one of the two following possibilities holds:

loc

(IV.a) (L) N A contains a unstable curve through D in the upper (resp. lower) of
Wi . (p) and disjoint from U (resp. U™);

(IV.b) ¢(L) N B contains a unstable curve through D in the upper (resp. lower)
region of Wi, .(p) and disjoint from V.

Proof. The claim (I) corresponds with Proposition 2.1, and claims in (II) are exactly
same as those in Proposition 2.3, 2.5 and 2.6, respectively. Also, Proposition 3.7 implies
the claim (III). Finally, by Proposition 2.4 with Proposition 2.3-2.6, we can conclude
(IV) immediately

Finally, the proof of the main theorem in Subsection 1.2 is provided as follows.
Proof of Main Theorem. For d = 0, the claim (1) of the main theorem is trivial
from the observation in Subsection ??. For d # 0, since @qp¢,q satisfies the above
geometric conditions (I) - (IV) of Lemma 3.8, from [3, p.365-369], one can directly obtain
a blender [,z ¢4 p.a(D) as claimed in (2). The dimensional property for projected
stable segments is also obtained from Lemma 1.1. This completes the proof.
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