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FRACTIONAL CALCULUS OF THE H-FUNCTION

LAL SAHAB SINGH AND DHARMENDRA KUMAR SINGH

Abstract. The subject of this paper is to derive a fractional calculus formula for H-
function due to Inayat -Hussain whose based upon generalized fractional integration
and differentiation operators of arbitrary complex order involving Appell function
F3 due to Saigo & Meada. The results are obtained in a compact form containing
the Reimann-Liouville, Eredlyi-Kober and Saigo operators of fractional calculus.

1. Introduction

H-function. The H-function introduced by Inayat-Hussain [1] in terms of Mellin-
Barnes type contour integral, is defined by

(ai, Aj; )1, (@A) ns1p
(bjaBj)l,mv (bj7 Bj; ﬁj)m—i—l; q
1

= — 5d 1.1
57 ], X(0)2" ds (1)

H]W'z] = H[z] = H]'}" [z

11 T(0; — Bys) T {T(1— 0 + Ays)}™
_ Jj=1 Jj=1
where x(s) = —; o , (1.2)
Il 1{r(147bj47£gs)}ﬁf_ 1L Ta; — 4;s)
j=n

j=m+

which contains fractional powers of some of the gamma functions L = L;,~ is a contour

starting at the point 7—ioco, terminating at the point 74+ico with 7 € R = (—o00, 00). Here

z may be real or complex but is not equal to zero and an empty product is interpreted

as unity; m, n, p, ¢ are integers such that 1 <m < ¢, 0<n <p; 4; >0 =1,...,p),

B;>0(=1,....¢) and a;j(j = 1,...,p) and b;(j = 1,...,q) are complex numbers.

The exponents «; (j =1,...,n) and 3; (j =m+1,...,q) take on non-integer values.
Also, from Inayat-Hussain [1], it follows that

_ . b.
m,n _ ¢ * 3 7
H)' [zl =o <|z| ) for small z, where (* =  foin [Re (Bj)] (1.3)

and
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[ym,n _ & x . aj -1
H)'W"[z] = o(|z] ) for large 2z, where §* = [max. Re {aj ( Y )] . (1.4)

When the exponents o; = 3; = 1V ¢ and j, the H-function reduces to the familiar
Fox’s H-function defined by Fox [3], and see also Mathai and Saxena [2].

Buschman and Srivastava [8, p.4708] have shown that the sufficient condition for
absolute convergence of the contour integral (1.1) is given by

P

Q= Z|B|+ZI%AI— Z 8Bl — D 14,1 >0 (1.5)

Jj=m+1 j=n+1
This condition evidently provides exponential decay of the integrand in (1.1) and the
region of (absolute) convergence in (1.1) is

1
largz] < §7TQ. (1.6)

Saxena [5, p.127] has shown that H(z) makes sense and defines an analytic function
of z in the following two cases:
LU >0and0<|z] < oo,

m n P
where =B+ Z B b;| = [Ajai]— > 14 (1.7)
7j=1 j=m+1 J=1 j=n+1

II. ¥ =0 and 0 < |z| < 6! holds,

where § — {ﬁ (Bj)Ba} { Jii (Aj)Aa'aj} { i (Aj)Aj} { T (Bj)Ba'bj}. (1.8)

j=1 Jj=n+1 Jj=m+1

A relation connecting LY (2), the polylogarithm of complex order v, and the H-function
is derived by Saxena [5, p.127, eq.(1.12)] as

(1,1;0) } . (1.9)

v _ _171
L (z) = Hy} {Z (0,1),(0,1;v — 1)

An account of LV (z), the polylogarithm of complex order v is available from the book
by Marichev [4].

2. Generalized fractional calculus operators

Let a, 8,m € C and x € R ; then the generalized fractional integration and fractional
differentiation operators associated with Gauss hypergeometric function due to Saigo [6]
are defined as follows.

@B xap xx_ a—1 o o _E ela .
G5 =T [0 oh (arsomai =) 0@ (Rel@)>0) 21)
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= LTI @) (Rele) < 0 = [Re(-a)] + 1); 22)

(129 1)w) = s [ -0 o (0 B omas =) S0t
(Re(a)>0); (2.3)
= (C1 T ) (Re(a) < 0in = [Re(—a)] +1) (24)

and

(D)) = (g™ ) ) = ([t ommetnn py
(Re(er) > 0;n = [Re(a)] +1);  (2.5)
(D)) = (125 ) (@) = (1) A (2Pt )
(Re(er) > 0;n = [Re(a)] +1).  (2.6)

The Riemann-Liouville ;Weyl and Erdelyi-Kober fractional calculus operators follows
as special cases of the operators Iﬁ’ﬁ’”and 1P as shown below

(B3 )le) = (057" Dle) = s / S0 f(@dt (Re(o) >0 (2.7)
d(inn (RS " f)(x) (0 < Re(a)+n<1yn=1,2,...); (2.8)

(WaoH)(@) = U272 f) (@) = ﬁ/w(tw)alf(t) dt (Re(a) >0); (2.9)
d’n

:(_1)"CM—R(W;;" )(z) (0< Re(a)+n<1l;n=1,2,..); (2.10)

(B (@) =I5 f) (@) = xr_(:)n /Ow(x—t>“‘1t"f(t>dt (Re(@)>0); (211)
M

(KoL f) (@) = (1207 f)(z) =

[ee]
a—1 ,—q—

() /l (t — ) t~7f(t)dt  (Re(a) >0). (2.12)

Now here the definition of the following generalized fractional integration and differ-
entiation operators of any complex order involving Appell function F3 due to Saigo and
Meada [7, p.393, Eqgs.(4.12) and (4.13)] in the kernal in the following form.

Let o, o/, B, B', v € C and z > 0, then the generalized fractional calculus operators
involving the Appell function Fj are defined by the following equations:

x—a

ING0)

(I ) (w) =

/ = (z—t)" ' Fy (a,a',ﬁ,ﬁ';% 1— é 1— %) f(t)dt
0
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(Re(v) > 0); (2.13)
= LS ) @) (Re(y) < 05m = [~ Re(3)] + 1); (214)
1 ) = s [T a) T R (a8 - T ) s
(Re(v) > 0); (2.15)
= (1) (S )
(Re()<Oin=|-Re(z)]+1)  (2.16)
and
(DG 77 ) (@) = (LT T ) ) (2.17)
T
(Re(y) > Osn = [Re()] +1);  (2.18)
(DX T f) () = (127 ) ) (2.19)
= T )

(Re(y) > 0;n = [Re(vy)]+1). (2.20)
These operators reduce to that in (2.1)—(2.6) as the following.

I ) @) = (I @) (e O); (2.21)
(2P ) @) = (I @) (v e Q) (2.22)
(DG )@) = (DTN @) (Re(y) > 0) (2.23)
(D2 f) ) = (DT @) (Re(y) > 0). (2:24)

Further from Saigo and Meada [7, p.394, eqs.(4.18) and (4.19)], we also have

o B8y pe +y—a—ao -0, p+ 5 —d 1
7% 8,8y p—1 =T PP p—a— aJr’Y 2.25
O L e L VR . (2:25)

where Re() > 0, Re(p) > max[0, Re(a + o + 3 — ), Re(a¢/ — 3)], and

a0’ BB’y o1 Itata’=y=p,ltatf'=y=p1=f=p| ,a-a'tr-1
(- 7@ = F[l pl+ata’ +8 —y—p,1+a—F—p !
(2.26)
where Re(y) > 0, Re(p) < 1 + min[Re(—0), Re(a + o — ), Re(a+ ' — 7)].

Here the symbols ' @, ? will be employed to the represent the ratios of product
F(a)I‘(,b)I,‘(c)

of gamma functions RORCINOE
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3. Fractional integration of the product H-function

Theorem 1. Let o, d/, 3,0 ,v € C, R(y) > 0. Further let the constants m,n,p,q € Ny,
ajbj € C, AyBj € Ry (i=1,....,p;j=1,...,9), pc C, 0 € Ry, |argal| < TQ, Q>0
and the exponents a;(i =1,...,n) & B;(j =m+1,...,q) ¢ N be given and satisfy the
condition

omax [1,(*] < Re(p) + min[0, Re(y — a — o’ — 3), Re(8' —o')]. (3.1)

Then the fractional integral I(?jra/’ﬁ’ﬁ,” of the H-function exists and the following

relation holds:

(IgJ,ra BB th—lH;)’@én [ato]) (1,)

’ _
— xp-‘r’y—a—a —le,n-i-B

p+3,¢+3
[aaza (aj’ Aj; aj)17n7 (a’jv A]')nJrlyPa (1=p,0),1=pta+a'+B-7y,0),(1-p+ta'—fF, 0) ]
Proof. With equations (1.1) and (2.13), we have from (3.2)

(ij Bj)l,ma (bja Bj;ﬂj)erLq ) (17P+O‘/+O‘7’77 U)a (1*/)4’0/4‘6*’}/, 0')(17/)*6/; 0)
(3.2)

¢ t

T
t_a/ r—t vt F3 (a7al7ﬁaﬁl;7;1_ _51_ E)
ro ), e T

1
- — t7) dsdt
<t oo [ () (et st

(Iél_;_a 8,8 ,’Yggzén [at"]) () =

where x(s) is defined in (1.2) and interchanging the order of ¢ and s-integrals, which is
justified under the conditions stated with the theorem, we have
1

= X(S)as (Iél_;_alﬂﬁ/a’Ythszfl)(I)ds. (33)
211 L

Using (2.25) in the above expression, we obtain

' 1
= pPty—a—a —1_/ X(S)
L

211

o PV /A
{PJFUS;PJFUSJF’Y a—a'=f,ptos+f—a (ax?)%ds. (3.4)

ptosty—a—ad, ptos+y—a’'—=p,p+os+

Which is the required result.
On the other hand, if @' = 0 in Theorem 1, then by the relation (2.21), we arrive at

Corollary 1.1. Let o, 3, € C, R(a) > 0. Further let the constants m,n,p,q € No,
ai,bjeC, A,Bje Ry (i=1,...,p;j=1,...,q),peC,0 € Ry, |arga| <50, Q>0
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and the exponents o; (i=1,...,n) & 5; (j=m+1,...,q) ¢ N be given and satisfy the
condition
omax [7,(*] < Re(p) + min[0, Re(n — 5)]. (3.5)

Then the fractional integral Ig‘jrﬁ " of the H-function exists and the following relation
holds:

(15000 B ) () = o A
|:a1,a (a’j’Aj;aj)l,nv(aﬁAj)"H‘Lp’(1_p70)7(1_p+ﬁ_na0) ] ] (36)
(bja Bj)l,ma (bja Bj; ﬂj)erLq ) (17P+6a 0) ) (17/)70‘7777 U)

Next, If take 8 = —a, (3.6) implies that

(Rt Hyy at”)) ()

_ pta—1gmn+tl o
=z Hply g |ax

(ajaAj;aj)l,na (ajaAj)nJrl,pa(]- 7/)70') ] (37)
(bj, Bj)1,ms (bj, By Bi) iy g (1 —p —,0) |7

where Re {ero min (Z—J)] > 0.

1<j<m \ Bi
Also, if we take =0 in (3.6), then we obtain
(Eg‘,’;’t”_ll_{;?é" [at?]) (z)

(aja Aj; aj)l,na (aja Aj)nJrl,pa (1 —p—1, 0)

(38
(b Bt (b Byi )1 go (L= p—a—,0) | BF)

_ .p—1gmmn+tl o
=af T H, 0 g4 |az

where Re {(ern) + o0 min (g—J)] > 0.

1<j<m \Bi

Theorem 2. Let o, o/, 3,5, € C, R(vy) > 0. Further let the constants m,n,p,q € No,
apbj e C, Ai,Bje Ry (i=1,....,p;j=1,...,9),p€ C,0 € Ry, |arga] < 52,0 >0
and the exponents «;(i =1,...,n) & B;(j =m+1,...,q9) ¢ N be given and satisfy the
condition

omin [1,£*]4+ 1> Re(p) + max[Re(y — a — ('), Re(3), Re(y — a — a)]. (3.9)

Then the fractional integral 199057 of the H-function exists and there holds the
formula:

(Igﬂlﬁﬂlﬁtp—lgg’@én [at"]) (x)
= grtimeo/ gt (3.10)
ax’ (ajv Aj; aj)l,’m (aja Aj)nJrl,pa (17/)7 U)a (17p+a+0/+5/7"}/, U)a (1*})4’0(*5, U)

(b]a Bj)lm’u (b]7 B]7 ﬁj)m—i—l,zp (1_P+a+ﬁl_% 0)7 (1_P+al+0¢_% U)a (1_P_ﬁ7 U)
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Proof. From equations (2.15) and (1.1), it follows that

(Iiﬁa BB th—lH;)’@én [ato]) (1,)

’
—x

x o 1 T t
= e t_x)’y F3 (a7al7ﬁaﬁl;’y;1__al__)
oA Pl

1
T — t7)5dsdt
<t o [ o) @yas

Now interchanging the order of the ¢t and s-integrals, which is valid under the above
stated conditions,we have
1

= 90 | XB) (125 oo =1y () s, (3.11)

Applying the formula (2.26), the above expression becomes

/ 1
= gPty—a-a *1—/ x (s)
L

211

l-pta+d—vy—0os,1—p—y+a+ [ —os,1—p—0F—0cs

xI' (ax?)°ds. (3.12)

l—p—0os,1—p—y+a+ad +p -0os,1—p+a—0F—os

Which is the required result.
If we set o/ =0 in (3.10), then by the relation (2.22), we obtain the following result:

Corollary 2.1. Let o,3,n € C, R(a) > 0. Further let the constants m,n,p,q € No,
ai,bj €C, A, Bje Ry (i=1,...,p;j=1,...,q), pe C,0 € Ry, |arga| < TQ, Q>0
and the exponents o; (i=1,...,n) & B (j =m+1,...,q) ¢ N be given and satisfy the
condition

omin [1,£*] +1 > Re(p) + max[Re(—0), Re(—n)]. (3.13)

Then the fractional integral I*”*" of the H- function exists and the following relation
holds:

(12 me i [t (a)
(aja Aj; aj)l,na (aja Aj)nJrl,pa (17/); 0) ) (1*P+a+5+77, 0)

(b]a Bj)lm’u (b_]7 B]7 ﬁj)mﬂ,q ) (1_p+ﬁa U) ) (1_P+77a U)
(3.14)

_ p—B—=1gm+2,n o
=7 Hyi9g+2 |02

If we take 5 = —q, in (3.14), we get

(Wewtr iy at7]) ()
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(aja Aj; aj)l,na (aja Aj)nJrl,pa (17/)7 U)

_ prralem-i-l,n ax’®
+1,q+1
b e (bj)Bj)l,T)’H(bj7Bj;ﬁj)m+17q)(1_p_a70-)

] (3.15)

where Re {(p + )+ o max (ozj %)] <1.
Also, for =0 (3.14) gives the result
(K22t Hyy [at?]) («)
(a5, Aj; i) 1n, (a5, AjIntrp, (1=p+a+n,0)
(b5, Bi)1.m (bj, By B)) yy1,4» 1=p+1,0)

_ p—1gm+ln o
=" Hyi g |0

] , (3.16)

_ ,(aj—1)>
where Re {(p n)+o éljagxn (043 vy } <L

4. Fractional differentiation of the product H-function

Theorem 3. Let o, &/, 3,5,y € C, R(vy) > 0. Further let the constants m,n,p,q € No,
apbj € C, Aj,Bj € Ry (i=1,...,p;j=1,...,q), pe C, 0 € Ry, |arga] < T, Q>0
and the exponents a;(i =1,...,n) & B;(j=m+1,...,q) ¢ N be given and satisfy the
condition

omax [7,(*] < Re(p) + min[0, Re(a — 3), Re(a+ 3"+’ —7)]. (4.1)

Then the fractional derivative Doaf/’ﬁ #'7 of the H-function exists and the following
result holds:

a,a 3,6, —1 ggm,n o _ L p—v+at+a’'—1 ggm,n+3
(Do+ e al,q [at ]) (z) = P77t 1Hp+3i§+3
(ajaAj;aj)l,na(ajaAj)nJrl,pa(17/);0—)7(17/)70‘70‘/*6/4’7;0)7(17/)70“"6;0—)

(b]a Bj)l,rru (b]7 B]7 ﬁj)m+1,qa (1—p—Oé—Oél+’)/, 0)7 (1_P_04+7_5I7 U)a (1_P+ﬁ7 U)

(e}

(4.2)
Proof. Using (2.18), we have from (4.2)
a,o’ ! —1 gm,n o dk —alima, =Btk =B =tk [7m,n o
(Do o e B at]) (@) = = (Lo o o)) (),
where k = [Re (y) + 1].
¢ 1 s g0tk =Bk e
=% Z_M/LX(S)a (Loy t* )(x)ds. (4.3)

Applying (2.25) to (4.3), we obtain

1 S
=5 X (s)a’T ) )
T Jr p+os—y+k+a+ad,p+os—y+a+p,p+os—p

ptos,p+os—y+a+d+5,p+os—F+a ]
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k
% d I,ercrsf'erkJraJra'fldS'

dz*

I'(m+1)
T'(m—n+1)

. n — . . .
Using (gc—nacm = ™™ where m > n in the above expression, we obtain

/ 1
— pp—ytata’—1
’ ori /LX (5)

. ptos,p+os—y+a+d'+03,p+0s,1-0+a

, ) (az?)%ds. (4.4)
ptos—y+ta+ad,p+os—y+a+f,p+os—pf

Which is the requred result.
The relation (2.23) indicates that Theorem 3 reduces to the following result :

Corollary 3.1. Let o, 3, € C, R(a) > 0. Further let the constants m,n,p,q € No,
ai,bj € C, Aj,Bj e Ry (i=1,...,p;j=1,...,q9), p€ C,0 € Ry, |arga] <50, Q>0
and the exponents o; (i=1,...,n) & B; (j=m+1,...,q) ¢ N be given and satisfy the
condition

omax [7,(*] < Re(p) + min[0, Re(a +n + 5)]. (4.5)

Then the fractional derivative Doaf " of the H-function exists and the following rela-
tion holds:
(Dg e g ate]) ()
(aja Aj; aj)l,na (aja Aj)nJrl,pa (17/)7 U) ’ (17/)70‘767777 U)

(bja Bj)l,ma (bja Bj; 6j)m+17q 3 (17/)*57 U) 3 (1*/)*77; 0)
(4.6)

_ p+B—1gm,n+2 o
=z’ Hyia45e |02

Theorem 4. Let o, &/, 3,5,y € C, R(vy) > 0. Further let the constants m,n,p,q € No,
ajbj € C, Ay, Bje Ry (i=1,....p;j=1,...,9),p€ C, 0 € Ry, |arga] < 52, Q>0
and the exponents a;(i =1,...,n) & B;(j=m+1,...,q) ¢ N be given and satisfy the
condition

omin [1,6*]4+ 1> Re(p) + max[Re(a+ o' +k —7), Re(—=3'),Re(a’ + 8 —~)]. (4.7)

Then the fractional derivative D %7 of the H-function exists and the following

result holds:

8.8 v p—1 Frm, _ —1 gm+3,
(Do B2 e i ar]) (@) = ap e U
[ 0(ajaAj§04j)1,n7(aijj)n-i-l,pv(1_Pa0)7(1_P_04_0/_ﬁ+%0)7(1_P_0/+ﬁ170')
axr

(bja Bj)l,ma (bja Bj;ﬂj)erl,qa (17;)70(70/%»"}/, U)a (17/)*0/4’7*67 U)a (1ip+ﬂ/a 0) '
(4.8)
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Proof. From (2.20), we get

(Di,a BB thflﬁ;rfén [ata]) (l‘)

A S I
= (1) (L LT [at ]) (x)
dk 1 —a,—a,-p",—B+k,—v+k
=(-1)F— — S (I tPTos= ) (1)ds. 4.9
(D"~ 5~ Lx@ﬁb(_ )(x)ds (4.9)

Applying the formula (2.26), we obtain

1 S
— r
omi J, X (8)a

l—a—ad'+y—k—p—0s,1—a'—B+~y—p—0s,1+3 —p—0s
1+0 —d'—p—0os,1+y—a—a/'—3—p—o0s,1—p—o0s
dr /
k tos—y+htata’—1
x(—1) pr sTyThrate =g
1

— ST
2me Jp, x(s)a

l—a—d'+y—k—p—0s,1—a'—p+~y—p—0s,1+ 3 —p—0s
1+8' —d'—p—0os,1+y—a—a'—B—p—o0s,1—p—o0s

Xx(1—p—0s—a—a +v—k), artos-rtata’=lgg

/ 1
— pp—ytata’—1
’ QMAX®

- l—a—d'+y—p—0s,1—a'—p+~v—0s,1+3 —p—0s
X
1468 -/ —p—0s,1+y—a—ao'—B3—p—0cs,1 —p—o0s

1 (az”)ds. (4.10)
Which is the required result.

Corollary 4.1. Let o,3,m € C, R(a) > 0. Further let the constants m,n,p,q € No,
ai,bj € C, Ay, Bje Ry (i=1,...,p;j=1,...,q), pe C,o0 € Ry, |arga| < 52, Q>0
and the exponents o; (i=1,...,n) & 5; (j=m+1,....q) ¢ N be given and satisfy the
condition

omin [1,£*] + 1> Re(p) + max[—Re(a+n), Re(8 + k)], (4.11)

where k = [Re ()] + 1.

Then the fractional derivative D**" of the H-function exists and the following rela-
tion holds:

Bangp—1gm, _ —1 gm+2,
(DePme e () (2) = 20 H

[ o ‘ (aj’ Aj; aj)l,ru (aj7 Aj)"H‘L;Da (1_p7 U) ) (1_P+77—5, U)

(4.12)
(bja Bj)l,ma (bja Bj;ﬂj)erLq ) (lfpfﬂa 0)7 (17P+O‘+7’7 U)
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5. Fractional Integro-Differentiation of the product H-function

Theorem 5. Let o, &/, 3,5 ,v € C, R(y) < 0. Further let the constants m,n,p,q € No,
apbj € C, AyBj € Ry (i=1,....p;j=1,...,9), pe C, 0 € Ry, |argal| < 32, Q>0
and the exponents a;(i =1,...,n) & B;(j =m+1,...,q) ¢ N be given and satisfy the
condition

omax [1,(*] < Re(p) + min[0, Re(y — a — o' — 3), Re(f —a)]. (5.1)

Then the fractional integro-differentiation I(?jra/’ﬁ’ﬁ/” of the H-function exists and

there holds the relation :

p+3,9+3
[a:v

o (aja Aj; O‘jhmv (ajv Aj)nJrl,pa (17/)7 U) ) (17p+04+0/+57’7, U) ) (17p+0/76/a 0)

(bjs B)1ms (05, By B) g » (L—pHa+a’=v,0) , (1—p+a'+5—7,0), (1—p=F,0) |
Proof. To prove (5.2) using equation (2.14), which represent integro-differentiation
operator, we have

(5.2)

dk ( ool Bk,B vk

(5P i far)) (@) = = (Ioy v 7)) (@),

where k = [Re(—v) + 1].

d* 1 a,al B+k.B Atk
= — — s ptos—1
Tk 5 /LX (s)a (Io+ t ) (x)ds. (5.3)

Using the formula (2.25), we obtain

/

1 (s)a® ptos,pty—f—a—a ptos+f —a
=— [ x(s)a
2mi g pros+y+k—a—d, p+y—a'—pF+os, ptos+ 3
dk ’7
Xﬂprraer'erkfozfa 71d5.
T

m _ _I(m+1)
- I'(m—n+1)

/ 1
_ ppty—a—a -1 T
v 2m /LX ()

. . n . .
Finally using %x ™", where m > n, the above expression becomes

!

ptos, ptosty—a—a/ , ptos+f —a

ptos+y—a—a, ptos+y—a'—f, pt+os+
(ax?)°ds.  (5.4)
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Which is the required result.
If we take o/ =0 in (5.2), we arrive at

Corollary 5.1. Let o, 8,1 € C, R(«) < 0. Further let the constants m,n,p,q € Ny,
aij,bj € C, Ay, B e Ry (i=1,....p;j=1,...,q9), pe C,0 € Ry, |arga] < TQ, Q>0
and the exponents o; (i=1,...,n) & B (j =m+1,...,q) ¢ N be given and satisfy the
condition

omax [71,(*] < Re(p) + min[0, Re(n — 3)]. (5.5)

Then the fractional integro-differentiation Igf " of the H-function exists and the
following relation holds:

(rg e i ate]) ()
(a3, Aj; @5)1.ns (a5, Ag)nir s (L=p,0) s (1= p+B=1,0)

(b]a Bj)lm’u (b]7 B]7 ﬁj)mﬂ,q ) (1_p+ﬁ7 U) ) (1_p_a_77) U)
(5.6)

_ .p—pB—1gmn+t2 o
=z Hp o 4o |az

Theorem 6. Let a,o/,3,5',v € C, R(y) < 0. Further let the constants m,n,p,q € N,
ajbj € C, AyBj € Ry (i =1,....,p;j =1,...,q), p € C, 0 € Ry, |arga| < FQ,
Q > Oand the exponents a;(i =1,...,n) & B;(j =m+1,...,q) ¢ N be given and satisfy
the condition

omin [1,£*]+1 > Re(p) + max[Re(y — a — '), Re(B),Re(y —a— ') + k],  (5.7)

where k = [—Re(v)] + 1.

".B.8"

Then the fractional integro-differentiation I*® of the H-function exists and

there holds the formula:

(Ig,a/ﬁﬂlﬁtp—lgg?q,n [at"]) (I)

’ _
_ l,eryfafa 71Hm+3,n

p+3,q+3
|flg;cr (aja Aj; O‘jhmv (ajv Aj)nJrl,pa (17/)7 U)a (1*p+a+a/+6/*7a 0)7 (17P+O‘76a 0) ‘|
Proof. In view of (2.16), it follows that

(b]a Bj)lm’u (b]7 Bj;ﬁj)m—i-l,(p (1_P+a+ﬁl_% U)) (1—p+a’+a—’y, 0)7 (1_p_ﬁa U)
(5.8)

p dF ( asal 5,67+

(If,a'ﬁ’ﬁlﬁtﬂflffg‘é" [ata]) (CU) = (71) drk
N X

t”’lﬂ'ﬁ(}"[at"]) (x)

k dk 1 a,a! 8,8" +k,v+k

=(-1) a0t 2 |, x (s)a® ( I_ t”*"s*l) (x)ds. (5.9)
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Applying the formula (2.26), we obtain

1 ()T [1+a+o/ —y—k—p—os,1+a+f —y—p—0s,1—F—p—0s]|
=— [ x(s)a
2mi Jp, I+a—f—p—0os,1—ytatd'+3' —p—0s,1-p—os
dk ’7
X(_l)kw prraer'erkfafa —1 dS
1 (5)a°T [1+a+d/ —y—k—p—os,1+a+ —y—p—0s,1——p—0s]
=— [ x(s)a
2mi Jp, | I+a—f—p—0os,1—ytatd' +3' —p—0s,1-p—o0s

X (1—p—os+a+a —vy—k), artostr-e-a'—lgg

/ 1
= gPtr—a—«a 71_/ X(S)
L
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l+a+a'—y —p—os,1+a+p —y—p—0s,1—F—p—o0s
(az?)%ds.  (5.10)

l+a—B—p—0s,1—y+a+a’'+3 —p—0s,1—p—o0s

Which is the required result.
If we take o =0 in (5.8), then the following result holds:

Corollary 6.1. Let o,3,n € C, R(a) < 0. Further let the constants m,n,p,q € No,
ai,bj € C, Aj,Bj € Ry (i=1,....p;j=1,...,q9), pe C,0 € Ry, |arga| < 5Q, Q>0
and the exponents o; (i=1,...,n) & B (j =m+1,...,q) ¢ N be given and satisfy the
condition

omin [1,&"]+ 1 > Re(p) + max[—Re(S) + [Re (—a)] + 1, —Re(n)]. (5.11)

Then the fractional integro-differentiation 1" of the H-function exists and there
holds the relation:

Bomyp—1 Frm, _ o p—B—1Fm+2,
(rPme = Hy [at”)) (2) = o0~ F H

(aj, Aj3 )1, (a5, Aj)nap, (L=p,0), (1= pt+a+B+n,0)
az’ (5.12)

(bja Bj)l,ma (bja Bj; 6j)m+1,qa (17P+6a 0)7 (1*P+7], U)
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