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THE GENERAL I'- COMPATIBLE ROOK LENGTH
POLYNOMIALS

EDWARD ARROYO AND FANGJUN ARROYO

Abstract. Rook placements and rook polynomials have been studied by math-
ematicians since the early 1970’s. Since then many relationships between rook
placements and other subjects have been discovered (cf. [1], [6-15]). In [2] and [3],
K. Ding introduced the rook length polynomials and the y—compatible rook length
polynomials. In [3] and [4], he used these polynomials to establish a connection
between rook placements and algebraic geometry for the first time.

In this paper, we give explicit formulas for the y—compatible rook length poly-
nomials in more general cases than considered in [3]. In particular, we general-
ize the formula for the rook length polynomial in the parabolic case in [2] to the
y—compatible rook length polynomial.

1. Introduction

Let M7, ,, (C) be the set of all m xn matrices of rank r over the complex field C, where
m and n are positive integers and r is a nonnegative integer. Also let A = (Ay, ..., \p)
be a partition of some positive integer with A\; > --- > X\,, > 0. A Ferrers board F) is a
subarray of an m X n matrix, where n = Ay and the ith row has length \; for 1 <i <m.

Let M = {a € M}, ,, (C) |a;; =0 for (i,5) ¢ Fx}. An element of M} is called a
rook placement of rank r on F) if it is a (0,1) matrix with exactly = 1’s (or rooks) and
at most one 1 (or rook) in each row and column.

Let R} be the set of all the rook placements of rank » on F). For any o € R}, the
length function [ (o) is the minimum number of adjacent row and/or column transposi-
tions required to get the 1’s in the upper right hand corner such that all intermediate
rook placements are in the Ferrers board F).

In the sequel, whenever we display a rook placement o on F), we omit the elements
oi; for (i,7) ¢ F» in order to make the shape of the Ferrers board Fy more evident. We
will also write o (7) = j if and only if 0;; =1 for (i,5) € Fi.
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For example, let A = (3,2,2) and let o be defined by o (1) = 1, 0(2) = 3, and
o (3) = 2. Then

1 00
o= 0 1
10
is a rook placement of rank r = 3 on F) with [ (o) = 1.
The rook length polynomial is then defined by

Nag) =Y ¢

oERY

In [2], K. Ding showed the relationship between the rook length polynomials and
Garsia-Remmel polynomials. In [4], he showed that the Poincare polynomial for ho-
mology (and cohomology) of the partition varieties B,/MY" with real coefficients is
RL,, ()\, q2) , where B is the Borel subgroup of upper triangle matrices of GL,, (C).

Let v = (y1,...,7v) be a partition of m. We say that A is a y—compatible partition
it A= (K", ... k"), where k;, 1 < i <t, are positive integers with k1 > -+ > k.

A rook placement ¢ of rank r on a Ferrers board F), where )\ is a y—compatible par-

tition, is said to be y—compatible if o is monotone increasing on each interval (Zﬁ/:l Y4
Z] 4—11%}’ . if o (i) < o (i+ 1) whenever ZJ 17 <i<i+1< 23_1 74, for fixed
values of 5/, 0 < j' < t. (If j/ =0, then ijl v; =0.)

For example, if v = (3,4) and A = (6,6,6,5,5,5,5) = (6°,5*), then

o O O

)
Il
coorR,r oo O
cCoo0c oo o+
corocoooo
oo ococo RO
— o oo o oo

is a y-compatible rook placement on F}.

Let R} () be the set of all y—compatible rook placements on the Ferrers board F)
with rank r. The v—compatible rook length polynomial is defined by

A= Y ¢

o€RL (V)

In [3], K. Ding gave an explicit formula for RL, (\,v,q) when r = m and proved
that the Poincare polynomial for cohomology of the partition variety P, MY" with real
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coefficients is the y—compatible rook length polynomial with » = m, where P, denotes
the parabolic subgroup of G, of the form

Gy % o0 x
P = 0 *

S0 . ox

0 -0 G,

Here G, = GL,, (C) and the #’s are arbitrary matrices of the appropriate sizes.

In this paper we give explicit and recurrence formulas for RL, (\,7,q), where 1 <
r < min (m,n). We also give an explicit formula for the case where A is parabolic and
r=m.

2. A recurrence formula for the general v— compatible rook length polyno-
mial

For integers a and b such that a > b > 0, the Gaussian binomial coefficient is defined
by

where [s]ly = (1),(2), - (s), with (k), = (1+q+--+¢" ") for 1 <k < s and

We will make use of the following result results from [3] in our proof of Theorem 3.
The second result is a local formula for computing the length of a rook placement:

Proposition 1. For integers s and t such that s > 0 and t > 1, we have

artota, _ | ST
> e

0<a;<---<at<s

Proposition 2.(Local Formula) Let o € RY, then

T

1o) = (ui+vi+w),

i=1
where u; is the number of zero columns to the right of the ith rook, v; is the number of

rooks above and to the right (or ‘northeast’) of the ith rook, and w; is the number of zero
rows above the ith rook.
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Theorem 3. Let v = (y1,...,7) be a partition of m and X = (kI*,..., k") be a
vy—compatible partition, where k;, 1 < i < t, are positive integers with ki > --- > k. Let
ki11 and vey1 be positive integers where ki1 < ki. Then AU kz_ﬁl = (kz?l, R k;’fll) 18

YUYt41 = (Y1 -« -, Ye41) —compatible and
RL, (AUE/ v Urig1,q)

min(r,Ye41,kq 4 )

— Z q7't+1(1"—7‘+7‘1,+1) |:’Yt+1 :| |:kt+1 :| RL7'—7“t+1 ()\ — 7’{+17’75q) 5
q

r r
im0 t+1 t+1],

where T = ::n—, = 2221% and \ — 7"{+1 = ((k1 —ree)™ ooy (ke —ree)™)

Proof. Consider a U ;41—compatible rook placement o on F| ,»1 of rank 7. There
t+1

are i1 rows and r¢11 rooks in the last block of o where 0 < ry41 < min(r, ye41, keg1)-

Suppose that the jth rook of the last block lies in the z;, , ;11 column from the right

and the y;th row from the top of the last block. Then 1 <y < -+ <y, <41 and

1<y < <$7«t+1 < kt+1.

Let a;; be the number of zero rows in AU kgﬁll above the jth rook, 3; be the number

of rooks northeast of the jth rook and §; the number of zero columns to the right of the
jth rook.

Since Z;Zl (vi — ;) is the total number of zero rows in the first ¢ blocks and (y; —j) is

the number of zero rows above the jth rook in the last block, then o; = 2221 (vi —mi)+

(yj —j) =T —r+re +y; — j. Since o is v U 9441 —compatible, then if there is a
rook to the northeast of the jth rook, the rook must be in one of the first ¢ blocks.
So the column in which the rook is located is a zero column in the last block. Since
Ty —j+1 — (Te41 — j + 1) is the number of zero columns to the right of the jth rook in
the last block, then 3; +6; =z, —jy1 — (reg1 — J + 1).

By removing the last block and all the columns which contain the rooks in the last
block from o, we obtain a Ferrers board of shape

A=ripy = ((kr —ree)™ oo (ke — reg1)™)

Thus the original rook placement o induces a y—compatible rook placement o’ of
rank r — 441 on this new Ferrers board F' A=ty Moreover, in removing the last block
the values in the local formula for the remaining rooks remain unchanged. Consequently,
these rooks contribute I (¢’) to the value of [ (¢) and so

Tt41

(o) =1(o')+ D (aj+B; +6)
j=1
Tt41

=10+ > (O —r =14y + 2y, —j1)
Jj=1

Tt41

=1() +ren (C—r=1)+ > (y; +15).

j=1
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Conversely, suppose we are given o’ € R;:;}“ (7), where 0 < rpp1 < min(r, yeq1,
t+1
ki+1), and integers x; and y;, 1 < i < ryqq, where 1 < 27 < -+ < Try < kg

and 1 <y < < ypr,, < Ye41- Then we can reverse the above process to obtain a
unique rook placement o € Riuw +1 (YUes1) . More specifically, we first insert ryiq
t+1

zero columns in ¢’ at the positions x1,..., %, , from the right. Then we attach a block
with v;y1 rows and k¢11 columns to o’ at the bottom. This last block will contain 741
rooks in the positions determined by the x;’s and the y;’s.

Thus,

RL, (AU Y U etr,q)

_ Z ql(a)

oERL” ) (YUet1)
auk, L

_ Z ql(cr')+rt+1(f‘fr71)+z;:11 (;+y;)

0<r;<min(r,k¢+1,7v¢+1),

’ r—ry
4 ER)\—T£+1 ),
11 <o <@ry g Skiya,

1<y1 <o <Yry 3 <V

min(r,ve41,ke41)

_ Z qrt+1(F7T71) Z ngt:f (zj+y;) Z ql(a/)

Te+1=0 1<@1 <<y g Sheg, o' €R " (7)
1<y1 <o <yry g SVE41 t+1

min(r,ye41,kt41) T4l i1
_ Z q7-,,+1(r—7-—1) 2 : q2ei=1% +Zj=1 Yi

re41=0

1<ey < <wry ) <kiyi,
1<yr <o <Yry g SYe41

* RLT*Tf+1 ()\ - T£+1a 7> Q))

min(r,ye4+1,ke41)

_ Z g =D gre (reea k1) [ Ky ] {%H ]
res1=0 L Tt+1 | q Tt4+1 q
* RLy_r,,, ()\ — rtFH, v, q))
mnru ke reir(Certrens) | Rerr | [ | r
- Tt%::() s + { o } Ll RLy .y (A= 7i11,7,9)

Corollary 4. Let r =m. Thenr; =, 1 <i<t+1, and

. k
RLm (>‘ U kthrJilv’y U V41, Q) = ['}’zii] RmeWJA (>‘ - ’YtFJrlv s Q) )
q
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where \ — 7tF+1 = ((k1 — ’)’t+1)71 voees (ke — ’Yt+1)%) .

Let v = (1,...,1) = (1™). Then the y—compatible rook length polynomial is the
rook length polynomial, i.e.,

RLT (>‘a 77 Q) = RLT (>‘a Q) :

In this case, k; = A;, 1 <i<m,and ' = 3" v, = m.
The following corollary of Theorem 3 appears as Corollary 5.35 of [2].

Corollary 5. Let v = (1,...,1) = (1™) and A1 be an integer such that 1 < A1 <
Am- Then

RL’!‘ ()\ ) )\m+17 Q) = RLT ()‘a Q) + qm—r-i-l ()\m—i-l)q RLr—l ()\ - 1m, Q) ’

where A\ — 1™ = (A —1,..., A\, — 1).

3. The general formula for the v— compatible rook length polynomial

Theorem 6. Let v = (y1,...,7) be a partition of m and X = (kI*,..., k") be a
~v—compatible partition, where k;, 1 < i < t, are positive integers with ki > -+ > ky.
Then the ~v— compatible rook length polynomial for 0 < r < min(m, k1) is given by

t -
RL (\7.0) =) ]1 {k ST Tt} {7} i s tACHE )

. Ti
A i=1 q q

where A = {(r1,r2,...,7) | 0 <7y <min(y, ki), r1+...+r, =71} and r; equals the
<1

number of rooks in block i, 1 <t.

The proof will be by induction on the number of blocks t. The base case, when ¢t = 1,
is stated and proved in the following lemma.

Lemma 7. Let A = (n™) and v = ((m)) . In particular, X is y— compatible and Fy is an
m X n rectangular Ferrers board. Then for 0 <r < min(m,n)
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Proof. If r =0, RL, (\,7,¢) = 1. So assume that » > 1. For any o € R}(v), let the jth
rook of o be in the x,_;;1th column from the right and the y;th row from the top where
1<ji<rnl1<n <~ <z, <n,and 1 <y <--- <y, <m. Since z; — j counts the
number of zero columns to the right of the (r — j + 1)th rook, then u = Z§=1 (z; —J)
counts the total number of zero columns to the right of all r rooks in o. Since y; — j
counts the number of zero rows above the jth rook, then w = Z;=1 (y; — j) counts the
total number of zero rows above all r rooks in 0. By the definition of y—compatible,
o (i) < o (i+ 1) and so there are no rooks above and to the right of any of the rooks. So
l(c) = u+ w. Thus,

RL, ((nm)’ (m)a Q) = Z ql(a)

oERY(v)

_ Z unrw

1<z < <z,.<n,
1<y; <o <yr<m

PR

1<z) <--<zp<n 1<y; <---<yr<m

-FLEL

Proof of Theorem 6. We have already proven the base case as Lemma 7. For the
inductive step, we assume that formula is true for t — 1 blocks, where ¢ > 1.

By the recurrence formula (Theorem 3), we have

min(r,ve,k, )

RL,(A\v,q)= >, ¢ 0t [%} [lﬂ RL, ., A =1F.7,q),
q

r r
T't=0 t t q

where I' = Zf;i vi = m— A= = (ki —v)" .o, (ke — 7)) and & =
(717 s 7715—1) .
By the induction hypothesis,

RLT—M ()\ - Ttr7 ’YI7 q)

t—1 )
SO [ e e — e s e ] S )
T T q ’

A i=1 q

where A = {(r1,7r2,...,r—1) | 0 <7y <min(v;, ki), 11+ ...+ 711 =1 — 1}
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So

re(m—ys—r+r: k
RL, (\,7,9) = > (qt( e )[Tj [Zﬂ
q q

0<r;<min(k¢,ve,7)

t—1i—1

t—1
(ki*Tt)*Ti+1*7’i+2*'"*thl Yi i;jgri(’}’j—’f'j)
il ] g
q q

Al =1

_ E q"‘t(m—’)’t—T-l-Tt)
0<r;<min(k¢,y¢,7)

t—1i—1

t
ki—rigr —rige — =7 | ] 2 2mi0um)
ST
a a

A’ i=1
t i—1
— Z H |:k31 —Ti41 —Tj42 — - — Tt:| |:%] g;j;lri(%*’“j)
L T ri] 1 '
A =1 q q
From Theorem 6, we obtain Theorem 33 of [3] as a corollary.

Corollary 8. If r = m, then r; = v;, 1 < i <t and A contains only one condition,
namely r; = v;, 1 <i <t. Thus when r = m,

RLm (N7, q) = H |:kz —Yi+l — %H,[ e %] |
i=1 7 q

Example. Let v = (1,3) and A = (4,3,3,3). Then X is y—compatible since A = (4!,3%).
Let r = 3. Since 0 < r; < min (v;,k:), i = 1,2, A = {(r1,7r2) = (0,3), (r1,7m2) = (1,2)}.
By Theorem 6, we get

RL3((4,3,3,3),(1,3),q) = ¢* + m Hq BL [;)L

2
=¢@+(1+q) (1+qg+4q?)
=1+3q+5¢>+6¢° +3¢" +¢°.

We now calculate the y—compatible rook length polynomial directly from its defini-
tion.

Let 04,1 < i <19, be defined as follows:

1 000 1 000 1 000

oy = 100 by — 1 00 oy — 1 00
0 1 0|’ 0 0 0]° 0 0 01’

0 00 010 0 01
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L L ] L ]l L | | L

I I I I I Il

S N S 2 = 2

© © S & S S

Then by the definition of the length function, we have

]-a 1(06) :2a
1, Z(O’lg) :2,
3, Z(Ul8) :4,

[(os)
0, l (0’11)
2, l (0’17)

=3, 1(02) =4, 1(03) =3, 1(04) =2,

[(o1)
Z(O’7)
l(O’lg)

and [ (o19)

So

Z (0’9) = 3, l (0’10)

57 Z(O’g) = 47
17 l(0'14)
3.

3, l (0’16)

2, l(0'15)

18

> = 1430+ 50> + 60" + 34" + ¢

RL5((4,3,3),(1,3),q)

=i

%
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4. A formula for the parabolic 7v— compatible rook length polynomial

We say that A is parabolic of type u = (u1,...,ur) (or p—parabolic) if m = n and

there exist positive integers i1, . .., such that
Apn A o Agg
0 Ay - Ay
MAT = . . )
: 0 . :
0 - 0 A

where A;; is a u; X p; submatrix for 1 < ¢ < k. If X is y—parabolic and r = m, then the
invertible elements in M,™ form a parabolic subgroup of GL, (C).

A rook placement of rank r on a Ferrers board F), where ) is y—parabolic, is said to be
pu—parabolic. Let RLY (v, ) be the set of all y—compatible p—parabolic rook placements
of rank r on the Ferrers board Fy. The y—compatible pi—parabolic rook length polynomial
is given by

RL, N\ yvmq)= Y ¢
TERLY (v,1)
We now give a formula for the y—compatible y—parabolic rook length polynomial for

rT=m.

If ny +no+ -+ ny =n, where n,nq,...,n; are positive integers, then the Gausian
multinomial coefficient is given by

[nl, nZ nt]q " [l [ng?'];q Tnellg

Theorem 9. Suppose that r = m = n and that the partition X = (kI*,... k"), k1 >
ko > -+ > kg > 0, is both v = (7,...,7) —compatible and parabolic of type p =
(1, ). Clearly, there are integers 0 = so < s1 < --- < 5p < t such that vy, 41) +
"'+’Ys(i+1)=/.l/i+1, Jor 0 < i <1 —1, kg,41) = =k , for 0 < i <1l—1, and
A= (K", ... k"), Then

S(it1)

-1
_ H(i+1)

RLm )\7 s 0y - .

(A7, 1) 1}) L(sﬁl)ﬁ(w%...,%W) \

Proof. We apply Theorem 6 with r; = ; for 1 <i <t.

RL, (N7, p,q) = ZO’ERL;(’Y,M) g

Vi

7

_ 13[ ki%‘+1%+2"'%]
i ,



THE GENERAL I'- COMPATIBLE ROOK LENGTH POLYNOMIALS 205

_ =1 S(i+1) -kj — Vit1 — YVitz — _%]
i=0j=(s:i+1) L i a
_ I—1  S(i+1) -kj —Virl == Vsgrny — (MZ.JFQ 4+ Nl)]
i=0 j=(s;+1) L i g
_ -1 S(ﬁl) _kj — (Ni+2 + . +‘ul) — Vi1 — 775(i+1) :|
i=0 j=(s;+1) L Vi q
_ 1—1 S(i+1) _Mz'+1 — YL = Vaan }
i=0 j=(s,+1) L RE q
_ I—1 S(i+1) 'fy(SiJrl) F Vsit2) F T Vo — Vit — = Vspany }
i=0 j=(s;+1) L Vi q

q q q

i=0 | V(si+1) V(si+2) Vs(ivn)

B lﬁl [Vt + o Vs }q!
i=0 (si+1) q’ (si+2) q T S(i+1) '
[v 1 1, i }q'
-1

IR,
i=0 7(5-;4’1)7 ,Y(si+2)7 s 778(i+1) q

Corollary 10. Let v = (1"™). Then

-1 -1
RLy (A p1:q) = RLm (X, (1), 1, ) = [”’fl} = [ (wiv),-
: .

This result appears as Corollary 1.19 in [2].

Example. Let A = (6,6,4,4,4,1), v = (16) and p = (2,3,1). Then X is y—compatible
and p—parabolic. Then we have

RLg (A q) = (2),(3), (1), = ¢ +2¢° +2¢+ 1.
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