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ON A NEW GENERALIZATION OF OSTROWSKI TYPE

INEQUALITY

B. G. PACHPATTE

Abstract. The aim of the present note is to establish a new generalization of Ostrowski type

inequality involving two functions whose derivatives belong to Lp spaces.

1. Introduction

The celebrated Ostrowski’s inequality [4, p.468], which is a useful tool in numerical
analysis, gives an estimate for the deviation of the values of a function from its mean
value. In 1998, Dragomir and Wang [2] proved the following Ostrowski type inequality:
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for all x ∈ [a, b] , where f : [a, b] → R is absolutely continuous function whose first

derivative f ′ ∈ Lp [a, b] , p > 1 , 1
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. During the

past few years, a good deal of research activity has been constrated on the investigation
of the inequalities of the type (1.1). The monographs [3,4] (see also [5,6]) contain a
considerable amount of results related to such inequalities. The main object of this note
is to establish a new generalization of the inequality (1.1) involving two functions whose
derivatives belong to Lp spaces. A new inequality of type (1.1) is also pointed out.

2. Statement of results

In what follows R and ′ denote respectively the set of real numbers and the derivative
of a function. Let [a, b] ⊂ R a < b ; and as usual for any function h ∈ Lp [a, b] , p > 1 we

define ‖h‖p =
(

∫ b

a
|h (t)|p dt

)
1

p

.

Our main results are given in the following theorems.
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Theorem 1. Let f, g : [a, b] → R be absolutely continuous functions whose derivatives

f ′, g′ ∈ Lp [a, b] , p > 1 . Then
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for x ∈ [a, b] and 1
p

+ 1
q

= 1.

Remark 1. By taking g(x) = 1 and hence g′ (x) = 0 in Theorem 1 and by simple
calculation, we recapture the inequality (1.1) established by Dragomir and Wang in [2].
A slight variant of the inequality (2.1) is given in the following theorem.

Theorem 2. Let the hypotheses of Theorem 1 hold. Then
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for all x ∈ [a, b] , where B(x) is given by (2.2).

Remark 2. If we choose in (2.1) and (2.3), x = a+b
2

, then we get the corresponding
midpoint inequalities:
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3. Proofs of Theorems 1 and 2

From the hypotheses, we have the following identities (see [2, 3, 4]):
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k (x, t) =

{

t − a if t ∈ [a, x] ,

t − b if t ∈ (x, b] .

Multiplying both sides of (3.1) and (3.2) by g(x) and f(x) respectively, adding the
resulting identities and rewriting we have
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From (3.3), using the properties of modulus and Hölder’s integral inequality, we have
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Using (3.5) in (3.4) we get (2.1). Multiplying the left sides and right sides of (3.1) and

(3.2) we have
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This completes the proof of inequality (2.3).

4. Application to some special means

In this section, we discuss the application of the inequality (2.5) to lower and upper

bounds estimation of some relationships between the following means:
(a) The arithmetic mean: A = A (a, b) = a+b

2
, a, b ≥ 0. (b) The geometric mean: G =

G (a, b) =
√

ab, a, b ≥ 0. (c) The logarithmic mean: L = L (a, b) =

{

b−a
ln b−ln a

, if a 6= b

a, if a = b.
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Let a, b > 0 , f ∈ L2 [a, b] and consider the function f : [a, b] ⊂ (0,∞) → R defined by

f (x) = 1
x

and g = f . Then by simple computation
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Using the above facts in (2.5), it is easy to see that the following inequality holds:
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Remark 3. As discussed above (see also [1]), one can also derive bounds for differ-

ences and ratios of the above means and other means noted in [1], when the function f

is defined by f (x) = xp, p ∈ R\ {−1, 0} and f (x) = log x. Here, we do not discuss the

details.
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