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SOME FIXED POINT THEOREMS IN INTUITIONISTIC
FUZZY METRIC SPACES

SUSHIL SHARMA AND PRASHANT TILWANKAR

Abstract. The aim of this paper is to prove some common fixed point theorems by using
the property (S-B) and the notion of R-weak commutativity of type (Sp) in intuitionistic
fuzzy metric spaces. We first formulate the definition of R-weakly commuting mappings
of type (Sp) in intuitionistic fuzzy metric spaces and prove the intuitionistic fuzzy version
of Pant’s theorem.

1. Introduction

Alaca et al. [1] using the idea of intuitionistic fuzzy sets, they defined the notion of intu-
itionistic fuzzy metric space as Park [17] with the help of continuous t-norms and continuous
t-conorms as a generalization of fuzzy metric space due to Kramosil and Michalek [11]. Fur-
ther, they introduced the notion of Cauchy sequences in intuitionistic fuzzy metric spaces
and proved the well known fixed point theorems of Banach [5] and Edelstein [7] extended to
intuitionistic fuzzy metric spaces with the help of Grabiec [8].

Turkoglu et al. [31] introduced the concept of compatible maps and compatible maps of
types (@) and (B) in intuitionistic fuzzy metric spaces and gave some relations between the
concepts of compatible maps and compatible maps of types (a) and ().

Gregory et al. [9], Saadati et al. [25], Singalotti et al. [24], Sharma and Deshpande [27],
[28], Ciric et al. [6], Jesic [10], Kutukcu [13] and many others studied the concept of intuition-
istic fuzzy metric space and its applications. Sharma and Deshpande [27] proved common
fixed point theorems for finite number of mappings without continuity and compatibility on
intuitionistic fuzzy metric spaces. In the study of fixed points of metric spaces Pant [18], [19],
[21] has initiated work using the concept of noncompatible maps in metric spaces. The util-
ity of study of noncompatible maps can be understood from the fact that while studying the
common fixed point theorem of compatible maps we often require assumptions on the com-
pleteness of the space or the continuity of the mappings involved besides some contractive
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conditions but the study of noncompatible maps can be extended to the class of nonexpan-
sive or Lipschitz type mapping pairs even without assuming continuity of the mappings in-
volved or completeness of the space. Aamri and Moutawakil [4] introduced the property (E.A)
and thus generalized the concept of noncompatible maps. The results obtained in the metric
fixed point theory by using the notion of noncompatible maps or the property (E.A) are very
interesting.

Sharma, Kutukcu and Pathak [30] introduced the property (S-B) in intuitionistic fuzzy
metric spaces and proved fixed point theorems on intuitionistic fuzzy metric spaces.

In this paper we prove common fixed point theorems by introducing R-weakly commut-
ing maps of type (Sp) in intuitionistic fuzzy metric spaces and using the property (S-B), how-
ever, without assuming either the completeness of the space or the continuity of the map-
pings involved. Pant [20] introduced the concept of R-weakly commuting maps in metric
spaces. Later Pathak et al. [23] generalized this concept and gave the concept of R-weakly
commuting maps of type (Ag). Pant [22] defined the concept of R-weakly commuting maps
of type (Ag) in the fuzzy metric space.

Here we define the concept of R-weakly commuting maps of type (S;) in intuitionistic
fuzzy metric spaces and using the property (S-B) we prove common fixed point theorems for
a pair of selfmaps. Our results intuitionistically fuzzify the results of Pant [22].

2. Preliminaries

Definition 2.1. ([26]) A binary operation *: [0,1]x[0,1] — [0,1] is a continuous t-norm, if * is
satisfying the following conditions :

(a) *is commutative and associative;

(b) = is continuous;

(c) ax1=aforall ac0,1];

(d) a*b<c+dwhenevera<candb<d,and a,b,c,d€[0,1].

Definition 2.2. ([26]) A binary operation < : [0,1] x [0,1] — [0, 1] is a continuous f-conorm if
¢ is satisfying the following conditions :

(a) ¢ is commutative and associative ;

(b) < is continuous;

(c) a0=aforall ae[0,1];

(d) adb<c{ddwhenevera<candb<d,anda,b,c,d¢€ [0,1].

Remark 2.1. The concept of triangular norms (#-norms) and triangular conorms (¢-conorms)
are known as the axiomatic skeletons that we use for characterizing fuzzy intersections and
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unions, respectively. These concepts were originally introduced by Menger [15] in his study of
statistical metric spaces. Several examples for these concepts were proposed by many authors
(12], [34].

Definition 2.3. ([1]) A 5-tuple (X, M, N, ,{) is said to be an intuitionistic fuzzy metric space
(shortly IFM-space) if X is an arbitrary set, * is a continuous f-norm, < is a continuous
t-conorm and M, N are fuzzy sets on X2 x (0,00) satisfying the following conditions for all
x,y,ze€e Xand t,5s>0,
1D M, yp,0)0+N(x, 0 =<1;

(i) M(x,y,0)=0;

(iii) M(x,y,t)=1forall t>0ifandonlyif x = y;

(iv) M(x,y,t)=M(y, x,1);

V) M(x,y,8)* M(y,z,8) < M(x,z,t+s) forall x,y,ze X and s, t > 0;

(vi) M(x,y,-):10,00) — [0,1] is left continuous;

(vil) lim;—.oo M(x,y, 1) =1forall x,yinX;
(viii) N(x,y,0)=1;

(ix) N(x,y,t)=0forall >0ifand onlyif x = y;

x) N(x,y,1)=N(y,x,1);

xi) N(x,y,)ON(),z,8)=N(x,z,t+s)forall x,y,ze X and s, t > 0;

xii) N(x,y,-):[0,00) — [0,1] is right continuous;

(xiii) lim;_.o, N(x,y,t)=0forall x, yin X.

Then (M, N) is called an intuitionistic fuzzy metric space. The functions M(x, y, t) and
N(x,y,t) denote the degree of nearness and the degree of non-nearness between x and y
with respect to f, respectively.

Remark 2.2. ([2], [3]) Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space
if X of the form (X, M,1— M, %,<) such that t-norm * and ¢-conorm <) are associated, i.e,
xOy=1-((1-x) = (1-y)) for any x, y € [0, 1]. But the converse is not true.

Example 2.1. ([14]) Let (X, d) be ametric space. Define a* b = min{a, b} and t-conorm a{b =

max{a, b} forall x,ye X and t >0, My(x,y,t) = foy) and Ny(x,y,0) = tfgg)y) .

Then (X, M, N, *,{) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy
metric (M, N) induced by the metric d the standard intuitionistic fuzzy metric.

Definition 2.4. ([20]) Two maps A and S are called R-weakly commutingat a point x if d(ASx, SAx) <
Rd(Ax, Sx) for some R > 0. Aand S are called pointwise R-weakly commuting on X if given x
in X, there exists R > 0 such that d(ASx, SAx) < Rd(Ax, $x).
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Definition 2.5. ([33]) Two mappings A and S of a fuzzy metric space (X, M, ) into itself are
R-weakly commuting provided there exists some real number R such that M(ASx, SAx, t) =
M(Ax,Sx, t/R) for each x € X and ¢ > 0.

Definition 2.6. ([32]) Let f and g be mappings from an intuitionistic fuzzy metric space
(X, M, N, %,$) into itself. The mappings f and g are said to be R-weakly commuting if there
exists a positive real number R such that M(fgx,gfx,t) = M(fx,gx,t/R), N(fgx,gfx,1t) <
N(fx,gx,t/R)forall x € X.

Definition 2.7. ([23]) Two self mappings A and S of a metric space (X, d) are called R-weakly
commuting of type (Ay) if there exists some positive real number R such that d(AAx, SAx) <
Rd(Ax,Sx) forall xin X.

Definition 2.8. ([22]) Two mappings A and S of a fuzzy metric space (X, M, %) into itself
are R-weakly commuting of type (Ag) provided there exists some real number R such that
M(AAx,SAx, t) = M(Ax,Sx,t/R) foreach xe X and t > 0.

We define the following:

Definition 2.9. Two mappings A and S of an intuitionistic fuzzy metric space (X, M, N, *, {)
into itself are R-weakly commuting of type (S,) provided there exists some real number R
such that M(AAx,SAx,t) = M(Ax,Sx,t/R), N(AAx,SAx,t) < N(Ax,Sx,t/R) for each x € X
and 1> 0.

Definition 2.10. ([30]) Let Sand T be two self mappings of an intuitionistic fuzzy metric space
(X, M, N, *,$). We say that S and T satisfy the property (S-B) if there exists a sequence {x,} in
X such thatlim;, .o, Sx;, =lim,,_.o, Tx,, = z for some z € X.

Example 2.2. ([30]) Let X = [0, +00). Define S, T: X — X by Tx = % and Sx = %x, for all x € X.

Consider the sequence x,, = % Clearly lim; . Sx, =lim;_.o Tx; = 0. Then S and T satisfy

the property (S-B).

Example 2.3. ([30]) Let X = [2,+00). Define S,T: X — Xby Tx=x+ % and Sx=2x+ 1, forall
xeX.

Suppose the property (S-B) holds; then there exists a sequence {x,} in X satisfyinglim ., Sx, =
lim,, oo Tx;, = z for some z € X. Therefore lim,,_.oo x;, = z—1 and lim,,_.oo X, = %1 Then

z= %, which is a contradiction since % ¢ X. Hence S and T do not satisfy the property (S-B).

Remark 2.3. It is clear from the definition of Mishra et al. [16] and Sharma and Deshpande
[29] that two self mappings S and T of an intuitionistic fuzzy metric space (X, M, N, *,$)
will be noncompatible if there exists at least one sequence {x,}inX such that lim,_.o, Sx;, =
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lim,,—.o Tx, = z for some z € X, butlim,,_.oc M(STx,, TSxy,, t) is either not equal to 1 or non-
existent and lim;,_.oo N(STx,, TSxy, t) is either not equal to 0 or non-existent. Therefore two
noncompatible self mappings of an intuitionistic fuzzy metric space (X, M, N, %, {) satisfy the
property (S-B).

Now we prove the intuitionistic fuzzy version of Pant’s theorem [22] by using the prop-
erty (S-B) and the notion of R-weak commutativity of type (Sp) in intuitionistic fuzzy metric
spaces, however, without assuming either the completeness of the space or the continuity of
the mappings involved.

3. Main Results

Theorem 3.1. Let (X, M, N, *,$) be an intuitionistic fuzzy metric space and [ and g be point-
wise R-weakly commuting self maps of type (Sp) of X satisfying the following conditions:
@ f(X)cgX,

(i) M(fx, fy ) zmin{M(gx,gy,th), M(fx,gx,th), M(fy,gy,th), M(fy,gx,th), M(fx,gy, th)}
andN(fx, fy, t) <max{N(gx,gy,th), N(fx,gx,th), N(fy, gy, th), N(fy,gx,th),N(fx,gy, th)},
0<h<l1,t>0.

If f and g satisfy the property (S-B) and the range of either of f(X) or g(X) is a complete sub-
space of X, then f and g have a unique common fixed point.

Proof. Since f and g satisfy the property (S-B), there exists a sequence {x,} in X such that

(D) limy—.oo fX5 = lim,—.oo gx, = z for some z in X. Since z € f(X) and f(X) c g(X), there
exists some point © in X such that z = gu where z =lim,_.o, gx,. If fu # gu, the inequality

M(fxn»fu» t) = mln{M(gxn»gu» th)»M(fxnrgxn» th)rM(furgur th)rM(furgxn; th);
M(fxn»gu» th)}r

and
N(fxp, fu,t) < max{N(gx,, gu, th), N(fx,, gxn, th), N(fu,gu,th), N(fu,gx,, th),

N(fxn,gu, th)},
Letting n — oo, we have

M(gu, fu,t) 2 min{M(gu,gu,th), M(gu,gu, th), M(fu,gu, th), M(fu,gu, th),
M(gu,gu, th},
=M(gu, fu,th)

and
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N(gu, fu,t) < max{N(gu,gu,th),N(gu,gu,th), N(fu,gu,th), N(fu,gu, th),
N(gu,gu,th)},
= N(gu, fu,th)

Hence fu=gu.

Since f and g are R-weak commutating of type (S,), there exists R > 0 such that

M(ffu,gfu,t)=M(fu,gu,t/R)=1
and
N(ffu,gfu,t)< N(fu,gu,t/R)=0,

thatis, ffu=gfuand ffu=fgu=gfu=ggu.
If fu# ffu, using (ii), we have

M(fu,ffu,t) zmin{M(gu,g fu,th), M(fu,gu,th), M(ffu,gfu,th), M(ffu,gfu,th),
M(gu, ffu, th),
=M(fu,ffu,th)
and
N(fu, ffu,t) <max{N(gu,gfu,th), N(fu,gu,th), N(ffu,gfu,th), N(ffu,gfu,th),
=N(fu,ffu,th)

a contradiction. Hence fu= ffuand fu=ffu=fgu=gfu=ggu.
Hence fu is a common fixed point of f and g. The case when f(X) is a complete sub-
space of X is similar to the above case since f(X) c g(X). Hence we have the theorem.

We now give an example to illustrate the above theorem.
Example 3.4. Let X =[2,20]. Define f,g: X — X as

fx=2 ifx=2or >5, fx=6 if2<x<5
g2=2, gx=x+4 if2<x <5,
gx=(4x+10)/15 ifx>5

also we define

d(fx,gy)

t
M(fx,gy,t)= ——— and  N(fx,gyt) = —2 20
(fx,. gy 1 an (fx,.gy1 [+ d(x87)

t+d(fx,gy)
forevery x,y€ X and ¢ > 0.

Then f and g satisfy all the conditions of the above theorem and have a common fixed
point at x = 2. In this example f(X) = {2} U {6} and g(X) = [2,9]. It may be seen that f(X) c
g(X). It can be verified also that f and g are pointwise R-weakly commuting maps of type
(Sp) and satisfy the property (S-B).
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Theorem 3.2. Let (X, M, N, %,$) be an intuitionistic fuzzy metric space and f, g be noncom-
patible pointwise R-weakly commuting self maps of type (Sp) of X satisfying the following con-
ditions:

@ fX)<cgXx),

(i) M(fx,fy t)=2min{M(gx,gy,th), M(fx,gx,th), M(fy, gy, th), M(fy,gx,th), M(fx,gy, th)},
andN(fx, fy, t) =max{N(gx,gy, th),N(fx,gx,th), N(fy,gy,th), N(fy,gx,th), N(fx, gy, th)},
0<h<l1,t>0.

If the range of f or g is a complete subspace of X, then f and g have a unique common fixed
point and the fixed point is the point of discontinuity.

Proof. Since f and g are non-compatible maps, there exists a sequence {x;} in X such that
(D) limy—oo fXn =limy 0o §Xn =2
for some z in X, either lim,,—.co M(fgx,, gfxn, t) #1 and lim;, oo N(fgx,, g fxn, t) # 0 or the
limit does not exist. Since z € f(X) and f(X) c g(X), there exists some point u in X such that
z=guwhere z=1lim,_., gx,. If fu# gu, the inequality
M(fxn»fu» t) = mln{M(gxn»gu» th)r M(fxnrgxn» th)r M(furgur th)r M(furgxny th);
M(fxn» gur th)}r

and
N(fxp, fu,t) < max{N(gx,, gu, th), N(fx,, gxn, th), N(fu,gu,th), N(fu,gx,, th),

N(fxn, gu,th)l.
Letting n — oo, we have

M(gu, fu,t) = M(gu, fu, th)
and
N(gu, fu,t) < N(gu, fu, th).

Hence fu = gu.

Since f and g are R-weak commutating of type (Sp), there exists R > 0 such that

M(ffu,gfu,t)=M(fu,gu,t/R)=1
and
N(ffu,gfu,t) <N(fu,gu,t/R)=0,

thatis, fu=gfuand ffu=fgu=gfu=ggu.if fu# f fu, using (ii), we have

M(fu,ffu,t) 2 min{M(gu,g fu,th), M(fu,gu,th), M(ffu,gfu,th), M(ffu, g fu,th),
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M(gu, ffu,th),
=M(fu,ffu,th)
and
N(fu,ffu,t) <max{N(gu,gfu,th), N(fu,gu,th), N(ffu,gfu,th), N(ffu,gfu,th),
N(gu, ffu,th)},
= N(fu, ffu,th)

a contradiction. Hence fu= ffuand fu=ffu=fgu=gfu=ggu.
Hence fu is a common fixed point of f and g. The case when f(X) is a complete sub-

space of X is similar to the above case since f(X) c g(X).

Now we show that f and g are discontinuous at the common fixed point z = fu = gu. If
possible, suppose f is continuous. Then considering the sequence {x,,} of (1) we getlim .o f fx, =
[z = z. R-weak commutativity of type (S,) implies that

M(ffxngfxnt) = M(fx,gxn t/IR)=1
and
N(ffxn,gfxnt) < N(fxn gxn t/R) =0,
which on letting n — oo yields lim,,—.oo g fx, = fz = z.
This, in turn, yields lim;,_.co M(fgxn, §fxn, t) =1 and lim,,_.oo N(fgxn, gfxn, t) =0.
This contradicts the fact that lim;, ..o M(fgx,, 8 fxn, t) and lim, oo N(fgXxn, & fXn, 1) is
either nonzero or nonexistent for the sequence {x,} of (1). Hence f is discontinuous at the

fixed point. Next, suppose that g is continuous, then for the sequence {x,} of (1), we get
limy,—co &fXn=gz=zandlim,_, ggx, = gz = z. In view of these limits, the inequality

M(fxpn, fgxn, t) =2 min{M(gx,,g8xn, th), M(fx,, g8xn, th), M(fgxn, g8Xxn, th),
M(fgxn, gxn, th), M(fx,,g8%n, th)},
= M(fxn, fgxn, th)
and
N(fxn, fgXn, t) < max{N(gx,,g8%Xn, th), N(fx,,88%Xn, th), N(fgxn, g8Xn, th),
N(fgxn 8xn, th), N(fx,,g8%xn, th)},
= N(fxn fgxn, th)
yield a contradiction unlesslim;,_.o, fgx, = fz=gz. Butlim,_.», fgx, = gzandlim,_.o, gfx, =
gz contradicts the fact that lim;, ..o M(f gxpn, & fxn, t) and lim,, ..o N(fgxn, g fxn, t) is either

nonzero or nonexistent. Thus both f and g are discontinuous at their common fixed point.
Hence we have the theorem.

We now give an example to illustrate the above theorem.
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Example 3.5. Let X = [2,20]. Define f,g: X — X as

fx=2 if x=2o0r >35, fx=6 if2<x<5
g2=2, gx=7 if2<x<5,
gx=(4x+10)/15 ifx>5

also we define

d(fx,gy)

t
M(fx,gy,)=———— and  N(fx,gyt)= ——222"
(fx, gy 0 an (fx, gy 0 [+d(x,87)

r+d(fx,gy)

forevery x,y€ X and ¢ > 0.

Then f and g satisfy all the conditions of the above theorem and have a common fixed

point at x = 2.

In this example f(X) = {2} u {6} and g(X) = [2,6] U {7}. It may be seen that f(X) c g(X).

It can be verified also that f and g are pointwise R-weakly commuting maps of type (S).

To see that f and g are noncompatible, let us consider a sequence {x, =5+1/n:n> 1}, then

lim,—.oo fXn =2, im0 X5 =2, im0 fgXx, =6 and lim,,_., g f X, = 2. Hence f and g are

noncompatible.
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