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SOME INEQUALITIES OF OSTROWSKI AND GRUSS TYPE
FOR TRIPLE INTEGRALS ON TIME SCALES

NAZIR AHMAD MIR AND ROMAN ULLAH

Abstract. In this paper, we establish some inequalities of Ostrowski and Griiss type for
triple integrals on arbitrary time scales involving three functions and their partial deriva-
tives. We also discuss the discrete Ostrowski and Griiss type inequalities for triple sum on
time scale.

1. Introduction

In 1938, A. Ostrowski [16] has proved the following inequality:

Let f: I <R — Rbe a differentiable function on (a, b) and Let, on (a, b), | f (x)| < M.Then,
for every x € [a, b],

| I ,
= Z+7a)2 (b-a)|f

1 b
o a1

the constant i is sharp in the sense that it cannot be replaced by a smaller one.

One of the most important integral inequalities proved by Gerhard Griiss [8] in 1935 is
the Griiss Integral Inequality, which gives estimation for the integral of a product in terms of
product of integrals and is defined as:

1 .
< Z(]—])(N—n), (1.1

1 b 1 b 1 b
’—b—afa f(x)g(x)dx——b_afa f(x)dx-—b_afa gx)dx

provided that f and g are two integrable functions on [a, b] and satisfy the condition j <
fx)=<J, n=<g(x)< N, forall x€ [a, b], where j, J, n, N are given real constants.

B. G. Pachpatte [18] has given some inequalities of Griiss type involving functions of two
independent variables. Later on, in [19], he established some new inequalities for triple inte-
grals involving three functions and their partial derivatives. The main aim of this paper is to
establish the time scale version of these inequalities.
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2. Time scale essentials

A time scale T is an arbitrary non-empty closed subset of the set of real numbers. Some
important examples of time scales are, R, Z, N, and N.

If T is a time scale, then for ¢ € T, we define the forward and backward jump operators
respectivelyas o (f) = inf{seT :s>t}and p(t) =sup{seT :s<f}.

A point ¢ is said to be right-scattered if o (£) > t and is left-scattered if p () < ¢. A point
that is at the same time right-scattered as well as left-scattered is called an isolated point.

The point ¢ is called right-dense if o (¢) = ¢. If p (¥) = ¢, then ¢ is said to be left-dense. If
p (t)=t=o0(t), then the point ¢ is called dense.

A function f: T — R is called rd-continuous (denoted by C,) if it is continuous at each
right-dense point or maximal point of T, and its left-sided limit £1£r} f(8) = f(t7) exists at left
dense points of T.

Let t € T, then two functions ®,¥: T — [0, +o0) satisfying @ (f) =o (1) -, V(£) = t—p (¢)
are called graininess functions.

If T has aleft-scattered maximal pointt, then TX = T —¢ (£), otherwise TX = T.A function
g%: T —Risdefinedas g7 (t) =g (o (1)) forall e T.

Let f: T — R be a function on time scale. Then, for s € TX, we define 2 (s) to be the
number, if one exists, such that for all € > 0 there is a neighborhood N of s such that for all
ueN,

If7 @)= fw -2 @) -w|<elos) —ul.
In this case, f (s) is called the delta derivative of f at s. f is said to be delta differentiable on
T, if f is differentiable at each s€ T.

Afunction F: T— R s said to be A—derivative for all f: T— Rif, F* (£) = f (t) t€ TX, and
in this case, we define the Aintegrable of f

b
f f(At=Fb)-F(a),

foreach a,beT.

Let Ty, T be two time scales. Let 0, p; and A; be the forward jump operator, the back-
ward jump operator and the delta differentiation, respectively on T, for i =1,2. Let a,be T,
c,de Ty, witha<b, c<d.|[a,b)and [c,d) are the half-closed bounded intervals in T; and T,

respectively. Let us introduce a "rectangle" in T, x T, by

R=la,b)x[c,d)={(t1,):h €la,b), iz €[c,d)}.
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Let f be areal valued function on T x T,. This function f is said to be rd-continuous in
1, if a; € Ty, then function f (ay, t,) is rd-continuous on T», and this function f is said to be
rd-continuouse in t, if ay € T, then f (¢, a2) is rd-continuous on T;.

CC,4 denotes the set of functions f (1, £;) on T; x T, having the properties
(i) fisrd-continuouse in #; and %.
(i) if (x1,x2) € T x To with x; right dense and x, right dense, then f is continuous at (x1, x) .
(iii) if x; and x, are left dense limits, then the limit of f (1, f») exists as (#1, f2)approaches to
(x1, x2) along any path in the region:

Rip(x1,x2) ={(t1, 82) s 1 € la, x11N'Ty, [c, x2] N To}.

Let CCi 4 denote the set of all functions in CC,; for which both the A, partial derivative
and A, partial derivative exist and are in CC,4. In [3] Bohner has defined the norm as

of (x,02(y)) 4 sup af (01(x),y)

= , +
171 sup |f(xy)[+ sup | = B e

(x,y)€la,blx[c,d] (x,y)eR

where f € CC!, ([a,b] x [¢,d],R).

Let @, ¥ be rd-continuous, a,b,c€ T and «, € R, then
b b b
(i)f (acp(r)+/5\y(t))At=af @(t)At+,Bf W (1) At
b a
(i) f CD(t)At:—f DO (1) At;
a b
b c b
(iii) f CD(t)At:f (D(t)At+f (1) At;
(lb a C b
(iv) f CD(G(I))‘PA(I)AI:((D‘P)(b)—((D‘P)(a)—f @A(t)‘P(t)At;
b b
) f CD(t)‘I’A(t)At:((D‘P)(b)—(CD‘I’)(a)—f @A(t)‘l’(a(t))At;
(vi) f D (H)Ar=0.

The weight function n: [a, b] — [0,00) is a non-negative integrable function and

b
f n(dt < oo.

3. Main results

Here, we give some notations used to simplify the theorems:.

B

P[f] = (:52_“2) (,53—063)[ f(01 (r),y,z)Alr

@
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B2
+(B1—a1) (B3 —ag)f f(x,02(5),2) Aps

B3
+(ﬁ1_a1)(ﬁ2_a2)f f(x»J’»(73(l‘))A3t,

a3

B P2
Q[f]=(/53—as)f f f01(r),02(5),2) AasArr
b1 rBs
+(,52—062)f f flov(m),y,050))AstAr

B2 B3
+(B1 —061)[ [ (x,02(5),03(1)) A3tAzs,

3
L[f] f f f a f(u b, W) AgwszAlu,

30 AswArvA u

= (B1—a1) (B2~ a2) (B3 —as),
A(@¥,5RQK) (1,,2) = @ (x,5,2) ¥ (x,1,2) 1 (x,,2)

1
3% [¥ (x,5,2)n(x,,2) {P @] - QD]

B1 B2 B3
+f f f d)(al(r),oz(S),ag(t))AstAzsAlr}
xn(x,,2) @ (x,y,2){P[¥]- Q[¥Y]

B2 B3

ff ‘I’(01(r),az(S),Us(t))AgtAzsAﬂ}

x®(x,y,2) ¥ (x,,2){P [n] - Q[n]
Br B2 rPs
+f f f <I>(01(r),cfz(S),ag(t))AstAzsAlr}],

B B2 P
B(@,‘I’,n;L)(x,y,z):‘P(x,y,z)n(x,y,z)f f f BAC I NN

B P ,33
+1(x,5,2)®(x, 5,2 f ff LIW]A3tAysA T

B B2 ﬁs
+®(x,y,2)¥ (x, 1,2 f ff n] AstAysAyT,

1 Jial
Z(®,¥,n;PQ;K) = Ff f f (x,1,2) ¥ (x,,2)1n(x,,2) A3z A1 x
ay

1 B B2 B3
_ﬁf f f {¥ (x,.2)n(x, 5, 2) (P[®] - Q[®])

+1(x,,2) @ (x,7,2) (P[¥] - Q[¥])
+@(x,5,2) ¥ (x,,2) (P[n] - Q[n])} AszA2yA1x

1 1 ﬁl ﬁz ﬁ3
— [(—f f f ¥ (x,1,2)n (%, ¥, 2) AzzAoy A1 x
3 k a; Jaz Jasg
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1 B1 B2 B3
x(—f f f <I>(01(r),az(s),ag(t))A3tAzsA1r)

+ f n (x,5,2)® (x,y,z)AngzyAlx)
x| — f ‘P(al(r),az(S),Us(t))AgtAzsAﬂ)

e f f @ (x,y,2)¥ (x, y,z)AszAzyAlx)

1 P2 B3
x % f f 77((71(”),02(3),03(t))A3tAzsA1r).

Theorem 3.1. Let T, T, and T3 be arbitrary three time scales and Ay, Ay and As be the delta
differentiation operators respectively on Ty, Toand T3.If [a;, Bi] < Ty, fori =1,2,3 and M =
[13_, (@i, Bi] then for (x,y,2),(r,s,1) € M and for some continuous functions ®,%,n € CC!,
[M,R], then the following inequality holds:

|A(®,¥,m;RLQ;K) (x,y,2)| < %B(@I,I‘PI,|n|;|LI)(x,y,Z),

forall (x,y,z) e M

Proof. Consider

yoor: 8o (u,v,
L[®] :f f f NN
o1(r)Joa(s y AswAvA u
f fy azd)(uvw)l ]A A
= vAju
U(r) 0(5) ApvAju 70 SR
PP (w,v,2)  0°P (u,v,03(1))
= ArvAru
anJor9 | A2vAru A vAiu
_f [ D (u, v, 2) N 0®(u,v,03(t))| ]
Jon Alu 029 AL u 02(5)
f [ (w,y,2 00 (u,02(5),2)
Alu
o1(r) Au Au
—fx 0®(u,y,03(l‘)) _0©(u,02(s),03(t)) Ay
o1(r) Au Aru !

=0 (u,y,2)l5, ;) ~PW,02(5),2) 5
~®(u,y,03 ()1}, () + P (1,02(5),03(O)} ()
=®(x,y,2)-@(01(r),y,2) - (x,02(5),2)
+® (01 (1),02(8),2) — @ (x,y,03(1)) + @ (01 (1), 3,03 (1))
+®(x,02(8),03(8) —P(01(r),02(5),03(1))
=®(x,y,2) - [®(01(r),y,2) + P (x,02(5),2) +D(x,y,03 (1)]
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+[@(01(r),02(5),2) +® (01 (1), 3,03(0) +P(x,02(5),03 (1))]

—®(01(r),02(s),03(1)). (3.1)
Similarly,
LY =Y (x,5,2)—[¥(01(),5,2)+ ¥ (x,02(5),2) + ¥ (x,y,05 (1))]
+[¥(01(n,02(8),2)+¥ (01 (1), y,03(0)+¥ (x,02(5),05(1))]
=W (o1(r),02(s),03(1)) (3.2)
and

Lin)=n(xyz)-[n(o1(),y2)+nx,02(5),2) +n(x,y,05 ()]
+[n(o1(r),02(5),2) +n(01 (1), 3,03 (1)) +1(x,02(s),03 (1))]
—n(01(r),02(s),03(1)). 3.3)

Multiplying both sides of (3.1), (3.2) and (3.3) with ¥ (x, y,2) 1 (x, », 2), (X, y,2) @ (x, ¥, 2)
and @ (x, y,z) ¥ (x, , z) respectively and then adding, we have:

30(x,y,2) ¥ (x,y,2)n(x, y,2)
¥ (x,5,2)n(x,3,2){[® (01 (1), y,2) + P (x,02(5),2) + D (x,y,05(1))]
—[@(01(r),02(5),2) + P (01 (1), y,03(0) + P (x,02(5),03 ()]
—®(01(r),02(5),03(1))}
—n(x,3,2)®(x,3,2){[¥ (011, y,2) + ¥ (x,02(5),2) + ¥ (x,y,05 (1))]
~[¥(01(1),02(8,2)+¥ (01 (1), y,03(0) +¥ (x,02(5),03(1))]
- (01(r),02(8),03(1))}
~®(x,3,2) ¥ (x,5,2){[n(01 (1, 5,2) +1(x,02(5), 2 +7(x, 3,03 (1)]
—[ne1(),02(8),2) +n (o1 (1), 3,05 (1) +n(x,02(5),03 (1)]
~1(01(r),02(5),03 (1)}

=¥ (x,5,2)n(x,y2) LI® +n(x,y,2) ®(x,y,2) LI¥] +®(x,y,2) ¥ (x,¥,2) L[n] .

Integrating both sides of the above equation over R with respect to o (1), 02 (s) and o3 (), we
have

3(Br—a1)(B2—az) (B3 —as) @ (x,y,2) ¥ (x,y,2)n(x, 3, 2)

—‘P(X»J’»Z)U(x,y,z){ (,62_“2) (,33_a3)fﬁ1®(0'1 (T),y,Z)AN

441

B2
+(B1—a1)(Bs - 063)[ D (x,02(5),2) Ays

az
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+(B1—a1) (B2 —az)fﬁs(P

as

Br B
—[(ﬁa—as)f f ®(01(r),02(8),2) ApsArr

(x,y,03(8)) A3 t]

B rBs
+(,52—062)f f (01 (r),y,03()AstAr

B2 B3
+(,51—061)f f @(x,Uz(S),Ug(l‘))Asl‘AzS]
Br B2 rPBs
—f f f <I>(01(r),02(8),03(t))A3tAzsA1r}

By
—ﬂ(x’%z)q’(%)’ﬂ){ (ﬁz—az)(ﬁs—as)f ¥ (01(r),7,2) Ayt
+(Br1—a1)(Bs—asz) | W(x,02(5),2)As

B2 "
b
(1) (Po—cx) |

as

B B
—[(,53—063)[ f W (01(r),02(8),2) ApsAr

¥ (x, y,O'g(t))Agt]

B1 B3
+(,52—062)f f Y (o1(r),y,05(0)AstArr
B2 B3
+(,51—061)f f ‘I’(x,Uz(S),Us(t))Agmzs]
Br B2 pPs
—ff ‘I’(01(r),az(S),aa(t))AgtAzsAlr}

—q)(x,y,z)‘l’(x,y,z){ (B2—a2) (ﬁg—ag)fﬁln(al(r),y,z)Alr

B2
+(Br—a1)(Bs—az) | n(x,02(5),2)Azs

az

+(B1—a1) (B2 — a2) fﬁs

B B
[(,53—063)[ n(01(r),02(5),2) ApsAyr

)

n(x,y,03(1)As t]

ﬁs
ﬁz—azf f (01N, y,03(0) AstAyr
+(,51—a1)f f n(x,az(S),ag(t))AstAzS]

Br B2 P
—f f n(o1(r),o2(s),03(1) Az tAzsAlr}
ag az as
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B P2 B3
= ‘I’(x,y,z)n(x,y,z)f f f L[®]AstApsArr
B P2 ﬁs
+1(x,5,2) @ (x, 5,2 f f f L[¥]A3tApsA;r

By B2 Ps
+®(x,,2) ¥ (x, 1,2 f f f L[n]AstAasAr (3.4)

Dividing both sides of equation (3.2) by 3K =3 (1 — a1) (B2 — a2) (B3 — a3), we have:

1
©(x,),2) ¥ (%3 2)n (% 1,2) = 2= [V (%0 2) 1 (% 1, 2) {P1O] - Q@]

B1 pB2 B3
+f f f <D(01(r),oz(S),as(t))AgtAzsAﬂ}

n(9,2) @ (x,7,2) P[¥]-Q[W]
+ [P [P [Bw (04 (1), (5), 03 (1) A tD25A 7
Pn]-Q|n]
(D ) \I] NS
) (xyZ){+f£ f N(01(r),02(8),03(1) AgtApsArr

B ﬁ
=— ‘I’(x,y,z)n(x,y,z)f lf 2[ L[®]AstAysA 1
3K a Jas

B B3
+1(x,5,2) @ (x, 5,2 f f f LI¥] AstAgsA T
(03]
B B2
+®(x,y,2) ¥ (x, 1,2 f f f L[n] AstAasAgr. (3.5)

Taking absolute value of both sides of the above equation, we have the required inequality

1
|A(®,¥,n;PQ;K) (x,5,2)| < §3(|q>|,|\y|,|n|;|u) (x,y,2), forall (x,y,z)e M

Theorem 3.2. Let T, T, and T3 be three arbitrary time scales and Ay, A, and A3 be the delta
differentiation operators respectively on T1, T, and Ts. If [a;, Bi] < T, fori=1,2,3 and M =
I3, [@i, Bi], then for (x,y,z),(r,s,1) € M and for some continuous functions ®,¥,n € CC!,
[M,R], the following inequality holds:

|Z (®,%,n;PQ;K)| 3K2f f f (101,191, |n], ILI) (x, y, 2) A3z2A2 yAs X,

forall (x,y,z) e M

Proof. On integrating both sides of equation (3.7) in Theorem 3.1 with respect to (x, y, z) over
M, we have:

B B2 pPs
f f f ®(x,,2) ¥ (x,5,2)0(x,5,2) A3zB2yA1x
(03] (2%} as
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Br B2 Ps
EY% ff[‘P(x,y,Z)n(x,y,Z){P[dn—Q[cb]
ﬁl ﬁz ﬁS
+f f f <I>(01(r),Oz(S),ag(t))AgtAzsAlr}

+n(x,y,z)@(x,y,z){ ~Q) }

+f f fﬁ“l’(al(r) 02(8),03 (1) AztAasAyr

®(x,,2)¥(x,, Z){ /511) -2 }

+ [P P ff; 101 (1),02(5),03 (1)) Ay tApsAL T
1 P B2 pPs
AL L
3K ay a a3z

Br B2 Bs
+n(x,y,z)<1>(x,y,z)f f f L[W]A3(03(1) A2sArr

B1 P ﬁs
+®(x,y,2) ¥ (x, 1,2 f f f n) AstAysAy T

Dividing both sides by K, we have:

A3 ZAZ yAl X

B B2 rPs
x,y,Z)n(x,y,Z)fa fa fa L[®] A3 (03 (1)) ApsAyT
1 2 3

A3zApyAjx.

f f (x,3,2) ¥ (x,,2)n(x,,2) A3z A1 x
1

ﬁl ﬁZ ﬁs
—37[ f f {¥ (x,,2) 1 (x,3,2) (P @] - Q1)) + 1 (x, 7,2) @ (x, 7, 2) (P[¥] - Q[¥])
+0(x,7,2) ¥ (x,3,.2) (P [n] = Q[n])} Aszhoyix

[( f f f(f\P(x'y'z)n(x»J’»Z)AszAzyAlx)x

B2 B3
—f f f d>(01(r),oz(S),ag(t))AstAzsAﬂ)

B2 B3
( f f 77 xy,) (x,y,Z)A3ZA2yA1x)X

B2 ﬁa
—ff ‘I’(01(r),az(S),aa(t))AgtAzsAlr)

1 B B2 P
+(_f f f (D(x’y’z)\y(x»J’»Z)AngzyAlx) x
KJay Jay Jas

1 P2 B3
—f f n(oq (r),az(S),ag(t))AstAzsAﬂ)
ag az as
1 By B2 Ps B1 B2 pPs
:—zf ff ‘P(x,y,z)n(x,y,z)f f f L[®]AstApsArr
3K2 J,,

B P ﬁs
n(x »< x)y) f f f \P] AgtAZSAlr

B P2
q)(xryrz)\y(xryrz)j; L L L[T]] A:—}tAZSAlr
1 2 3

AngzyAlx.
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Taking absolute value of both sides, we get the required inequality:

1 BB phBs
|Z(q>,\y,n;RQ;K)|s—2f f f B(|®,1'¥],|n|;ILI) (x, 5, 2) A3zA2yAq x, for all (x, y,2) € M.
3K a)] Jaz Jas

Discrete case:

In theorem 3.1 and 3.2 if we put T = Z and choose a; =1 fori =1,2,3and 8, = a +1,
B2 =B +1, B3 =7 +1, we get the respective inequalities for the discrete functions in the form
of the following corrolaries :

Corollary3.1. Let Ty, T, and T3 be three arbitrary time scales, such that C = {1,2,3,....,a+ 1}
Ti1, D={1,23,....+1} = Tr and E={1,2,3,...,y + 1} < T3, where a, f andy are natural
numbers. Let G=C x D x E and A1, A, and A3 be the difference operators respectively on T1, T»
and Ts, then for the functions®,¥,n: G — R

_ 1
forall(l,m,n) € G.

Corollary 3.2. Let Ty, To and T3 be three arbitrary time scales such thatC = {1,2,3,....,a+ 1} <
T1,D={1,23,....p+1} =T, and E={1,2,3,....,y+1} < T3, where a,f and y are natural
numbers. Let G=C x D x E and A1, A, and A3 be the difference operators respectively on T, T»
and Ts, then for the functions®,¥,n: G — R

a B v
[M(@, 9,55, Q k)| < =5 2 3 3 QLI o3 L)) o),

=1 m=1n=1

where

B a B Y
P(f] = ,BYZf(Ul (M, mn)+ay) f,02(s),n)+aB) f(l,mos3(t)
1 1

[24

a v
Qlr] yZZf(al(r),az(s),n)+ﬁZZf(al(r),m,og(t))
1 1

1 1
By
+a) Y f(l,02(5),03(0),
1 1
I-1m-1n-1
Lifl=3 2 2 MshoAifuvw),
k = apy,

1(®,¥,n;P,Q;k) (I, m,n)
=0, mn)¥(,mn)n(,m,n)
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1 _ a B vy
—Q‘P(l,m,nm(l,m,n){lﬂm Q[@]+ZZZ<D(01(r),az(s),as(r))}
1 1 1
a By
+n(l,m,n)<1>(l,m,n){ Q[\P]+ZZZ\P(01(r),oz(s),as(m}
1 1 1
a By
+(I>(l,m,n)‘P(l,m,n){ +ZZZn(al(r),az(s),ag(t))},
1 1 1

_ a By a P
Q@Y. nL)=Y(U,mmnl,mn) Y Y LI®+nl,mn®(,mn)) ).
1 1 1 1 1

»-4M~<

Lin],

a B
+@(L,m,n)¥Y(,mn)) )
T 1

HM‘{

and 5
a Y
M(®,¥,n;P,Q;k) = %Z Y. Y od,mn) ¥, mnnl,mn)
[=1m=1n=1
1 & b v _ _
3 S S wam o m (P[] -a[f))

+n(,mn) @, mn(P[f]-Q[f])
+@(1,m,m) ¥ (I, m,n) (P[f] - Q[f])}

a a p v
—= (lZZ Z‘I’(lmn)n(lmn) (lZZ @(l,m,n))
k I=1m=1n=1 k I=1m=1n=1
a Y 12 B r
—Z Y nimm@Umn|l=) > > ¥ mn)
kl:l 1n=1 kl m=1n=1

B
P2
B
2

| —
M=
™M= L
M=

|

Y Y
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