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GENERALIZED VECTOR VALUED DOUBLE SEQUENCE
SPACE USING MODULUS FUNCTION

ANINDITA BASU AND P. D. SRIVASTAVA

Abstract. In this paper, we introduce a generalized vector valued paranormed double sequence
space F2(E7 p, f, 8), using modulus function f, where p = (py k) is a sequence of non-negative real
numbers, s > 0 and the elements are chosen from a seminormed space (E, ¢g). Results regarding
completeness, normality, K2-space, co-ordinatewise convergence etc. are derived. Further, a
study of multiplier sets, ideals, notion of statistical convergence and (p,j)-Cesdro summability

in the space F2(E,p, f,s) is also made.

1. Introduction & Motivation

Ratha and Srivastava [14] and Ghosh and Srivastava [f] introduced and studied gen-
eralized classes of composite vector valued single sequence spaces F(Eg, A) and F(Ey, f)
respectively, which are defined as

F(Eg,A) = {:c = (xr): zx € Ey, for each k and (g9g, (vizk)) € F}

and
F(Eg, f) = {:c = (zr) : zx € Ej and the sequence (f(gg, (zx)) € F},

where F is a normal sequence space with a monotone paranorm gp, (Ek, g, ) is Banach
space over the field of complex numbers C, f is a modulus function and A(z) =3, %,
v = (1) is a sequence of non-zero complex numbers satisfying

o 1
v = liminf |vg|*, 0 <v < oo.
k—o0

With suitable topologies, the authors have investigated various topological properties for
these spaces. The study of these spaces includes many known spaces as particular cases.
For example, by specifying F', E & f, one can obtain wo(f) & weo(f) of Maddox [1],
wo(f,p) & weo(f,p) of Bilgin [], w(f) of Oztiirk & Bilgin [11] and others.

To continue the study, we introduce a new space F2(E, p, f, s) of vector valued double
sequences which unifies some of the earlier classes on double sequences as particular cases.
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Also, some important results have been derived on various aspects of double sequences
which can be treated as generalization of the results derived by Gokhan et al. ([3] [4])
and Mursaleen et al. |9].

2. Sequence space F2(E,p, f, s)

Let (E, ¢g) be a seminormed space over the complex field C. Let S2(E) denote the
linear space of all double sequences x = (z,x) with z,, € E under the usual coordinate-
wise addition and scalar multiplication. Let F?2 be a normal scalar double sequence space
with monotone paranorm gg2 such that co-ordinatewise convergence implies convergence
in paranorm gg2, i.e.,

azl’,lc — 0(j,1 — o0) for each n, k = gp=2(a’!) — 0(j,1 — o) (2.1)

where (a/}) = a’! € F? for each j and I € N.
Throughout this chapter, by a convergent double sequence we mean a convergent in
Pringsheim’s sense. |
Let f be a modulus function and p=(pnr) be a sequence of strictly positive real
numbers and s > 0. We introduce a new class F?(E,p, f,s) of vector valued double

sequences as follows:

F*(E,p, f,s) = {:L' = (znk) € S2(E) : zpk € F for each n, k € N and the sequence
((nk)_s{f(QE(xnk)) }pnk) € FQ}. (2.2)

Further, we define a topology on F?(E,p, f,s) by a paranorm g which is given by

Pnk/M
}, for z = (znx) € F2(E,p,f,s) (2.3)

9(@) = gr2 [(nk) = { F (am(en) )}

where M=max(1, H), H = sup,, j pnr < 0o and inf p,; > 0.
It is seen that F2(E, p, f, s) turns out to be a complete paranormed space of vector valued
double sequences.

It can also be seen that for suitable choice of the sequence space F2?, E and the
modulus function f, the space F?(E,p, f, s) includes many of the known scalar as well as
vector valued sequence spaces as particular cases.

Application:

1. If we take E = C, f(z) =, s =0 and F? = (°, the space F?(E,p, f, s) gives rise
the space £3°(p) of Gokhan et al. [4].

2. If we take E = C, f(x) =2, s =0 and F? = ¢, the space F2(E, p, f,s) gives rise
the space cf'(p) of Gokhan et al. J4].

see section 1.6 of Chapter 1.
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3. If we take E = C, f(z) =, s=0and F? = ca N/, the space F2(E, p, f, s) gives
rise the space c£'P(p) of Gékhan et al.|4].

4. If we take E = C, f(z) = 2, s = 0,pur = 1 and F? = w?(p), €, co, 3, , the
space F2(E,p, f,s) gives rise the spaces of Tripathy [13].

3. Main Results

Theorem 3.1. F2(E,p, f,s) is a linear space, where p = (pn1) is a bounded sequence
of strictly positive real numbers € inf p,, > 0.

Proof. Let x=(xnk), y=(ynk) € F?(E,p, f,s) and A\, u € C. Then

(n)~*{ £ (a5 Otk + 1)) }
< (”k)fs{f(QE(Aank) + QE(Nynk)) }pnk
{ (qE(Amnk ) + f(QE(:uynk)) }M

< (k) [{ 1 (Was @)} + {1 (Inlas )}
(

< D+ DH k) L (am )} DO () 08) L (am i) P

where D=max(1,27~1). Since F? is normal, Az + uy € F?(E,p, f, s).

Theorem 3.2. F2?(E, p, f, s) is a paranormed space under the paranorm g given
by (Z3), where p = (pnk) is a bounded sequence of strictly positive real numbers &
inf ppx > 0.

Proof. It is clear from the definition of g that g(f) = 0 and g(x) = g(—x), where
6 is the null element. Again taking A = 1, p = 1 in the Theorem 3.1 and the fact that
gr2 is a monotone paranorm on F?, we get g(x+y)< g(x)+g(y). It is left to prove the
continuity of scalar multiplication under g.

Suppose {A\,,} is a sequence of scalars such that \,, — X as m — oo and let 7 EN

z as j, | — oo. To show g(Ana?! — Ax) — 0 as j, | — oo where /! = (a7]) €
FQ(Eap7f75)'
Let
jm pnk/M
apyp = (nk)™ { (|>\ —)\|QE(Ink))} . (3.1)

As A\, — A as m — oo, for sufficiently large m, we can assume that [A,, — A| < 1.
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Consider

gt — \z) = gpo [((nk)_é{f(q]; [Ammif;i B )\xnk}>}pnk/M>}
< ara[ (7§ (a5 = V0 =20
(

)

qE |:(>\m - )\)(;Ei”l€ _ xnk)} ) }pnk/M>:|

+ )\(:L'iﬂi — Tpk) +

A\
)
B!
N
— —
—
S
=~
.=
»
—
k’ﬁ
/N

. (nk sy qE[(Am —A)xnkD}pnk/M”

= [+I1+111.

Since A\, — A as m — 00, S0

[l = =) )]
<o ({1 o[ = 2a]) )] =95

Again since f(A\) < (1 +[|A]])f(1), so as m — oo

= gpe [((nk)‘s{f(IAIQE [ﬂffizi - mnk} ) }p"k/Mﬂ

< g2 | ((nk)” »{(1 w1 (as it — ] )1
= (14 Al — ).

Hence from [F2) using BII) we get
g Apma?t — Az)
= g(@ = 2) + (1 + [ADg(a" — 2) + |gr2(a}3)|

Also, since

£ (12 = Naz@) ) < f(gs(@u)
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holds because |\, — A| < 1 for sufficiently large m and F? is normal so a™ = (a”},) € F?
for sufficiently large m. Obviously for each n, k, a];, — 0 as m — oo. So by the
condition &II), we get gp2(aly) — 0 for sufficiently large m. Again IT and III tend to
zero as j, | — oo & m — oo, because A\, — A & 27! 2 z. Hence we get

g Azt — Az) — 0 as m — oo and j, | — oco.
Hence the proof.
Theorem 3.3. F?(E,p,fs) is a Ky-space if F? is a Kp-space.

Proof. Define P, : F?(E,p, f,5) — E as Py(x) = xnk, n,k = 1,2,3,..., where
x = (xnk) € FQ(E,p, f,8). To show P, is continuous.
Let (29!) = ((xil,i)) be a sequence in F?(E,p,f,s) such that

g(z?!y = 0 as j,1 — oo.

Since F? is a Ky-space, g(z?!) — 0 as j, [ — oo implies that

) Pk /M
("k)is{f@E(xzui))} AN 0 as j, | — oo, for each n,k.

We claim that qE(Ifﬂlﬂ) — 0 as j, | — oo, because f is continuous and increasing. This

implies
qE (Pnk(ﬂfj’l)) =dqE (ﬂ?zﬂi) — 0 for j, | — oo.

Hence the proof.
Theorem 3.4. F?(E,p,fs) is a normal space.

Proof. The proof is straightforward, so we omit it.

Theorem 3.5. F2(E,p,f,s) is complete with respect to the paranorm g if (E,qg) is
complete, and F? is normal Ko-space, where (pny) is bounded sequence of strictly positive
real numbers such that inf p,r > 0.

Proof. Let 27! = (:L'iﬂi) be a Cauchy sequence in F%(E, p, f, s). So
gt —a™) = 0asj, I, r, t — 00

ie.,

gF, K(Nk’)_é{f(QE(Ifﬂi - x;,ﬁ)) }pnk/M)} —0asj I, r, t— oc.

Since Fy(E,p,fs) is a Ky space and f is continuous, so for each nk

n

—s/M y "t )
(nk) qE (x]’k — acn’k) —0asj, I, r, t — oo.
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Hence for fixed n, k
qE(acfﬂlc - xZi) —0asj, I, r, t — oo.

This implies that for fixed n, k, (xil,i) behaves as a Cauchy sequence in E. But (F,qg)
is complete, so there exist © = () € E such that

qE(Jciﬂi — xnk) —0asj, | — 0.

So
ail’,i — 0( as j, | — o0) for each n,k (since f is continuous)
where

afl’,i = (nk)fs{f@E(mf;,i - xnk)) }p"k/M,n, k=1,2,... (3.3)

Since for each n, k, afl’llc — 0 as j, | — oo, so choose 551}9 such that
Il < 60 (nk)™® ) Nt 5 4
aly < ol (nk)™°S flae(zh,) where 0 < 6, < 1. (3.4)

Clearly a’! € F2, for each m, because F? is normal.
Hence,

gr, K(nkz)*s{f(qE(Jcil,lC — xnk)) }pnk/M)} —0asj, | - o0

ie., g(al! —2) — 0 as j,1 — oo.
Now using [B3)) and B2) we get

(k)= { £ (g (@) }”"” Y@y k)L £ (an(h)) }”"’“/M,

Since F? is normal space and 2! € F2(E,p,fs), * = (z,) € F?(E,p,f,s). Hence the
proof.

Theorem 3.6. Let f be a modulus function such that f(uv) = f(u)f(v) where u,
v are positive scalars. Let E be a commutative normal sequence algebra under o, where
Tk © Ynk = TnkYnk and F? is a normal sequence algebra under the multiplication o,
defined as (ank) o' (buk) = (ankbnk), where (ank), (bnx) € F2. Then F?(E,p, f,s) is a
commutative sequence algebra.

Proof. Let « = (2,;) and y = (yu) € F2(E,p, f, s). Consider
(Nk)f%{f(QE(Ink ° ynk)) }
= (k) {1 (am(ensyor))
< (nkz)_Qs{ f(qE(acnk)qE (ynk)> }p"k (since E is a normed algebra)
P

= (nk)72s{f<QE(mnk))f<QE (ynk))} (by given condition)
= (k) {f (am(wa) ) }

Pnk

Pnk

k

(nk)_s{f(qE(ynk)) }pn € F?
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as v,y € F2(E,p, f,s), which implies (:cnkynk) € F*(E,p, f,s). So F2(E,p, f,s) is a
sequence algebra. Further, it can be seen easily that F2(E,p, f,s) is a commutative
sequence algebra as F is commutative.

Remark 3.1. The condition inf p,x > 0 is not required when F? = ¢2, ¢?, 612,, p>1
But for F2 = (2 the condition inf p,z > 0 is required. For the sake of completeness we
have chosen this condition in general.

Now, we prove the following lemma which will be used in sequel:

Lemma 3.1. Let f1, fa be modulus functions and 0 < § < 1. Let f1(t) > ¢ fort >0,

then
(fao f1)(t) < 2f2T(1)f1(t)-
Proof. Since for f1(t) > 6,
At < flét) <1+ {flé(t)}

we have

(Fro )0 < (14120 1) <29 g0

Some inclusion relations which are known for single sequence spaces are extended anal-
ogously to double sequence spaces as follows:

Theorem 3.7. Let F2 be a normal sequence space. Then the following inequalities
hold:

L Ifsup,q $H3 < 0o, then F2(E,p, fa,s) C F2(E,p, f1,5).
2. FQ(E7pa f175)ﬂF2(Eap7f258) g FQ(E7pa fl +f2;8)'

3. FQ(E7pa f175) g F2(E7pa f2 Oflas) Zf (nk)_s € F27 where (fQ Ofl)(t) = fQ(fl(t))
and inf p,i > 0 & sup p,r < 0o.

4. Ifsl S S2, then F2(Eapa flasl) g F2(Eapa flaSQ)‘

Proof (i). Let © = (1) € F2(E,p, f2,s).
Since sup; ;;—ég < o0 is given, 3 L > 0 such that fi(t) < Lfa(t) for all t > 0 and
hence

(k) ~*{ 1 (am(@us)) }

Pnk

< max (1, LH) (nk)*s{fg (qE(xnk)) }pnk for each n and k.

Since F? is normal, so the result follows.
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Proof (ii). Let x = (zn) € F2(E,p, f1,s) N F*(E,p, f2,s). Consider

(nk)*s{(h i f2)<QE(wnk)) }Pnk = (nk)~* Hh (QE(ﬂan))} + {fz (qE(xnk)) Hpnk
< D(nk)—* [{fl (qE(xnk)) }p"k + {f2 (QE($nk)) }pnk}

for each n and k and D=max(1, 2H=1) Result follows as F2 is normal sequence space.

Proof (iii). Let us choose 8 such that 0 < § < 1. Let
Ny = {(n,k) ENXN:f (qE(:Enk)) < 5}
Ny = {(n, k) e NxN:fy (qE(mnk)) > 5}.
If (n.k)€ Ny, then
(f20 f1) (am(eur)) < £2(0).
Hence
(1)~ (20 1) (am(@n)) )" < ()™, (3.5)

where inf pr SUp Pnk
B R X ]
Again for (nk)e No,

(nk)*s(( f20 fl)(qE(:cnk)))p"k < (nk)’s[2f 25(1) f (qE(xnk))r“ (by Lemma 3.1)
< m2(nk)”* {fl (QE(Ink))rnk (3.6)
where

= {4 (200) )

Let n = max(n1, 12).
From &3) and BH) we get for (n, k) € Ny U No,

Pnk

k)~ (2 0 1) (am(ann)) ) < k)= + ()~ [ 1 () )]

Since ((nk)~%) € F? and F?(E, f, p, s) is normal, so the result follows.

Proof (iv). For s; < s9

(nk)—*2 [f (QE(JUnk))}pnk < (nk)~* [f (qE(xnk))}pnk for every n, k.
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By using the normality of F2, the result is obtained.

4. Multiplier set of F2(E,p, f, s)

This section deals with some inclusion relations between the set F2(E, p, f,s) and its
multiplier set.
We define multiplier set of F2(E,p, f,s) as

M2[F2(E,p, f,5)]
= {a = (ank) € E: (ankacnk) € FX(E,p, f,s) for all z = (z,x) € F*(E,p, f,s)}
where F is taken as normed algebra. Now, we prove the following theorems:
Theorem 4.1. Let E be normed algebra and F? be a normal sequence space. Then
(3°(E) € MP[F*(E,p, f, )],

where

U°(E) = {a = (ank) : ank € E and supqE(ank) < oo}.
n,k

Proof. Let a = (ank) € (°(E) and z = (znx) € F2(E,p, f, 5).
Let B= sup,, 1 ¢r(ank) < oo. Now,

Pnk

(k) ~*{ (a8 (ansni) ) }
< (nk)_s{f(qE(ank)qE(acnk)) }pnk (since E is normed algebra)
<+ 1B k) {1 (amean)) }

where [Bf] denotes the integral part of B .
Since F? is normal, this implies (anxrnk) € F2(E,p, f,s) and consequently (anx) €
M?[F?(E,p, f,s)]. Hence the proof.

Theorem 4.2. For any modulus function satisfying f(aB) < f(a) + f(8),o, 8 €
[0, o0),
F*(E,p, f,s) C M?[F*(E,p, f.5)],

where E is a normed algebra.

Proof. Let 7 = (z,1) € F?(E,p, f,s). We want to show that @ = (z,1) € M?[F*(E,

b, fa S)], i'e'a to show (mnkynk) S F2(Eapa fa 5) for all y= (ynk) € F2(Eap7 fas)
Consider

9E(TnkYnk) < 4e(Tnk)qE(Ynk)

since F is a normed algebra.
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Then

f(QE(Inkynk)) < f(QE(xnk)QE(ynk)) < f(QE(fnk)> + f(QE(ynk)>-

Thus

)~ {f (am(@nayan) )} < k) { (am@ar)) + £ (a5 ) )}
< k)~ [{# (axtean)) } "+ { £ (ap )}

where D=max(1,27-1).
This implies 2y € F?(E,p, f,s) and hence x € M%[F?(E, p, f, s)].

5. Ideals of F2(E,p, f, s)

Let 12 be a normal subspace of F2, where F? is a sequence algebra. Let E be
commutative normed algebra and So(FE) is the linear space of all sequences © = (2,1)
with z,; € FE under the usual coordinatewise addition and scalar multiplication.

‘[2 (E7p’ f’ s)
Pn
= {m = (zpk) : Tur € S(E) for each n,k and ((nk)*s{f@]g(xnk))} k) € 12}
It is easy to check that I?(E,p, f, s) is a subspace of F2(E,p, f, ).

Theorem 5.1. If I? is closed subspace of F? and F? is a normal Ko-space then for
0<pur <1, I?(E,p, f,s) is a closed subspace of F?(E,p,fs).

Proof. It is easy to show that I?(E,p, f,s) is a subspace of F2(E,p, f,s). Next, to
show it is closed, we take z = (x,x) € I2(E,p, f,s), the closure of I?(E,p, f,s). This

implies the existence of a sequence z/ = ((x%)) € I?’(E,p, f, s) such that
g(@? —z) - 0asj, | — oo

for some z = (xn;) € F2(E,p, f, ).
Consequently,

, Pn
g2 [((nk)*s{f(qE(:EiL,l€ — :cnk))} k)} — 0 as m — oo. (5.1)
(since M=max(1,sup p,x)=1)
Since F? is Ky-space and f is continuous at 0, so,

qE(:EiL,l€ — Zpk) — 0 as j, | — oo for each n, k.
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Consider
{f(qE( ”)) }pnk {f(q (:Uf”lC Tk + $nk)) }pnk
{1 (am@t = 2a)) + £ (an ()}

{(aply =)} + {1 (am@)) } 7 (a5 0 < puic < 1)

IN N A

Therefore

(o))~ {H(asteu) ™ < r(astei - 02

Since F? is normal and gp2 is a monotone paranorm, so (22) implies that

((nk)’s ({f(QE(xf;;i)) }pnk - {f(qE(znk)) }p”k)) € F2. (5.3)

So we get from (B2) and [B3)
(semi) |~ {# (a7

g (k) ({1
oo (ot )}
=g(@ — )
Using () we get,
o (1)) ~ 7 (o) )] <0

(5.4)

Since I? is closed in F?, it is clear from (&) that,

()= {# (aptam)) ) € 2
Hence = = (z,1) € I*(E,p, f, 5).

Theorem 5.2. Let I? be an ideal of F2. Further, let the modulus function f satisfies
fluv) = f(u)f(v) where u, v are scalars. Then I?(E,p, f,s) is an ideal of F?(E,p, f,s).

Proof. For x = (z,x) € I?(E,p, f,s) and r = (rnx) € F2(E, f,p, s),
(k)2 {  (apannn) )} < (k) 2{ £ (4 o () }
= (k) { £ (ax(ra0)) } " ()~ { £ (aslann)) } " € 12

As because I? is an ideal of F?2,

(k)= {7 (astran)) } " k) { £ (4 (@a)) } ) € 12

DPnk
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Further normality of I? implies

((nk)_Qs{f(QE(Tnkxnk)> }pnk) el?

and hence rz € I?(E,p, f, s).
Similarly it can be shown that ar € I?(E, f, s) which completes the proof.

Theorem 5.3. If I? is a subspace of £5°, for any unbounded function f, I*(E,p, f,s)
is an ideal of ¢ (E,p, f,s).

Proof. Let x = (z,1) € I?(E,p, f,s) and £ = ({nr) € £ (E,p, f,8). So

sup(nk)*s{f (qE (Enk)) }p"k < 00 (5.5)

n,k

But f is unbounded and in order to hold &), it follows that £ = ({,x) € £°(F).
Let

T = sup qe(lnk ).
n,k

Then

(nk)—s{f(qE(énkxnk)) }Pnk < )‘s{f(qE(fnk)qE(:cnk)> }pnk
< k)~ {f (Tam(anr)) }
<(1+ [T])H(nk)_s{f(qE(xnk)>}

nk
nk
Pnk

Hence by the normality of I?, it follows that ¢x € I%(E,p, f, s).
Similarly we can show that z¢ € I?(E,p, f, s).

6. Statistical convergence and strongly (p,;)-Cesiaro summability

The concepts of Cesdro summability and strongly p-Cesaro summability for double
sequences are introduced by Moricz [§] while the notion of statistical convergence for
double sequences has been discussed by Mursaleen et al. [d].

Mursaleen et al. [d] first introduced and extended the concept of statistical con-
vergence for double sequences of real or complex numbers after defining the analogue
concept of natural density for double sequences as follows:

Let K € N x N be a two dimensional set of positive integers and let

K(n,m) :C’({(i,j):ignandj §m}>

where C(A) denotes the cardinality of the set A.
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If the sequence (%) has a limit in Pringsheim’s sense [l], then we say that K

has double natural density do(K) and is written as

Mursaleen et al. [d] defined analogously the statistical convergence and statistical Cauchy
convergence for double sequences © = (x,1) as follows:

Definition 6.1. A real double sequence x = (x;;) is said to be statistically convergent
to the number ¢, if for each € > 0, the set

{(i,j):ignandjgm:|xijf€|ze}
has double natural density zero in the Pringsheim’s sense [1], i.e.,

1
Pflim—C({(i,j) i<n&j<m, oy -1 Ze}) =0

m,n mn
and this is denoted as sty —lim; ; x;; = £. We denote the set of all statistically convergent
sequences (in Pringsheim’s sense) by sts.

Definition 6.2. A real double sequence z = (z;;) is said to be statistically Cauchy,
if for each € > 0 there exist A = A(e) and B = B(e) such that for alli, p > A, j, ¢ > B,
the set
{(i,j):igrandj <8t |Xij — Xpgl Ze}

has double natural density zero in Pringsheim’s sense.

In this section, we have extended the concepts of statistical convergence and Ceséaro-
summability to the generalized vector valued double sequence space F?(E,p, f,s) as
follows:

Definition 6.3. A vector valued double sequence x=(z;;) € F?(E,p, f,s) is said to
be statistically convergent to L if for each € > 0, the set

{Gi<n i<k @) {t(as-0)}" =}

has double natural density zero.
2(E .
In this case we write x;; S(Epfe) L. Tt is easy to check that L is unique.
Definition 6.4. Let x = (z;;) be a vector valued double sequence in F2(E, p, f, s)
and p = (pi;) be a sequence of strictly positive real numbers. Then x = (x;;) is said to
be strongly (p;;)-Cesdro-type summable to ¢ if
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Note 6.1. Let s%’p’ﬁs, w?&p’f,s denote the space of all statistically convergent vector
valued double sequences and the space of all strongly (p;;)-Cesdro-type summable vector
valued double sequences respectively.

Theorem 6.1. A vector valued double sequence x = (x;;) € F2(E,p, f,s) is statisti-
cally convergent to € if it is strongly (p;; )-Cesdro-type suummable to £.

Proof. Let
Ii(e) = {(i,j),i <nj<k: {(z’j)*S{f(qE(:cij —E)) }p} > e}.

Let us assume that « = (z;;) is strongly (p;;)-Ceséro suummable to ¢. Then

% iiljzi; [(ij)is{f(QE(Iij - f)) }pij}
- ”i[ Z [(ij)_s{f(qE(Iij _6)) }p”} + Z [(ij)_s{f(QE(xij —f)) }p“}
v res
- % (i%;h {(ij)_s{f(QE(xij a 6)) }”“}

> e%C({(i,j) eENxN,i<n, j<k: [(nk)fs{f<qE(acij - 6)) }pij] > e})
implies that « = (z;;) is statistically convergent to .

Theorem 6.2. w%ypyf’s N (E,p, f,s) = SQE,p,f,s N (E,p, f,s), where
Pnk
2 (E,p, f,s) = {:c = (Tnk) € S2(E) : xpr € E and ((nk)*s{f@]g(xnk))} ) € ﬁgo}
Proof. Let x = (z;5) € SQE,p,f,s N (E,p, f,s) and let

1) = {9, i<n j<ks [@){f(ass -0} )] 2 5}
Let )
T =sup {(ij)is{f(QE(Iij - 5)) }p”]

2y}

Since & = (z;;) is bounded statistically convergent, we can choose N such that for all
n,k > N,

Lo isn s [ (sl -0))) 2 5) < 5
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Thus
ni i i [(Ij)_s{f(QE(Iij —f)) }pij}
= 2 [ {restes-0)} e 3 [un {s(emes-0))]
(i,5)€I2(€) s
1

€ 1
—nk—T+ — =
< nknk2T + nk €

€
nk 2
Hence x = (z;5) is strongly (p;;)-Ceséro-type summable to £.
We have proved more generalized form of some well known results of Mursaleen et
al. [2003] regarding statistical convergence as follows:

Theorem 6.3. A vector valued double sequence x = (z;5) in F%(E,p, f,s) is statisti-
cally convergent to a number € if and only if there exists a subset R = {(i,5)} C N x N,
i,7=1,2,... such that d2(R)=1 and

) hm qE(xij - E) =0.
1,]—00
(i,j)ER

Proof. Let « = (z;5) be statistically convergent to £.

Let g
R, = {(i,j) ENxN: [(ij)_s{f(qE(xij - é)) }p} > 1/77}
and

T, = {(z‘,j) ENXN: {(ij)_s{f(qE(xij 4))}’”"] < l/n}

m=12,...)
Then d2(R,) = 0. Again, (T;) is a sequence of sets such that T; O Tjq and 62(T})) =
1, n=1,2,.... Now, we have to show that for (i, j) € T, (x;;) is convergent to /.
Now, if possible, let z = (z;;) be not convergent to ¢, for all (¢,j) € T,,.
Then there is a € > 0 such that, for infinitely many i, j,

[ { s (amta - 0)} ] 2 €

1= {0 [6){(ants -0)} "] <}

where € > 1/n. Then §3(T:) = 0.
Since T,, C T, it follows that d(T3) = 0, a contradiction. Thus x = (z;;) is conver-
gent to £.

Conversely, suppose that there exists a subset Rz{(i,j) }Q N xN such that d2(R)=1
and

Let

lim qE(Iij —E) =0.

i,j—00
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So there exists a +ve integer Ny such that for every e > 0,

{(ij)fs{f(QE(xij = f)) }pw} <e

for all 4, 7 > Ny.
Now,

R = {(i,j) e NxN: {(ij)_s{f(qE(xij — E)) }pw} > e}
C N XN = { (g 41, kv 1), (g2 g s2)s -+ -
Then
2(R) < 1— 52({(71N0+1, kng41)s (NNgs2s ENgs2)s - - - }) =1-1=0
Consequently x is statistically convergent to .
Coroloary 6.1. If S%J,p,s —limz,;; = ¢, then there exists a sequence y = (y;;) such
that lim; ; y;; ¢ and 52({(i,j) Ly # y”}) =1 d.e., x;; =y;; for all most all i, 7.

Theorem 6.4. The set 52E,f,p,s N2 (E,p, f,s) is a closed linear subspace of the
normed linear space (2. (E,p, f,s).

Proof. Let (") = (xgnn)) be any Cauchy sequence in the space sé,ﬁns nez (E,p,
f.s). Let (™) — x € (2 (E,p, f,s) . Since 2™ ¢ 52E7f’p’s, there exist a,,, € E such

that s%,ﬁns — lim, ; :Eijmn)

Since (™™ — z, for every € > 0, there exist a positive integer ng € N such that

= Qmpn for m,n=1,2,....

g(amm) — x0)) < % (6.1)

for every m,p > ng, n,q > ng, where g denotes the norm.
By Theorem 6.3. there exist subsets K1 and K5 of N x N with § (Kl) =1=169 (Kg)

and

. mn) g : g9

lim 2™ £ q,, and lim z\? < Upg (6.2)
i,j—oo Y i,j—oo W
(D)€, (i9)€Ky

We choose (k1,k2) € K1 N Ky (where 65 (K1 N Kg) =1).
Then by ([E2)) we have

(mn)

€
9Tk k, — amn) < 3 (6.3)
and
€
9, — ape) < 5 (6.4)
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Therefore for each m,p > ng and n,q > ng, using (1)), E3)) and @) we have

(g = @) € 9 = @) + (w7, — o) + 9@ — )

< € L € i €
4=
3 3 3
Hence the sequence (@) is a Cauchy sequence in E. Since E is a Banach space, it is
complete. Let
lim gg(amn) = a (6.5)
m,n
We will show that x is statistically convergent to a.

Since (™" is convergent to x, for every e > 0, there exist Nj(e) such that for
iaj > N (6)7

mn €
g™ —wiy) < 3
Also since (E3) holds, we have for every € > 0, there exist Na(e€) such that for i, j > Na(e),
€
mn ~ <3
9(amn —a) < 3

(mn)

ij = Qmn, there exists a set R = {(z,])} C Nx N,
i,7 = 1,2,... such that d3(R) = 1 and for every e > 0, there exist N3(e) such that for
i,j > N3(€)7 (Za.]) € Ra

. . 2 . o
Again since s3 ;o — lim; j

g(:vz(-;nn) — Qmn) <

wl o

Let
N(e) = max (Nl(e), No(e), N3(e))

Then for every € > 0, there exist N(¢) such that for i, > N(e), (i,j) € R,

€ € €
g(xij - a) § g(mzj - mgnn)) + g(fﬂijmn) - amn) +g(amn - a) < § + g + § =€
Therefore x is statistically convergent to a, i.e., x € 52E7f,p,s N2 (E,p, f,s). Hence the

proof.
Theorem 6.5. The set sé,p,ﬁs N2 (E,p, f,s) is a nowhere dense in 2 (E,p, f,s).

Proof. It is shown by T. Neubrum et al. [L0] that every closed subspace of an
arbitrary linear normed space S different from S is a nowhere dense set in S and using
Theorem 5.5.4, it is enough to show that 52E7p7f,s N2 (E,p, f,s) # > (E,p, f,s) in order
to establish our claim.

Let us take F? =R xR, E =R, p;; = 1. Let @ = () be such that

S 1 if 4 and j are even
* 0 otherwise
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Let f(z) = x and s = 0. Then z = (x;;) is not statistically convergent, but it is bounded.
Hence the result.

Definition 6.5. A sequence x = (z;5) is said to be statistically Cauchy if for any
given e > 0, there exist Ni(e) and Na(e) such that for all 4,7 > Ny and j,¢t > Na,

Dij
{(17])71 S naj S k : [(Z])is{f<qE(x'L] - xrt))} J:| Z 6}
has double natural density zero.

Theorem 6.6. A sequence x = (x;;) in F?(E,p, f,s) is statistically convergent if
and only if it is statistically Cauchy.

Proof. Let us assume that = (x;;) in F2(E,p, f, s) is statistically convergent to £.
Then for any given € > 0, the set

{an<mr <o (@) {s(astms -0)}7)]) 2 ]

has double natural density zero.
Let N7 and N5 be so chosen that

[(N1N2)_s{f(QE($N1N2 - 5)) }pij} > e

Now,

{(i,j),n <u,k<wv: [(z‘j)*s{f@]g(x” TNy Ny) )}p”} }
R i &
U{@in<uk<o: (@) {f(amm - 0)}"] =

Hence

s({6inn a0 {1{antes o))" 2 )
= 62({( J)n <uk<w: [(ij)_s{f(QE(xij )}p”} })
>

pi
+oa({Gi)n<uk <o: [@){f(aelemm —0)} ] 2 e})
=0
where d2(A) denotes the double natural density of the set A. Thus x = (x;;) is statisti-
cally Cauchy sequence.

Conversely, let © = (x;;) be statistically Cauchy sequence, but not statistically con-
vergent. Then

52({(2',]'),2' <nj<k: [(ij)_s{f(qE(xij - leNQ)) }pD > e}> -0
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ie.,

52({(i,j),i <nj<k: {(ij)_s{f(QE(fij - INlNQ)) }p”}) < e}) =1. (6.6)

So, in particular,

[(ij)_s{f(QE(xij - $N1N2)> }pw} < 2[(ij)_s{f(QE($ij = f)) }pw} <e (6.7)

holds if o
() { (amta - 0)} ] < o2

If possible, let = (z;;) be not statistically convergent. Then

ofg)i<ng <k [(@){r(amy-0)}"]) <}) =0

Therefore the set
52({(1',]'),1' <n,j<k: [(z‘j)*S{f(qE(xij - xN1N2)) }pJD < e}) -0

which contradicts (E8]). Hence x = (z;;) is statistically convergent to .

7. Summary and Conclusion

Considering F? = R?, E = R, pi; = 1, f =1, s =0, all the results of Mursaleen et
al. [9] regarding statistical convergence can be obtained from these results. Moreover, if
we take p = (p;;) to be a sequence of constant terms, say, p;; = p, where 0 < p < 1, then
M =1 and restricting F? = E =R, f = I, s = 0, our (p;;)-Cesaro-type summability
reduces to p-Cesdro summability defined by Mursaleen et al.|d].
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