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OSCILLATION OF THE SOLUTIONS OF
SYSTEMS OF NONLINEAR PARABOLIC EQUATIONS
WITH FUNCTIONAL ARGUMENTS

YUTAKA SHOUKAKU

Abstract. In the present paper the oscillatory properties of the solutions of systems of parabolic
equations are investigated and oscillation criteria is derived for every solution of boundary value
problems to be oscillatory or satisfies some limit condition. Owur approach is to reduce the
multi-dimensional problem to a one-dimensional problem for nonlinear functional differential
inequalities.

1. Introduction

We are concerned with systems of parabolic equations with functional arguments

l
®) o (ur(w,t) +Zhi<t>ur<x,m<t>>>

i=1

—a,(t)Au,(z,t) me ) Aup(x, 7:(t))

+Zqui(w,t)w(uj(x,oz-(t))) —0,

i=1 j=1
(z,t) € Gx (0,00) =9Q, r={1,2,...,N},

where A is the Laplacian in R™ and G is a bounded domain in R™ with piecewise smooth
boundary 0G.

We assume throughout this paper that :
(H1) hi(t) € C*([0,00);[0,00)) (i = 1,2,...,1),
ar(t) € C([0, 00);[0,00)),
bri(t) € C([0,00);[0,00)) (i =1,2,..., )
(H2) pi(t) € C1([0,00):B), Jim pit) = o0 (i = 1,2,.....1),
7:(t) € C(]0,00); R), 1m Tz():OO (1:1,2,...,k),
oi(t) € C([0,00); R), hmaz():oo(izl,Q,...,m);
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(H3) grji(z,t) € C(24[0,00)),
N
gi(z,t) =  fnin {qm(x - > qjm-(x,t)} >0,
J=Llj#r

¢;(t) = min{q;(z,t);x € G} ;
(H4) ¢i(s) € C(R;R), @i(—s) = —pi(s), wi(s) > 0 for s > 0 and ¢;(s) are convex in

(0,00) (1=1,2,...,m).

We consider two kinds of boundary conditions:

(By1) ur(z,t) =0 on OG x [0,00),
(Bo) 08“’“ (2,8) + pir (2, )ur(z,t) =0 on G x [0, 00),

where v is the unit exterior normal vector to G and p,(z,t) € C(0G %[0, 00); [0, 00)) (r =
1,2,...,N).
The first eigenvalue Ay of the eigenvalue problem

Aw+ X w=0 in G,
w=0 on JIG

is positive and the corresponding eigenfunction ®(z) may be chosen so that ®(z) > 0 in

G.

1),

1
00); R)

Definition 1. By vector solution of system (E) we mean a function u(x,?) = {u
ua(z,t), ..., un(z, 1)} € C?(G x [t_1,00); R) NCH(G x [f_1,00); R) ﬁC’(G x [t_1,

which satisfies (E), where
t_1 = min {O7 min {inf Ti(t)}} ,
1<i<k |20

tq= mm{O, g, {ggm( )}}
t_1 = min {0, min {inf az-(t)}} .
1<i<m | 1>0

Definition 2. The vector solution u(z,t) = {ui(z,t),uz(z,t),...,un(z,t)}T is said
to be oscillatory in 2 if at least one of its nontrivial component has arbitrarily zeros.
Otherwise, the vector solution u(x,t) is said to be nonoscillatory.

There is much interest in oscillation problems for systems of parabolic equations with
functional arguments. In 1990, Gopalsamy [9] introduced the approach of oscillation
criteria for systems of parabolic equations with neutral terms. There are several papers
dealing with the same approach in [9], see, for example [3-8]. However, it seems that there
does not exist known oscillation results for systems of nonlinear parabolic equations.

The purpose of this paper is to obtain oscillation criteria for solution of the boundary
value problems for (E), (B;) (¢ = 1,2) by referring results of paper [10-12].
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2. Reduction to scalar functional differential inequalities

In this section we reduce the multi-dimensional oscillation problems to certain one-
dimensional oscillation problems for scalar nonlinear functional differential inequalities.

Theorem 1. Assume that (H1)—(H4) hold. If the differential inequality

l m
. (y(t) 3 m(t)y(m—(t))) £ a0p (i) <0 (1

i=1

has no eventually positive solution, then every solution u of the problem (E), (By) is
oscillatory in 2.

Proof. Suppose to the contrary that there is a nonoscillatory solution u(z,t) =
{ui(z,t),uz(z,1),...,un(x,t)}T of the problem (E), (B1). We assume that |u,(x,t)| > 0
in G x [tg, 00) for some ¢y > 0. Set

0, = sgnu,(x,t)

and
zr(z,t) = Opuy(,t),

then we see that z,(z,t) > 0in Gx[tg, o). The hypothesis (H2) implies that u,(z, p; (¢)) >
0G=12,...,0), up(z,7:(t)) >0 (i =1,2,...,k) and u,(z,0:(t)) >0 (i =1,2,...,m)
in G X [t1,00) for some t; > to. Therefore, we have

l
% (9%(3;, )+ > hi(t)0,2:(x, Mt)))

=1 .
—0rar(t) Az (2,t) — 0, Z byi() Az (2, 7i(t))
m N =
+ 33 05, )iz (@, 03(1) = 0, t > 1.

i=1 j=1

It is easy to see that

l
% (z,-(ac, t) + ; hi(t)zr (2, Pi(t))>
k

—a,(t) Az (z,t) — Z bri(t) Az (2, 7i(t))

i=1

m N
9.
+ E E e—iqrﬂ(x,t)%(zj(ﬂ%Ui(t))) =0, t >,
i=1 j=1
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and so
l
5 <ZT(£E,15) + ;hz(t)zr(:c pi( )))
k
—a,(t) Az (z,t) — Z bri(t) Az (2,7 (t))
- N
+Z {qT’P’L :E t)@z(zr &€, Uz Z qTJZ Z, t 501 Zj(x Jl(t)))}go’ t=>t1. (2)
i=1 Jj=1,j#r

Dividing (2) by N and summing both sides of (2) for r =1,2,..., N, we obtain

l
% (z(:c, )+ hi()z(e, m(t))>

=1

arlt) | o~y bril)
T; ~ ;; N AZTLL’Tz t))
m 1 N
+Z{ Z[qwz z,t)pi(zr(z, 04(t)))
i=1 r=1

N
- > qm‘i(fﬂat)%(zj(xaai(t)))] } <0, t>t, (3)

J=Lj#r
where

Zf«v=1 2 (x,1) .

z(x,t) = N
We note that
N N
Z {qrm 2, 0)pi (20 (2, 04 (t Z qrji (T, t)pi(25(z, Uz(t)))]
r=1 J=Lj#r
N
= {qlh(z t)pi(z1(x, o4 (t Z q1ji(z, t)pi (25 (x, Uz(t)))]
J=1,j#1
N
J=1,37#2

N
+ -+ |gnni(x, )i (zn (z, 04 (t Z anji(z,t)pi(z;(z, 0i(t)))
J=1j#N
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J=1,j#1

= |:Q111(I t) Z gj1i(z t)] pi(z1(z,04(t)))

+ {fmz(x = Y t)] pi(z2(x, 0i(t)))

J=1,j#2
N
NI |:QNNi($;t) — Z qjNi(ac,t)] vilzn(z,0:(t)))
J=1,j#N

N
> 12}3]\[ {Q'r'm'(xat) - Z q]’!’L €, t }Z()O’L Z'r €, Uz

Jj=1,j#r
=qi(z,t) Y pi(ze(x,0:(t))), t > 1.
Applying Jensen’s inequality, we obtain

r(x, 0 (t

N N
Z ergz ZZ ©i

1
N

M- ZI

r=1

= pi(z(z,0i(1)), t >
Combining (3) with (4) yields

~ ||
—
—~
=~
N2

l

% <z(:£, )+ hilt)z(z, m(t))>

N - N ok
_ ; a;\(ft) Az (x,t) — ; ; b7;\(7t Az (x, 7 (t))
+Zqz'(fﬂ,t)sﬁi(z(fﬂ,0i(t))) <0, t>1. ()

Multiplying (5) by ®(x)( [, ®(z))~" and then integrating over G, we obtain

! N
% (Z(t) + Zhi(t)Z(pi(t))> - 2 a;\(ft) K /G Az (x,t)®(x)dx
*ZZ bri( K /Azr x,7i(t))®(x)dz

r=11i=1

+ZK¢/ qi(z,t)pi(z(z,0:(t)))P(x)dx <0, t > ty, (6)
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where

Z(t) = K@/G,z(x,t)(b(x)dx,

-1 (7)
Ko = (/ @(m)dm) .
G
From Green’s formula it follows that
/Az, (x,t)® dx—/ zr (2, t) AD(z)dx
= —)\1/ zp (2, 0)®(z)dx <0, t > 1. (8)
G

Analogously we obtain

/ Az (x,7;(t)D(x)dx = —)\1/ zr(z, 7 ()P (x)dx <0, t > 1. (9)
G G

An application of Jensen’s inequality shows that
K<1>/ qi(@, t)pi(2(x,04(t)))®(x)dx > qi(t)fﬁb/ pi(z(x,04(t)))®(z)dx
G G

> a0 (2(@), t= 1. (10)
Combining (6)—(10) yields

l m
% (Z(t) + Zm<t>2<m<t>>> + ;qxtm (Z@t)) <0, t=0. (1)

i=1

Hence, Z(t) is a positive solution of (1) on [t1,00). This contradicts the hypothesis and
completes the proof.

Theorem 2. Assume that (H1)—(H4) hold. If the differential inequality (1) has no
eventually positive solution, then every solution u of the problem (E), (Bz) is oscillatory
in Q.

Proof. Suppose that there exists a nonoscillatory solution u(z,t) = {ui(zx,t),
ug(w,t), ..., un(z,t)}T of the problem (E), (Bz2). We assume that |u,(z,t)] > 0 in
G X [tg,00) for some t5 > 0. By the same arguments as were used in Theorem 1, we
obtain the inequality (5) Dividing (5) by |G| and then integrating over G yields

—< +Zh () Z(pi(t) )

+; @/qu(x,t)api(z(x,ai(t)))dx <0, t>t, (12)
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where

~ 1
Z(t) = @/Gz(x,t)da:,

|G|:/daz
G

for some t; > tg. From Green’s formula it follows that

/(;Az,.(x,t)da: = /BG (w) ds

- 7/ (ur(z,t)zr(z,t))dS <0, t>t.
oG

Analogously we obtain

/GAzr(x,Ti(t)) - /aG (ur(x,n(t))zr(x,Ti(t)))dS <0, t> 1.

Applying of Jensen’s inequality, we have
1 -
= [ a0 0:(1) > )i (Z@0), t> 0.
Gl Ja

Combining (12)—(16) yields

l

% (Z(t) +Zhi(t)Z~(m(t))> +Z%(t)90i (Z(Mt))) <0, t=t.

i=1

373

(13)

(16)

Hence, Z(t) is a positive solution of (1) on [t;, c0). This contradicts the hypothesis and

completes the proof.
Applying the results of [10, 11], we obtain the following corollaries.

The following notation will be used :
1
Ur(t) = U(t) + Z hi(£)U (pi(t)),
:ll
Us(t) = U(t) + Z hi(0)U (ps(t)),

where U(t) = Ko [, u(z,t)®(z)dz and U(t) = ‘—é‘ Jo ulz, t)dz.
Corollary 1. Assume that (H1)—(H4) hold, and that :

l
(H5) > hi(t) <1;
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(H6) t < p;(t) (i=1,2,....1);

(H7) there is a integer jo € {1,2,...,m} such that @j,(s152) > Pjo1(81)@jo2(s2) for
s1 >0, s2 >0, where @jy1(s1) > 0, @jy2(s2) > 0 and @j,2(s2) is nondecreasing for
s9 > 0.

If every eventually positive solution y(t) of the differential inequality

!
y'(t) + 4o (£) Bjo1 (1 = hioy, (t))> Gio2(y(05, (1)) <0 (18)
i=1
satisfies tlim y(t) = 0, then every solution u of the problem (E), (B1) is oscillatory in Q
or satisfies
lim Uy (t) = 0. (19)

t—o00

Proof. Suppose that the assertion is not true, that is, that there is a nonoscillatory
solution u(z,t) = {uy(x,t), uz(z,t),...,un(x,t)}7 which does not satisfy (19). Arguing
as in the proof of Theorem 1, we observe that the inequality (11) holds for some t; > to.
Setting

then we see that
Y'(t) € =g (s (2(03 (1) <0, 211

for some jo € {1,2,...,m} and hence Y (¢) is nonincreasing and Y (¢) > 0 for ¢ > ¢;.
Therefore we obtain

Y(t), t > .

2(t) > [1 - i)

We easily see that

l
Y'(t) + o () pso <<1 - Z hi(oj, (t))> Y (05, (ﬂ)) <0, t>t.

Using the hypothesis (H7), we have

l
Y(0) + 43 (0501 (1 Y hilen, (t))) fan(Viow®)) <0, e
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From (17) it follows that

l
0<|Uh(®)] < K@/G u(z, )| (x)dz + Zhi(t)fﬂb/G u(z, pi(t))|®(z)dx
l

=Z(t)+ Y hi()Z(pi(1)) = Y (t).

i=1
Hence, Y () is a positive solution of (18) on [t1, c0) which does not satisfy tlim Y(t)=0.
—00
This contradicts the hypothesis and completes the proof.

Corollary 2. Assume that (H1)—(H7) hold. If every eventually positive solution y(t) of
the differential inequality (18) satisfies tlim y(t) = 0, then every solution u of the problem
— 00

(E), (Ba) is oscillatory in Q or satisfies
lim Us(t) = 0. (20)

t—oo

In the linear case we consider the system

l
(EL) % (uT(x’ t) + Z hi(t)u,«(m, pi(t))>

i=1

k
—ar(t)Auy(z,t) — Z bri(t) Ay (2, 73 (1))

m N
+ 375 qujile, tyu (2, 03(1)) = 0,

i=1 j=1
(x,t) €, r={1,2,...,N}.

By the same arguments as were used in Theorems 1-2 and Corollaries 1-2, we obtain
the following theorems.

Theorem 3.(Linear case) Assume that (H1)-(H3), (H5) and (H6) hold. If the dif-
ferential inequality

l
yl(t) + o (t) (1 - Z hi(ajo (t))> y(ajo (t)) <0 (21)

has no eventually positive solution, then every solution u of the problem (Er), (B1) is
oscillatory in 2.

Theorem 4. (Linear case) Assume that (H1)-(H3), (H5) and (H6) hold. If the
differential inequality (21) has no eventually positive solution, then every solution u of
the problem (EL), (B2) is oscillatory in €.
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3. Oscillation criteria for the system

In this section we can derive the oscillation results for the systems (E), (B;) (i = 1,2)
and (Ep), (B;) (i =1,2).

By combining the results obtained in Section 2 and Kitamura and Kusano [1], we
obtain the following theorems.

Theorem 5. Assume that (H1)—(H7) hold. FEvery solution u of the problem (E),
(B1) s oscilllatory in Q or satisfies (19) if

l
/R[ | ]qjo(t)s??jol <1 - Zhi(%(t))> dt = oo, (22)

where Rloj,] = {t € [0,00);0 < 0j,(t) < t}.

Theorem 6. Assume that (H1)—(HT7) hold. If (22) holds, then every solution u the
problem (E), (B2) is oscilllatory in Q) or satisfies (20).

Using the results of Section 2 and Koplatadze and Canturija [2], we establish the
following.

Theorem 7. (Linear case) Assume that (H1)-(H3), (H5), (H6) and the following:

(H8) 0j,(t) <t and o0j,(t) is nondecreasing on [tg,00) for some to > 0 and some jo €
{1,2,...,m}.

Every solution u of the problem (Er), (B1) is oscillatory in Q if

+ l
htrg(i)rolf/ o () (1 - Zhi(ajo (t))) ds > % (23)

Jo (t)

Theorem 8. (Linear case) Assume that (H1)-(H3), (H5), (H6) and (H8) hold. If
(23) holds, then every solution u of the problem (Ey), (B2) is oscillatory in .

A special case of the system (E), (B1) is

% (uT(:E, t) + huy(z,t + p)) — a,(t)Au,(z,t) (24)
m N ,
+ Z ZQTji(I',t) (uj(:c,t - 0)) " =0,

(z,t) € (0,L) x (0,00),
u-(0,t) =up(L,t) =0, t >0, r={1,2,...,N}, (25)
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where h(< 1), p, o are positive constants and v; (j = 1,2,...,N) are the quotients of
odd integers.

Corollary 3. If

/OO 5o (t)dt = 0o

then every solution of the problem (24), (25) is oscillatory in (0, L) x (0,00) or satisfies
lim U1 (t) =0
t—o0

Example 1. We consider the system of parabolic equations

%(ul(ac,t)—i—hul(x t—l—l)) <£>2AU1($ t)

—|—3he - (act—a)+4he “us(x,t — o) =0,
d L\? (26)
at(ug(ac t)—i—huth—i—l (w) Aug(x,t)

+ h*"Q 1(z t70)+3he*"1 o(z, t —0) =0,

4
(z,t) € (0, L) (0, 00),

Heren=1=m=1, N=2, hi(t) =h <1, p1(t) =t+1, a1(t) = (%)2, q111(z,t) =
2
%he_”_l, Q121(l‘,t) = %he_", Ul(t) =1t — g, ag(t) = (L) y QQll(lL',t) = ihe_”_Q,

T

gao1 (z,t) = %he“"1 and v1 = 2 = 1. It is easy to see that ¢(t) = %e‘ (— — )
It is readily seen that

top 3 3h o
—e 7 (-—-1)(1- < — .=
/t_04e (e )( h)ds 4e e°

and therefore (23) does not hold. Hence, Theorem 7 is not applicable to (26). Since

< h 3
/ —e“’(——l)dt:oo
4 e

from Corollary 3 it follows that every nonoscillatory solution of the problem (25), (26)

IN
Q| =

satisfies (19). In fact ui(z,t) = e 'sin () z, ua(z,t) = e "' sin (£ ) z are nonoscillatory

solutions which satisfy (19).
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Example 2. Consider the system of parabolic equations

0 1 3
g (ul(z,t) + iul(:ﬂ,t + 7r)) — 2Auq (z,t) — Auy <:c,t - §7r)

+ui(x, t — ) + ug(x, t — )
#qu (n=F) +ua (me-5) <0
Ut \ i) AT

%(LLQ(I’,t) + %uQ(z,ter)) Aug(x,t) — 4Aus <:c t— g ) (27)

1
+§u1($,t —m) + 3ug(z,t — )
+2uq (ac,t - g) + 4usg (x,t - E) =0,

(x,t) € (0,m) x (0,00),
u;(0,t) = wi(m,t) =0, t >0, i =1,2. (28)

Heren=1,l=k=1,m=N=2 h(t) =1, ;p(t) =t +m, ar(t) = 2, by1(t) = 1,
T(t) =t — —7T qi11(z, t) =1, qu21(z,t) = 1, quia(z,t) = 5 s a2z, t) =1, 00(t) =t —m
oa(t) =t — 5, ax(t) = 1, b21() = 4, Q211(=’E t) = 3, QQ21(=’E t) = 3, QQ12(=’E t) = 2,
qa22(z,t) = 4. Tt is easy to see that ¢1 (£) = g2(t) = 3, and the conditions of Theorem 5 are
fullfilled. Thus every solutions of the problem (27) (28) are oscillatory in (0, ) x (0, 00).
In fact, ui(x,t) = sinxcost, ug(x,t) = sinxsint are such solutions.

Example 3. Consider the system of parabolic equations

1
9 (ul(:c,t) + gul(x,t + 1)) — gAul(:c,t)

ot
+—uq(z,t — 1)—|— ug(z,t—1)=0
1(z, =0,

0 1
En (uQ(ac, t) + %UQ(x,t + 1)) - gAuQ(x,t) (29)
+§u1(z,t71)+ uQ(:c t—1)=0,
(z,t) € (0,m) x (0, 00),
ui(0.1) = %ui(ﬂ,t) —0,t>0,i=1,2 (30)

Heren=1,l=k=m=1, N =2, () = g,pl(t)zt—l—l,al(t):%, as(t) = %,
Q111($,t)=%;Q121($,t =5, 01(t) =t —1, g (z, t)=: and goo1(z,t) =

t
[ (-5)a= Je(l—é)é%v
/0031e<1_)dt

Theorem 8 does not apply but Theorem 6 does. Theorefore every solutions of the prob-

lem (29), (30) are oscillatory in (0,7) x (0,00) or satisfy (20). For example u;(z,t) =
e~ tcos? x, ug(x,t) = e sin? z are such solutions.
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