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ON CERTAIN UNIVALENT CLASS ASSOCIATED WITH
FIRST ORDER DIFFERENTIAL SUBORDINATIONS

RABHA W. IBRAHIM

Abstract. In this paper, we consider certain differential inequalities and first order dif-
ferential subordinations. As their applications, we obtain some sufficient conditions for
univalence, which generalize and refine some previous results.

1. Introduction

Let # be the class of functions analytic in the unit disk U = {z: |z| < 1} and for a € C
(set of complex numbers) and n € N (set of natural numbers), let #[a, n] be the subclass of
€ consisting of functions of the form f(z) = a+ a,z" + a,+ 12" 4 ... Let of be the class of
functions f, analytic in U and normalized by the conditions f(0) = f'(0)— 1 =0.

Let f be analytic in U, g analytic and univalent in U and f(0) = g(0). Then, by the symbol
f(2) < g(z) (fsubordinate to g) in U, we shall mean f(U) c g(U).

Let ¢ : C*> — C and let h be univalent in U. If p is analytic in U and satisfies the differential sub-
ordination ¢(p(2)), zp’(2)) < h(z) then p is called a solution of the differential subordination.
The univalent function ¢q is called a dominant of the solutions of the differential subordina-
tion, p < g. If p and ¢(p(z)), zp’(z)) are univalent in U and satisfy the differential superor-
dination h(z) < ¢(p(z)), zp’(2)) then p is called a solution of the differential superordination.
An analytic function ¢ is called subordinant of the solution of the differential superordination

ifg=<p.

The function f € «f is called ®—like if

zf'(2)

R
{q)(f(z))

}1>0, zeU.

This concept was introduced by Brickman [1] and established that a function f € < is univa-
lent if and only if f is ®—like for some ®.
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Definition 1.1. Let ® be analytic function in a domain containing f(U), ®(0) = 0, ®'(0) = 1
and ®(w) # 0 for w € f(U)—0. Let g(z) be a fixed analytic function in U, g(0) = 1. The function
f € o is called ®-like with respect to g if

z2f'(2)
O(f(2)

Ruscheweyh [2] investigated this general class of ®-like functions.

<q(z), zeU.

In the present paper, we consider another new class H (a, A D1(f(2), D2(f (z))) involving two
different types of ®—like functions, ®; and ®,, which defined by

zf'(2) { zf'(2) ( Azf"(z)

1l-a)————— 1
o0\ Y500 T T

where a € [0,1],1 € R, F is the conformal mapping of the unit disk U with F(0) = 1 and ®; and
®, satisfy Definition 1.1.

)} < F(2), (1.1)

Remark 1. As special cases of the class H (a, L@ (f(2), Da(f (z))) are the following well known

classes: H(O;@(f(z)),zf’(z)) (see [2]); H(a,l;zf’(z),z) (see [3-5]); H(l,]t; f(z)) (see [6-16]).
Also this class reduces to the classes of starlike functions, convex functions and close-to-
convex functions.

In order to obtain our results, we need the following lemmas.

Lemma 1.([17]) Let w(z) be analytic in U with w(0) = 0. If |w(2)| attains its maximum value
on thecircle|z| = r <1 at a point zy, then

zow'(29) = kw(zo), (1.2)

where k is a real number and k = 1.

Lemma 2.([18]) Let q(z) be univalent in the unit disk U and 60 and ¢ be analytic in a domain
D containing q(U) with ¢(w) # 0 when w € q(U). Set Q(z) := zq'(2)p(q(z)), h(z) :=0(q(z)) +
Q(2). Suppose that

1. Q(z) is starlike univalent in U, and

h/
2. %{ZQT(Z?} >0 forzeU.

If0(p(2) + zp'(2)p(p(2) <O(q(2)) + zq' (2)Pp(q(2)) then p(z) < q(z) and q(z) is the best domi-
nant.

2. The class H(a,A;@l (f(2)), ®a( f(z)))
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Let us consider the sufficient condition for f(z) € </ to be in H (a, A @1 (f (2), @o(f (z))).
Our first result is contained in

zf (2) Zf (2)

Theorem 1. Let p,(z) := 5T and py = NI If f € of satisfies
1! / 1
8‘%{(1 e @paa) + az[pi @)+ A(Zf (2) + pz(z)?z((;) + p, (2) D2 (2)
PP (2) [ (2) )] (1.3)
(f'(2))?
2a
< m, (zeU)

forsomea #1, AeR then f € H(a, )L;(Dl(f(z)),d>2(f(z))).

Proof Let w(z) defined by

zf'(2) {(1_ | zf'(2) +a(1+/lzf”(z))}:a+w(z)

H(z):=
@= ;Y Y% 7@ —w(@)

, (@ # w(2)).
Then
a(H(z) - 1)

YOS T He

is analytic in U with w(0) = 0. It follows that
2azw'(z)
(a—w(2))?

Now we proceed to prove that |w(z)| < 1. Suppose that there exists a point zy € U such that

RizH'(2)} = §R{ } <5 30;)2, a#l.

MAaX|z <zl W(2)| = w(z)| = 1. (1.4)

Then, using the Lemma 1 and letting w(zg) = e'? and zyw'(z9) = ke, k=1 yields

2azow' (zp) }
(@ — w(z0))?
2ake'®
= §R{ (a— ei0)2 }
2a
>—.
1-a)?

RizoH'(20)} =R

Thus we have

Rizo H'(20)} = R{ (1~ )20 (p1 (20) P2 (20))

" ! (oY i ®
Tazo [Pi (z0) + A( Zof (z0) + pZ(ZO)f/(ZZ(:)O) + P, (20) P2 (20)
_ Ph(20)P2(20) £ (20) )]} (1.5)
(f'(z0))?
2a

Zm, (ZEU)
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which contradicts the hypothesis (3). Therefore, we conclude that |w(z)| < 1 for all z€ U that
isfe H(a,/l;d)l (f(2), D, (f(z))). This completes the proof. a

Corollary 1. If f(z) € of satisfies the condition in Theorem 1, then for a € [0,1)

l+a l1+a

'H(z) < (1.6)
Proof. Since f € H(a,/l;(bl (f(2)), s ( f(z))) yields
a(H(z) - 1)
lw(2)| = (7%) — <1
we obtain (6). Od

Next results show the starlikeness (#*), convexity (¢) and close to convex (%) for different
order.

By letting @ = 0,®1 (z) = f(z) and @, (z) = zf'(z) we have the following result

Corollary 2. If f (z) € o satisfies the condition in Theorem 1, then for a € [0,1)

zf'(2)
f(@)

This implies that f (z) € #* and [y @dt €6.

- 1| <1. (1.7)

By setting a = 0,®,(z) = g(z) where g is starlike and satisfies g(0) = 0 and g’(0) = 1 and
®,(2) = zf'(z) we have the following result

Corollary 3. If f (z) € o satisfies the condition in Theorem 1, then for a € [0,1)

'zf’(z)

R 1| <1. (1.8)

This implies that f(z) € X .

Note that Corollary 2 and Corollary 3 implies the univalence of the class H ( a, ;@1 (f(2),P2(f (z))).

3. The region of variability

In this section, we show that for a € [0,1) and f € H(a, )L;(Dl(f(z)),d>2(f(z))) then f is
univalent in U. Moreover, we estimate the region of variability. We prove a subordination
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theorem by using Lemma 2 and as applications of this result, we find the sufficient conditions
for f € o/ to be univalent.

Theorem 2. Let q,q(z) # 0, be a univalent function in U, and g(z) # 0 be analytic in C such
that for nonnegative real numbers |1 and v

&e{1+z""(Z)—z"’(Z)}>m g@q@ v n)}

I
0,|—|R 1+ 1.9
e S U U bt 49
If p(2) #0, z € U satisfies the differential subordination
zp'(2) zq'(2)
8@ |up(2)+v e | <g@|pa@+v e | (1.10)
then p < g and q is the best dominant.
Proof. Define the functions 6 and ¢ as follows:
. _vg(2)
O(w(2):=pw(z)gz) and ¢(w(z)):= —w(z) .

Obviously, the functions 6 and ¢ are analytic in domain D = C\{0} and ¢(w) # 0 in D. Now,
define the functions Q and 4 as follows:

e ] _ z2q'(2)
Q(2):=zq (2)p(q(2)) =vg(z) ek
h(z):=0(q(2) + Q(2) = uq(2)g(2) +vg(2) ZZ(S) .
zh ()

Then in view of condition (9), we obtain Q is starlike in U and R{ } > 0 for z € U. Further-

Q(2)
more, in view of condition (10) we have

0(p(2) +2zp' (2)p(p(2)) < 0(q(2)) + 24 (2)p(q(2)).
Therefore, the proof follows from Lemma 2.

_ 2[R
T Di(2)

and p= Zﬁg) in Theorem 2 we have

Bylettingpu=1,v=a,g(2):

Corollary 4. Let q, q(z) # 0, be a univalent function in U, and g(z) # 0 be analytic in U satisfy

©@. I #0,2€ U and

zf'(2) zf'(2)
1_
T T

z2q'(2)
q(z)

zf"(2) )] - zf'(2)

raf1+ o )| <o |2+ : (1.11)

then Z]]:(S) < q and q is the best dominant.
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Bysettingu=1-a,v=a,g(z):=1and p = Z]]:(’S) in Theorem 2 we obtain the following

result which can be found in [5, Theorem 3.2].

Corollary 5. Let q, q(z) # 0, be a univalent function in U, and g(z) # 0 be analytic in U satisfy
). IF:L2 20, ze U and

f(2)
B zf'(2) zf" (2) B zq'(z)
(1-2a) = raf1+ e |<1-wq(a)+a R (1.12)
zf'(2)
then i

By assuming u = 1-a,v = a,g8(2) := 1 and p(z) = (D(f(z)) in Theorem 2 we obtain the
following result which can be found in [5, Theorem 3.3].

Corollary 6. Let q, q(z) # 0, be a univalent function in U, and g(z) # 0 be analytic in U satisfy

9. If 3 zf (;) #0,z€ U and

zq'(z)

]. - )
(1-a) e

zf'(2) +a(1+zf”(z) _ 29(f(2) (1.13)

@) fl  @(f(2) J<a-wg@+a

z2f'(2)

then 7 <4 and q is the best dominant.

zf'(2)

Finally, by assuming p=1-a,v = a, g(z) := 2@ and p(z) = &T@)

D, () Z)) in Theorem 2 we

obtain the following result:

Corollary 7. Let q, q(z) # 0, be a univalent function in U, and g(z) # 0 be analytic in U satisfy
9. If2L@- 20, z€ U and

D, (f(2)
zf'(2) zf'(2) zf"(z) 2Py(f(2) zf'(2) zq'(2)
- +all+ - 1- + , (1.14
o 7@ 8,0 @) a @ 0(f() )< or |-@a@a a1 Y
then Z{ f((z < q and q is the best dominant.
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