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A REACTION-DIFFUSION SYSTEM AND ITS SHADOW SYSTEM
DESCRIBING HARMFUL ALGAL BLOOMS

SHINTARO KONDO AND MASAYASU MIMURA

Abstract. The occurrence of harmful algal blooms (HAB) in ecosystems is a worldwide
environmental issue that currently needs to be addressed. An attempt to theoretically
understand the mechanism behind the formation of HAB has led to the proposal of a
reaction-diffusion model of the Lotka—Volterra type. In particular, a shadow system, as a
limiting system of the model in which the diffusion rate tends to infinity, has been pro-
posed to study whether or not stable nonconstant equilibrium solutions of the system
exist, because these solutions are mathematically associated with HAB. In this paper, we
discuss the convergence property between solutions of the full system and its shadow
system from the point of view of an evolutional problem.

1. Introduction

It is known that an algal bloom has a negative impact on other organisms via the pro-
duction of toxins, mechanical damage, or by other means. In recent years, the occurrence of
toxic blooms of cyanobacteria in lakes and rivers has been causing increasing concern from
an ecological viewpoint. Therefore, a theoretical understanding of the mechanism behind the
formation of spatial blooms on toxic plankton is one of the important subjects in mathemat-

ical ecology.

The study of this problem has recently led to the proposal of the following three-component
reaction-diffusion system of the Lotka—Volterra type ([17]):

ou u+av
—:rlu(l— —w)+d1Au,
ot 1
5 %:rzv(l— U-;(fu—d(,u)w)+d2Av, (1.1)
%—l:: =w(u-pv-1)+dsAw,
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where u = u(t,x), v = v(t, x), and w = w(t, x) represent the population densities of the non-
toxic phytoplankton, the toxic phytoplankton, and the zooplankton for time ¢ and position x,
respectively. The parameters a, b, u, r;, K; (i =1,2), and d; (i = 1,2,3) are all positive con-
stants and d(u) is a positive and monotone decreasing function of u with d(0) = 1. It is noted
that u, which we will refer to as “toxicity", is an important parameter in (1.1). The ecological
explanation of (1.1) is stated in [17]. Here we simply assume r1 =, =1, K=K, =K, dj =
dr, =d, and D = ds/d so that (1.1) is rewritten as

ou u+av

P

ru(l— —w)+Au,

ov ( v+bu
=rv|l-

= - 1.2
3 e d(,u)w)+Av, (1.2)

ow

— =w(u-pv-1)+DAw.

ot

From ecological viewpoints, we may assume that D is rather large, because it was reported
that swimming speed of some species of the zooplankton is the order of mm/s and that of

Cyanobacteria which is one of the phytoplankton is the order of um/s ([17]).

We consider (1.2) in a bounded domain Q in R” (n = 1,2,3) with the zero-flux boundary

conditions
ou_0v_0w_o 150, xeon (1.3)
N — A — ==Y y X » .
ov ov ov

where 0Q is the smooth boundary of Q and aa_v is the outward unit normal derivative on 0Q2

and the initial conditions
u(0, x) = ugp(x),

1 v(0,x) =1v9(x), x€Q, (1.4)

w(0,x) = wo(x),

where 1y(x), vo(x) and wy(x) are non-negative smooth functions. We first not that in the
absence of the nontoxic prey, it is obvious to see that the predator fades out; that is, when

u=0,
lim (v(t,x), w(t,x) =(K,0), x€Q
[—00

holds if vg(x) is not identically zero ([16]). We now impose the following two assumptions for
1.2):

(A1) a<l<b,
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which implies that, in the absence of the predator (w), the nontoxic prey () is a competi-
tor who is absolutely stronger than the toxic prey (v) in terms of common resources ([11]); that
is, when w =0,

lim (u(t,x),v(t,x)) =(K,0), xe€Q
t—o0

holds if 1y (x) is not identically zero ([10]), and

(A2) K>1,

which implies that, in the absence of toxic prey, the predator and nontoxic prey coexist
([8]); thatis, when v =0,

' K-1
thm (u(t,x), w(t,x)) = (LT)' x€Q

holds if 1y (x) and wy(x) are both not identically zero.

These results indicate that in order to understand the occurrence of harmful algal blooms
(HAB), the analysis of the full three-component reaction-diffusion system (1.2) for (u, v, w) is
required.

First, noting that E3 = (1,0,£2!) is a constant equilibrium solution of (1.2) and (1.3),

which exists for any u > 0, we study the stability of E3. Instead of (A2), we assume

(A3) K>b.

By (A3), Ej is stable for y < . = d‘l(ﬁ—j’) > 0, while it is unstable for u. < p and there
exists a positive constant equilibrium solution E, = (uy, v, W) of (1.2) and (1.3). When we
simply specify d(u) as d(u) = ﬁ ([5]), E4 is given by

—_ 1—a+,u+Kp2
o 1—a+bu+bu?’
J = 1-b-bu+Ku  (K—=b)(u—pc)
F o l—a+bu+bu? 1-a+bu+bu?’
1- Ky?
w_u:1+i_(a+u)( a+pu+ /J).
Ku  Ku(l—a+bu+bu?)

This implies that E, bifurcates super-critically from E5 at u = ., when p increases. However,
it is not necessarily stable, that is, the stability of E, depends on the parameters y, r, K, and
D. 1f the one-dimensional problem of (1.2) and (1.3) is considered in the interval (0, L), then
the local stability of E4 can be easily studied. As an example, if d(u) = ﬁ andr =23, a=
0.95, b=1.2, K=2.9, and L = 30, and u and D are free parameters, the stable and unstable
regions of E, can be drawn in (D, ) space, as shown in Figure 1. This suggests the following

results:
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Figure 1: Stable and unstable regions of E; of the one dimensional problem of (1.2) with
d(p) = ﬁ and (1.3) in the (D, p)-plane where r = 2.3, a =0.95, b=12, K =29, p. = &
and L = 30. The curve indicated by n corresponds to the n-mode bifurcation where the zero
solution of the linearized problem of (1.2) and (1.3) around E, is destabilized under the nth
eigenmode cos(“7*) perturbation.

(i) When p is greater than p, = % =0.117--- but is relatively small, E, is stable for any D.
Conversely when D is rather small, it is also stable for any u > 0.

(i) When p is in the intermediate range, E, is destabilized, as D increases. It implies Tur-
ing’s diffusion induced instability ([18]). In fact, when D = 2500, we can see the existence
of one-dimensional stable equilibrium solutions of (1.2) and (1.3) in Figure 2, where the
predator (w) is almost spatially homogeneous, because D is rather large, while the non-
toxic (u) and toxic (v) planktons of the prey exhibit large spatial heterogeneity, which

ecologically indicates the occurrence of HAB.

Ecologically speaking, the results (i) and (ii) are stated in more detail as follows: If the
predator consumes nontoxic and toxic planktons of prey with the same predation rates (i =
0), HAB does not occur (see the case (i)), whereas if the predator does not prefer to intake the
toxic prey rather than the nontoxic prey (u > 1), then HAB possibly occurs when the diffusion
rate of the predator is considerably larger than that of the prey, that is, D is relatively large (see
case (ii)).

These numerical results arise the following mathematical question: Can the existence
and stability of such nonconstant equilibrium solutions of (1.2) and (1.3) be discussed analyti-
cally? For this question, the “shadow system" approach can be applied to study nonconstant
equilibrium solutions of (1.2) and (1.3), assuming that D is sufficiently large ([9]). Let us first

introduce the shadow system, which is derived from (1.2). From the third equation of (1.2),
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T = % o o m [0 o

1=0.15 ©=0.5

p=3.1
Figure 2: Spatial profiles of one-dimensional stable equilibrium solutions of (1.2) and (1.3)

where D = 2500, u = 0.15, 0.5, and 3.1 and the other parameters are the same as those in
Figure 1.

we obtain

1 d 1
it fwdr= g [ wl-pr-ndx >0 as)

where the symbol [Q2| denotes the measure of Q. If D — oo, then w(t,x) — ¢(¢) in the third
equation of (1.2), so that (1.5) is rewritten as

1= (i Jywan iy [yvas1)
—&=¢l— | udx—— | vdx-1]|.
ai* =i o " iar ),
Consequently, as D — oo, (1.2)-(1.4) formally reduces to the following limiting system for

(u(t, x), v(t, x),E0):

ou u+av
E:ru( - —§)+Au,
ov v+bu
<E:rv(1— —d(,u)rf)+Av, >0, x€Q, (1.6)
ng(if udx—i vdx—l),
ot 1Ql Ja Q] Ja

which is termed a shadow system of (1.2). The zero-flux boundary and initial conditions to
(1.6) are
Ou_av_o t>0 x€0Q 1.7)
ov ov ’ ’
and
u(O» x) = uO(x)»
v(0,x) = vo(x), xeQ, (1.8)

1
£(0) = Ql /Q wo(x) dx,

respectively. For the problems (1.2)-(1.4) and (1.6)-(1.8), the following questions naturally

arise:
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(i) What is the asymptotical behavior of (u™(¢, x), v™°(¢, x),¢(t)) of the limiting problem
(1.6)-(1.8) ? Especially, how are the existence and stability of nonconstant equilibrium
solutions (1®(x), v (x), &) of (1.6) and (1.7) ?

(i) How is the convergence of the solution (u?(z,x), v”(z, x), wP (¢, x)) of the full problem
(1.2)-(1.4) to the one (u®°(t, x), v°°(t, x),¢(1)) of (1.6)-(1.8) as D — 0o ?

For the question in (i), Ikeda, Mimura, and Scotti have recently discussed the one-dimen-
sional stationary problem of (1.6) with d(u) = ﬁ and (1.7) by using the numerical continua-
tion software AUTO ([5], for instance) ([9]). Let us show an example. Assume that L = 30, for
instance, and p is a free parameter. Figure 3 demonstrates the global structures of equilibrium
solutions of (1.2) with (1.3) with D = 5000 and 10000 and the shadow system (1.6) with (1.7). It
indicates that there are stable non-constant equilibrium solutions of (1.2) with (1.3) for a suit-
able range of , and that when D is very large, the global structure of equilibrium solutions of
(1.2) and (1.3) is qualitatively similar to that of (1.6) and (1.7), that is, the shadow system (1.6)
with (1.7) would be a good approximation to (1.2) with (1.3) to study the existence and stabil-
ity of equilibrium solutions of (1.2) and (1.3) if D is very large. Here we remark the following:
When ¢ is assumed to be a known constant, it is well known that non-constant equilibrium
solutions (u®(x;¢), v°°(x;¢)) of the first two equations of (1.6) and (1.7) are unstable, if Q is
convex ([12]). However, when ¢ is an unknown variable, the situation is drastically changed,
that is, there occur stable non-constant equilibrium solutions (MT(X;E),UT(X;E),E), of (1.6)
and (1.7) as shown in Figure 2. In relation to this problem, we refer the papers by Nishiura who
discusses the shadow system of two-component reaction-diffusion systems with an activator-
inhibitor type ([14]), and by Miyamoto who discusses the relation between global attractors
for the Gierer-Meinhardt model and its shadow system when one of the diffusion rates is
rather large ([13]).

In this paper, we focus on the question (ii). In other words, we study the problem whether
“the shadow system (1.6) is an approximation to the full system (1.2) when D is very large."
First, we make one remark to (1.1) where all of the diffusion rates d; (i = 1,2,3) in (1.1) are
suitably large enough. Then, as one could expect, any solution of (1.1), (1.3), and (1.4) decays
to be spatially homogeneous, and as d; (i = 1,2,3) — oo, the ODEs corresponding to (1.1) is
derived as its limiting system ([4]). Our situation is different from the above in a sense that

only D is very large in (1.2).

We begin by showing a priori estimates for solutions of the problems (1.2)-(1.4) and
(1.6)-(1.8), which assure the global existence of nonnegative solutions with respect to time,

and then discuss the convergence problem of solutions of (1.2)-(1.4) and (1.6)-(1.8).
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Figure 3: Global structures of equilibrium solutions (¢ (x), vP (x), wP(x)) of (1.2) and (1.3)
for different values of large D and (uT(x),vT(x),E) of (1.6) and (1.7) where the other param-
eters are the same as those in Figure 1 except for yu. The horizontal axis is ¢ and the vertical
axis is vP(0) ((a), (b)) and v>®(0) ((c)). Solid and dashed lines represent stable and unstable
equilibrium solutions, respectively ([9]).

Theorem 1. Let(uD(t, x),vP(t, x), wP(t, x)) be the nonnegative global smooth solution of (1.2)
—(1.4) and let A be the smallest (positive) eigenvalue of —A on Q with zero-flux boundary con-
ditions. Then there exist positive constants cy, ¢z, and cs independent of D such that

0< uD(t,x) <c,
fort>0,xeQ 1.9
0< vD(t,x) < ¢y,
hold, where ¢, = max{lluoll;~(), K} and c; = max{l| vyl ;~(q), K}, and that if D = % is as-

sumed,
0<wP(t,x)<c3 fort>0, xeQ (1.10)
holds, where
c3(up, vo, wo, Vg, Vvg, Vwy) ifn=1,
“= c3(up, v, wo, Aug, Avg, Awy) ifn=2,3.

1 —
In the following we denote Ql f f (x) dx by f simply.
Q

Theorem 2. Let (u™(t,x), v™°(t, x),¢(#)) be the nonnegative global smooth solution of (1.6)
—(1.8). Then there exists a positive constant c, such that

0=<u®™(t,x) <c,
0= v™°(t,x)<cy, fort>0 x€Q, (1.1

0<é(t)<cy

. — 2
hold, where ¢y and c, are the same as those in Theorem 1 and c4 = % (7o + rwg) + % (1+ %) .
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The proofs of Theorems 1 and 2 will be shown in Section 3.
We now show our main results as Theorems 3 and 4.

Theorem 3. Let (uD (t,x), vP(t, x), wP(t, x)) be the nonnegative global smooth solution of (1.2)
-(14).IfD= 2% is assumed, then there exist positive constants cs independent of D and T (D)
such that

— 1
Il(w” = wP) (D)l 1= < ¢51/ 5 Jorte(T(D),c0) (1.12)
holds, where

¢5(up, vo, wo, Vg, Voo, V)  ifn=1,

Cs =
cs(uo, vo, wo, Aug, Avg, Awy) ifn=2,3
and
4log|IVwpll?,,...D
g 0 LZ(Q)
rnax{O, DA } ifn=1,
T(D) = 5
alog A w2, D)
max{O, } ifn=2,3.
DA

By noting thatlimp_.o, T(D) = 0, this theorem indicates that if D is sufficiently large, then
wP (¢, x) of (1.2)—(1.4) becomes almost spatially homogeneous in time. This result supports
the behavior of w?(t, x) in Figure 2. However, this theorem does not imply that w”(t, x) con-
verges to wP(x) as t — oo, even if D is large enough.

Theorem 4. Let (uD(t, x),vP(t, x), wP(e, x)) and (u™(t,x), v™°(t, x),¢(t)) be the nonnegative
global smooth solutions of (1.2)-(1.4) and (1.6)-(1.8), respectively. If D = 2% is assumed, then
for any fixed T > 0, there exists a positive constant cg(T) independent of D such that

(P = u®®) (Dl o) + (VP = 1) (Dl o () + | (WP = (Dl 1)

1
SCG(T)\/B forte|[T(D),T] (1.13)
holds, where T (D) is the same as that in Theorems 3 and

cs(T, uo, vo, wo, Vg, Vg, Vwy) ifn=1,
cs(T) =
CG(T» U, Vo, wO»AuO) AUO) AWO) lfn = 2»3~

This theorem indicates that, if T > 0 is arbitrarily fixed, the solution of (1.2)—(1.4) con-
verges to that of (1.6)—(1.8) in (0, T'] as D — oo.

The proofs of Theorems 3 and 4 will be stated in Section 4.
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In the following sections, we use the Banach space L” (Q) with the norm

1

Nl =l @) = (fQ |u(x)]? dx)”

for1 < p<oo,and

llloo = lltell ro ) = sup |u(x)|
xeQ)

for p = co. In addition, we use Sobolev spaces Wzl (Q) (I =1,2,3) of which the elements are
functions u such that D’;u belong to L?(Q) for any k (|k| < I), where D’;u =gl u/@x{cl ...Oxlnc"

is the generalized derivative of order |k| = k1 + ko +...+ k,, for amulti-index k = (ky, ko, ..., k).

2 _ ko2
Wi = Lik=t IDxull 7 )

Throughout the proofs of the theorems which will be stated later, we use ¢, c;, c;., c;.’ and

Wzl (Q) are endowed with the finite norm || «||

c;’ (i =1,2,...) as positive constants independent of D.

2. Preliminaries

Before proceeding to the next section, we recall the well-known inequalities, which are

used in the proofs of Theorems 1-4.

(i) Young's inequality ([7]): For any positive constants a, b, p, and g satisfying % +1=1,

q
aP b1
abs —+ — 2.1
p q
holds.
(i) Let f be asuitably smooth function defined in Q) with the zero-flux boundary conditions
ato0Q.

(1) The elliptic estimate ([2]): For some ¢

{ I Iz < e af]l,+ 71,
(2.2)
1 lws e = c(IVAN ], + I £l
hold.
@) ([4)):
AMf = FI5<IVFI3,
2.3)
MVEIS < IAfI3

hold.



80 SHINTARO KONDO AND MASAYASU MIMURA

(iii) The Gagliardo—Nirenberg inequality ([3], [6]): Let a@ = a(n) be a constant satisfying % <
a<1(n=1,2,3). For some ¢

19l < el fle ey 11127 2.4)

holds.
(iv) The Sobolev embedding theorem ([1]): For some ¢

cll Fllwe ifn=1,
<] e 2.5)
C”f”WZZ(Q) lfn = 2,3

holds.

3. Proofs of Theorems 1 and 2

In this section, we obtain a priori estimates for solutions of the problems (1.2)—(1.4)
and (1.6)—(1.8).

3.1. Proof of Theorem 1
First, it is obvious to see that

0=<uP(r,x) =< K

u? (1, x) < maxqlluolloo, K} for t>0, xe Q.

and 0 < vP(t, x) < max{llvlleo, K}

So we only show (1.10). Since (2.2) and (2.5) lead to
o, [elwP@iz vl @iz) ifn=1,

lwP 13, < S
c(lw@iz+1awP®13) ifn=2,3

for some c, therefore we obtain a priori estimates for || wP ()2, IVwP ()|, and |AwP (1),

as follows:

Lemma3.1. IfD > 2—/?, then there exist c;, cg and cy such that

lwP @15 < ¢z, (3.2)
IVwP (015 < cg fort>0 (3.3)
and  |AWP D5 < co (3.4)

hold, where c; = c7(uo, vo, Wy), cg = cg(Uo, Vo, Wo, Vg, Vv, Vwg) and cg = c9(up, Vo, Wo, Ao,
AUQ,ALU()).
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Proof. (i) Proof of (3.2): Define Zu\ﬁ(t, x) by wP(t,x) = wP (1) + ;u\ﬁ(t, x). Then we know
lwP @013 < 20QwP (1) + [wP0)13). (3.5)

We first show a priori estimate for ﬁ(t) in a similar way to the ones in [15] and [19]. Adding
the first equation and the third one of (1.2) multiplied by ﬁ and by Iﬁrl’ respectively, and

integrating it over €2, we have

d — —= ar r
—(uD+er)+— uDdex+u—f wPvP dx
dt K|Ql Ja Q2] Ja

1 D
RER
Q] Ja

u — Kr(. 1Y [~ —=
1——)dx—ers— 1+—) —(uD+er).
K 4 r

Here we used

D 2
u Kr 1
ruD(l——)s— 1+—) —uP
K 4 r
Then by Gronwall’s lemma, we obtain
— —= Kr 1\?
uP +rwP < e_t(u0+rw0)+7 1+—)
-

and byﬁ >0,

— 1 _, K 1)\2
0<wP(r) < —e " (up+rwg) + n 14— for £ >0. (3.6)
r r

We next show a priori estimate for IIEB(t) 2. Define .4 by .4 f = f. Subtracting .4
{the third equation of (1.2)} from the third equation of (1.2), and multiplying it by EE and
integrating over Q, we find

1d
2dt
= fQZu\B[wD(uD—,uvD) —./%{LUD(UD—[JUD)}] dx

lwP Ol + lwP ()15 + DIVw? ()13

:f ;u\ﬁ(ﬁ+;u\5)(uD—va) dx
Q
sc1(w|9|||2u73(t)||2|ﬁ|+||’L55(t)||§)—ufgﬁ(ﬁ+fﬁ) P dx
— QI(c? +2ucy) —= —
s(cl+1)||wD(t)||§+"1—’“‘2|wD|2—ﬁf WP uP dx,
4 2 Ja
Here we used (1.9) and the following inequalities:

—,u/ waDdestf Ileszdx+M|wD|2
Q 2 Ja 2

and
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|2
aVI1Q| ||wD(t)||2|wD| < ||wD(t)||2 1 —1 D|2

which was obtained from (2.1) with a = \/EIIE/VD(t) ll2, b=c14/ % Iﬁl and p = g = 2. By using
(2.3) and (3.6), we obtain

d — — |Q|(62+2pcz)c’2
EnwD(t)n%sz(cl—DA) lwP ()15 + — > Z, 3.7)
where ¢} = %(u_0+ rwg) + %(1 +1 ) . Therefore, since 2(c; — DA) < —— by D = 2c1’ (3.7) is
rewritten as
7} 1QI(c? +2,u02)C DA
D 2 —t 1 ==t
—(lwPe ) < ; e,
Thus, puttlngc 3|Q|(cl +2,ucz)c we obtain
D Diy Cg —Dis
lwP ()12 < | Woll2e™ +5(1—e 1 ) for ¢ > 0. 3.8)

Then, if (3.6) and (3.8) are used in (3.5), (3.2) is proved, where c;7 is simply taken as c¢; =
21Q1c +2(llwoll3 + 52-¢).

(ii) Proof of (3.3): Multiplying the third equation of (1.2) by Aw” and integrating over Q, by

D>

> /1 L we have

T ||Vw (DIl + IVw (t)||2+uf VwPPuP dx+ 25 ||Aw (0113

< 1w D21V w” - po®) (O 141 Vw® (t)||4+C1||Vw ()13

D _ T( D D D) and

Since we need to obtain a priori estimates for u? and v”, we use s u

define ||s{ (1)ll2 and |Is} (£)]l2 by

Is2 (115 = IVLP (115 + IVUP @015+ IVwP (015
and

IsX 0115 = 1AL @015+ 1AvP @015 + 1AwP ()15,

respectively. Then we have

1d 2c __a
571V D(t)||§+||VwD(r)||§+71nAwD(r)||§ <8I (DI3 + cgd e (3.9)

for any constant 6 satisfying 0 < 6 < 1, where cé = cé(cl, ¢y, ¢7). Here we used (1.9), (2.2), (2.4),
(3.2) and the inequality

lwP @) 120V (P = o) (O 14IVwP (£) 14
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a 1-a
< e/ (1auP @2 + 1802 (D)2 + VIOl er + ) (VIDl(er +e2)
x(IAwP @l +Ver)” (Ve
< SlIsR (D)3 +cyo " Ta

for 08 = 08 '(c1, ¢, ¢7), which was obtained from (2.1) with

a=5%(I8uP @2 +1A0P Dl +VIQIer + ) (1AW @] +vE7)",

_ 1-a 1 1
bzé“c\/c_7(\/|Q|(cl+cz)\/c_7) , pza and qzl—.

-
Similarly to (3.9), we have
;d IVuP @13+ 1auP 013 < SlIsK (0113 + ¢'6Ta (3.10)
for ¢y’ = cg'(c1, ¢2, ¢7) and
Lol 13+ 18P (01 < SIS ()13 + "6 5 (.11

2drt
for ¢y = cg"(c1, ¢z, ¢7). Adding (3.9) and (3.10) and (3.11), we have

mini{A,2c;}

|| sv (D115 + 1

2dt —35) IsK (0113 < (cj + ¢’ +cy)d Ta.

Since (2.3) leads to AllsE (£)115 < [Is5 (1)113, if 6 is chosen as 6 = %, we obtain

Is2 ()13 < 182 (0) 3¢~ mintA2ait

2(ch+ ¢+ ¢ (min{A,2¢;} ) T
88 8( ! 1}) (3.12)

min{A,2c;} 61

Consequently when cg is simply taken as

2(cy+ ¢y’ +¢") (minfA,2¢}| T
o= ISP + —21 8( ) ,

mini{A,2c} 6A

(3.3) is proved.
(iii) Proof of (3.4): Define [|s2, (1)ll2 by
IsOA (D15 = IVALP@)15+ VAP )5 + IV AwP @)I5.

In a similar way to (3.9), we have

1d
T —AwWP )15+ 1Aw mnzwf AwP PP dx + 2L ||V(Aw (I3

< cillsm(t)ll2 + 695 Ta
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for any constant 6 satisfying 0 < 6 < 1, where cé = cg’)(cl, ¢, ¢7). Here we used

O0AsP
ov

which was obtained from (1.2) and (1.3). Similarly to (3.10), (3.11) and (3.12), we have

=T1(0,0,00 forr>0, x€dQ, (3.13)

1d __a_
EanAqun%||V(Aqu)||§sansQAmu%wg

1d __a
EE”A”D(” 15+ VAP ()13 < SlisEA (D115 + cf'6 ™ Ta

and

2(ch+cl'+ ¢y (min{A,2¢;} | T
91 Cy 9( { 1}) , (3.14)

D 2 D 2 _—min{A,2c}t
sy (D)5 < lIsx (0)lI5€ + -
A 2 A 2 mini{A,2c;} 61
respectively, where cg = cg(c1,¢2,¢7) and ¢g' = cg'(c1, €2, ¢7). Then if cg is simply taken as cg =

20 +c'+c!" in{A,2 —% .
s )5+ Tmrizes (mmém Cl}) ", (3.4) is proved. a

Consequently, by using (3.1) and Lemma 3.1, Theorem 1 can be proved.

3.2. Proof of Theorem 2

The first two inequalities of (1.11) are obvious. For the proof of the third inequality of
(1.11), we apply a similar way used in the proof of (3.6) to the third equation of (1.6), and
obtain

1 ., . K 1\?
0<§(t)S—e_t(u0+rw0)+z(1+—) for t > 0.
r r

Therefore, by putting ¢4 = % (To + r'wo) + % (1+ %)2, Theorem 2 can be proved.

4. Proofs of Theorems 3 and 4

4.1. Proof of Theorem 3

D

Since w” — wP = wD, we derive the uniform estimate for || wP (7)o, with respect to D. By

using (2.2) and (2.5), we find that for some c,
— o [etwP@iB+IvwP @3 ifn=1,
lwP ()5, < __ _ 4.1)
cllwP @3 +1AwP(0))3) ifn=2,3.

Since the uniform estimate for || EB(I) |2 is already known in (3.8), we will obtain the uniform
estimates for |[Vw? (9)|» (=[IVwP(£)[l2) and [[AwP(£)|l» (=|AwP(£)]|2) with respect to D.

Lemma4.1. IfD = 2—/?, then there exist c1y and ¢y such that

A C A
IVwP ()2 < ||Vw0||2e—%f+§(1—e—%f) 4.2)
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o o fort>0
and  AwP(O12 < IAwelZe™ T+ D(1— ) 4.3)

hold, respectively, where c19 = c10 (Uo, Vo, Wy, Vg, Vvo, Vwg) and c11 = c11(Uo, Vo, Wy, Ay, Avg, Awy).

Proof. Multiplying the third equation of (1.2) by Aw® and integrating over Q, we have

1d
T — VWP @15+ IVw m||2+uf IVwP?vP dx + DIAwWP (D113

< NwP O ooV = uv?Y O IIVWP (D) 12+ c1 IVWP (D115
< c(y/C7 + V)V IVwP (Dlla + e IVWP (0113

< (e + D) IVWP D15 + ¢},

where Cio = 010(07,08, c9). Here we used (2.2), (2.5), (3.2), (3.12) and (3.14). Hence, by (2.3) we
have

d

EIIVwD(t)H% <2(c; - DV IVwP )13 +2c),,
and by (3.13)

d

EnAwD(t)n% <2(c; - DV IAWP ()13 +2¢},,

where ¢}, = ¢}, (c1, ¢2, ¢7, g, ¢9). Noting that D > 261 leads 2(c; — DA) < ——, (4.2) and (4.3) are
proved. O

Using (3.8) and (4.2) in (4.1) and applying the first inequality of (2.3) to || %II%, we obtain

//
D2 2 ,—DBAt by C10
lwP (@)l (IIwOII +—+IIVwOII e +—)
oo D 2 D
1!
_DA 7+ Cio
_c(nvluonge 4f+77)
D
forn=1, and
— DA / C11
2 ~ 2, - 2 ——t
||wD(t)|IOOSC(|IwOII2e z +B+”Aw0” +3)

7
_DpA,  CptCn
sc(nAwonge 4‘+77)

for n=2,3. Then if T'(D) is defined by

0 if [Vwoll3D <1,

TDY=9 410g(IVwyli2 D)

DA

if [Vwol5 D >1,

Theorem 3 is proved.
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4.2, Proof of Theorem 4
Define UP, VP and WP by
UP=uP-u>®, vP=0vP-v*® and wP=wP-¢

respectively, and obtain the uniform estimates for [|U” (£)l|loo, | VP (£)lloo and WP (£) ]|, with
respect to D. First, by WP = wP, we note

WP (Dlloo < IWP () lloo + | WP (1) lloo- (4.4)

We therefore obtain the uniform estimates for |UP () loo, | VP (£)lloo and || WP ()|l o0, because

the uniform estimate for || Eﬁ(t) lo is already obtained in Theorem 3.
Put SP = T(UP, V2, WD) and define

1SP(Dlloo = 1UP (D) lloo + VP (D)l + IWP () oo
ISP(13 = 1UP 012+ IVP @112+ WP ()3,
IS2(0)li5 = IVUP @15+ 1VVP (0l

and
ISR(0)15 = IAUP @115+ 1AVP (1) 3.

Then from (2.2) and (2.5),

ISP(1) oo < c\/ ISPOIZ+ ISR ()I2 ifn=1 (4.5)

and

ISPl < /ISP + ISP (D12 ifn=2,3 (4.6)

hold for some c.

We now obtain the uniform estimates for ISP (1)[2, |S2 (1)1 and |S2 (1)[13 with respect to
D. In order to obtain these estimates, we first derive the initial and boundary value problem

for SP. The equations for both UP and V” can be written as

ouP ar —
T APUP - Z—uvP — ruew?P — ru®w? + AUP
and b
oV br —
el BPyP — ?UOOUD—d(,u)rv‘”WD—d(p)rvoowD+AVD,

respectively, where AP and BP are given by

D 0o D

u’"+u-+av

AP = 1- —Mm—— WP
K



A REACTION-DIFFUSION MODEL OF HARMFUL ALGAL BLOOMS 87

and
vP + v*® + buP

BD:r(l—
K

—d(u)wD),

respectively. In order to derive the equation for W2, we obtain the following equation for wP:

owz_ —wP-1)d
Y IQlwi (u” - pv ) dx
—( 1

= wD(@f uDdx—l—glf dex—1)+gD(t),
Q Q

where gP (1) is given by
1 —
gP = @fg wP (uP — pvP 1) dx.

Then, subtracting the third equation of (1.6) from it, we obtain

owpb

_ cDWD 4 (—f UDdx——f dex)+ Dy,
o ‘ar ke 1l Jo g

12|

where CP is given by

1
CD:@f uDdx—l—glf vPdx-1
Q Q

and by (1.9) and (3.8), g (1) satisfies

Diy

D2 —~ 2. -2 ¢
I8~ (D5 = cllwplize# )

for some c. From the above, we now obtain the following initial and boundary value problem
for$P =T(UP,vP, wP):

osP  —
T =L"SP+R(D), t>0, xeQ,
$8D0,x="(0,00), xeQ “.7)
asD
—=0, >0, x€0Q,
ov

where LP and R(D) are given by

ar
A+ AP —?u"o —ru®

b
P = —%u‘” A+BP —d(wrv™®
0 0 cP

and
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—ru®w?P

R(D) — —d(ﬂ)TUOO/L;E

L D _if D ) D
f(lﬁlfQU dx Ql QV dx|+g~ (1)

respectively.
We first obtain the uniform estimate for IIS_D(t) I2, IIQ(t) Il and ||§(t) 2.

Lemma4.2. IfD = 2—;1, then for any fixed T > 0, there exist c12(T), c13(T) and c14(T) depending

on T butindependent of D, such that

a2 o C12(7)

ISP@I5 = =5 (4.8)

IS2(0)13 < C”‘TET) forte[o,T] 4.9)
and

ISP (2 < S (4.10)

hold, where c12(T) = c12(T, ug, vo, wo), c13(T) = c13(T, uo, vo, Wo, Atkg, Avy, Awp) and c14(T) =

c14(T, uo, vo, wo, Ay, Avo, Awy).
Proof. Multiplying the first equation of (4.7) by SP and integrating over (2, we have

1 dISP ()12 <5 <D SD
_w:fLDSD-SDdx+f R(D)-SP dx. (4.11)
2 dt Q Q

Here using (1.9)-(1.11), two terms in the right hand side of (4.11) can be estimated as follows:

There is some c such that
fLDS_D-S_Ddxs —IVUP @013 -1vVP ()13
Q
D 00 D
u” +u>®+av
_rf |UD|2(—+wD) dx
Q

K
—rf |[vP)?
Q

D+ oo+b D
u+d(u)wD) dx
—( K fQuDdxﬂ)|W(t)|2+c||s_D(t)||§sc||s_D(t)||§ 4.12)

K
1l

and
fQR(D)-SD dx = C(IIUD(I)II2+ IIVD(t)IIz) lwP ()2

+Hec(IUP DI+ 1VP0)12) +1g° 0 1HWD (1)
< c(ISP) I + 1 wP(1)12), (4.13)
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respectively. Hence, substituting (4.12) and (4.13) in the right hand side of (4.11) and using
(3.8), then we have

1d(SP()3 — oa, cf
2 <c|21SP())% + ‘T‘+—7).
2 ar C( ISP (D)5 + lwpllze D

Noting ISP (0) I3 =0, Gronwall’s lemma leads to

— 3clwolz ¢
SD(t ZS 7+—7 dct 4.14
IS7(0)]2 (60+2D/1 oD |° (4.14)
Thus putting c»(f) = (g—i lwoll3 + %;’) e*°! (4.8) can be derived.
We next consider (4.9). In a similar way to (4.11)-(4.13), we have
1dlIS2 ()12 S —
vz :f LPSD . ASP dx+f R(D)-ASPdx. (4.15)
2 dt Q Q

Using (2.3), (2.4), (3.12), (3.14) and [|[VwP (1) [l» = [VwP(£) |12, two terms in the right hand sides
of (4.15) can be estimated as follows: For some c,

D 0o D

— =5 -5 u”+u*+av
fLDsD-Astxsc||sl,3(t)||§+ v(—
Q

K

+ wD) (1)

ITP (O IVUP (D)l
4

” (UD+U°°+buD
+v————

+d () wD) ©)

VP IVVP (82
4

< c(ISP@13 + 1S3 (13) (4.16)
and
fQR(D) AP dx < c(IVuOalwP Ol + 14 (B oo VWP (D)) IVUP (1)
+e(IVU®@1alwP @ s + 1@l VP @) 2] IVVP (1)

< (ISR I3+ IVwP@13), (4.17)
respectively hold. Here we used

IVu® @5+ IVoe (D)5 < c1s,
for t >0,
1A @15+ 1AV (D)5 < ¢l5,

where c15 = ¢15(uo, Vo, Wo, Vg, Vg, Vwg) and cjs = ¢} (uo, Vo, Wo, Ay, Avo, Awp). which were
obtained by using the similar way to the proofs of (3.3) and (3.4). Then we have
clo  c12(1)

D _Dba
< c|2182 (D)5 + IVwoll5 e f+3+ o7

1 dISE(1)]12
2 dt

’
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i

where ¢12(1) = (g—j lwoll3 + %7) e*¢’. Noting IIQ(O) I3 =0, Gronwall’s lemma leads to

— 6¢IVwolls  cio 2¢tca (1)
SP(|% < — 2 et _ . 4.18
ISvlz=| 5553 T2p]° D2 (4.18)
Thus putting ¢13(f) = (% IIVwollg + %) et 4 %, (4.9) can be derived.
Finally we obtain (4.10). Similarly to (4.11)—(4.13), we have
1dISP ()12 _ -
S St :f ALPSD . ASD dx+f AR(D)-ASP dx, (4.19)
2 dt Q Q

where, two terms in the right hand sides of (4.19) can be estimated as follows: For some c,

f ALPSD . ASP dx < clSP(1)113
Q

uP +u>®+ avP
+lA T+wD)m 1UP () oo IAUP () 112
2
vl + v+ buP
+lA me)wf’)m VPOl AVP (D)1
2
uP + u*® + av?
+|v Twﬂ))m IVUP ()14 1AUP ()11
4
vl + v+ pul
+|lv me)wf’)m IVVE (O IAVE (D)l
4

< (ISP I3+ 182013 + 1SR (1) 13)
and
[ ARD)-88P dx = cwP Ol + IVWP (01 + 1AW ISF O

< c(ISR@I3+1AwP®13),
respectively. Hence from (4.19), we obtain

1412013
2 dt

~op en @+ as(D)

sc(2||s§(t)||§+|mwon§e oz

Noting IIQ(O) II§ =0, Gronwall’s lemma leads to

2
IS (1) 1% < bellAwolly 4 S| gder 2ct(cr2(1) +Cl3m).
v 12c+DA 2D D?

Thus putting c14(#) = (5 | Awgll3 + 4t) efe? + 2ete2Brastd) 4 10) can be derived. O
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Let T > 0 be arbitrarily fixed constant. Consequently, using (4.8)-(4.10) in the right hand
sides of (4.5) and (4.6), we have

\/CIZ(T)+C13(T) )
o ol——p  — ifn=1,
ISP (Dlloo <

Cio(T T
c\/ 12(T) + Cr4(T) itn=23
D
for t € [0, T]. Then defining T'(D) by
4log (IVwol? D
max{o, Og(”D;UOHZ )} ifn=1,
= 4log (I Awoll2 D)
max{o, & 0%2 }ifn:Z,S
DA

and using (1.12) in (4.4), we obtain

\/CIZ(T)+C13(T) r ..
|| ——————+cs5\/= ifn=1,

D D
WP () oo =

C12(T) + Cia(T 1
c\/—u( ) 14( )+C5\/— ifn=2,3
D D

for t € [T(D), T]. Thus, the proof of Theorem 4 is complete.

5. Concluding remarks

To study the occurrence of harmful algal blooms observed in lakes and rivers, we dis-
cussed a three-component reaction-diffusion system and its shadow system which was de-
rived as the diffusion rate of the predator D tended to infinity. Under the zero-flux boundary
conditions, we showed that a solution of the full system for arbitrarily given initial data (1.4)
for (1.2) and (1.8) for (1.6) is well approximated by the one of the shadow system if D is very
large. Precisely speaking, for any fixed T > 0, any solution tends to that of the shadow system
for0 < t < T, as D tends to infinity. Of course, this is not a satisfactory result, because numer-
ical simulation suggests that this result extends to the case for 0 < ¢ < co. Unfortunately, the
method used in this paper is unable to answer to this problem. We think that our approach
is required to combine with the theory of global attractors for the full system and its shadow
system which are discussed in [13] and [14]. However, the situation is rather difficult, because
of the following reason: If d(u) is m with some constant § > 0 (for instance 6 = 0.01), the
equilibrium E, undergoes Hopf bifurcations and the system exhibits oscillatory behaviour
when p increases. This is significantly different from the situation when 6 = 1. The extension

of our result to the case for 0 < ¢ < co will be part of our future work.
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