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PRE-GRUSS TYPE INEQUALITIES
IN 2-INNER PRODUCT SPACES

DAH-YAN HWANG AND GOU-SHENG YANG

Abstract. Some pre-Griiss type inequalities in 2-inner product space and applications for de-

terminantal inequalities are given.

1. Introduction
Let f, g be two functions defined and integrable on [a, b]. Assume that
o< flx) <® and y<g(x)<T

for each x € [a, b], where ¢, ®, ~, I" are given real constant. Then the following inequality
is well known in the literature as the Griiss inequality ([9, p.296])

b1a/abf($)9($)dﬂf—ﬁ/:f(x)dm-ﬁ/:g(x)dm

® — |- [T — 7.

<

A~ =

In this inequality, G. Griiss has proved that, the constant % is the best possible in the
sense that it cannot be replaced by a smaller one, and is achieved for

a+b).

/(@) = g(w) = sgn(z — 5

In [3], S. S. Dragomir has proved the Griiss type inequality in real or complex inner
product spaces. Further, S. S. Dragomir et al. have given some pre-Griiss type inequalities
in real or complex inner product spaces [7].

In [8], the authors have proved the Griiss type inequality in 2-inner product spaces.
Recently, in [4-6, 11], the authors have further given some refinements, generalizations,
extensions and alternative proofs of Griiss type inequality in 2-inner product spaces.
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The purpose of this paper, we will establish the corresponding versions of pre-Griiss
inequality for both real and complex 2-inner product spaces. Also, some determinantal
inequalities are point out.

2. Preliminaries and Lemmas

The concepts of 2-inner products and 2-inner product spaces have been intensively
studied by many authors in the last three decades. A systematic presentation of the
recent results related to the theory of 2-inner product spaces as well as an extensive list
of the related references can be found in the book [1]. Here we give the basic definitions
and the elementary properties of 2-inner product spaces.

Let X be a linear space of dimension greater than 1 over the field K = R of real
numbers or the field K = C of complex numbers. Suppose that (-,- | -) is a K-valued
function defined on X x X x X satisfying the following conditions:

(2I;) (x,x|2) >0 and (x,x | z) = 0 if and only if x and z are linearly dependent,
(22) (z,z|z2) = (2,2 ] z),

(28) (g | ) = @y | 2);

(2Ly) (az,y | z) = a(z,y | z) for any scalar a € K|

(2L5) (z+a',y|2)=(z,y]2)+ (@, y]2)

(] ) is called a 2-inner product on X and (X, (+,- | -)) is called a 2-inner product
space (or 2-pre-Hilbert space). Some basic properties of 2-inner product spaces can be
immediately obtained as follows [2]:

(1) If K = R, then (2I3) reduces to

(v, 2] 2) = (2,9 2).
(2) FI‘OHI (213) and (214), we have
0,y]2)=0, (z,0]2)=0

and also
(x,ay | 2) =a(z,y | 2). (2.1)
(3) Using (212)-(2I5), we have
(z,z]zxy)=(xtyzLy|z)=(z,2|2)+ ¥y |2) £2Re(z,y | 2)
and

Re(z,y | 2) = 1l(z,2 | 7 +9) — (5,2 | 7~ y)]. (2:2)

In the real case K =R, (2.2) reduces to

(22 [z +y) = (22| 2 —y)] (2.3)

=

(z,y|2)=
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and, using this formula, it is easy to see that, for any a € R,
(z,y | az) = o®(z,y | 2). (2.4)

In the complex case, using (2.1) and (2.2), we have
. 1 . .
Im(z,y | z) = Re[~i(z,y | 2)] = J[(z. 2 | 2+ iy) = (2,2 | 2 —y)],
which, in combination with (2.2), yields
1 v ) )
(@,ylz) ==z ety = (zzle -yl + =z letiy) = (22 |z —w)l.  (25)

Using the above formula and (2.1), we have, for any a € C,
(z,y | az) = |al*(z,y | 2). (2.6)
However, for o € R, (2.6) reduces to (2.4).
Also, from (2.6) it follows that
(z,y ] 0) =0.

(4) For any three given vectors z, y, z € X, consider the vector u = (y,y | 2)z—(x,y |
z)y. By (2I1), we know that (u,u | z) > 0 with the equality if and only if v and z are
linearly dependent. The inequality (u,u | z) > 0 can be rewritten as,

Wy | D,z [ )Yyl 2)—|@y]2)f] 20. (2.7)

For x = z, (2.7) becomes

—(w.yl2) | (zy]2)* >0,

which implies that

(zyl2)=(2]2)=0 (2.8)
provided y and z are linearly independent. Obviously, when y and z are linearly depen-
dent, (2.8) holds too. Thus (2.8) is true for any two vectors y, z € X. Now, if y and z
are linearly independent, then (y,y | z) > 0 and, from (2.7), it follows that

@,y [ 2)* < (2,2 | 2)(y,y | 2)- (2.9)

Using (2.8), it is easy to check that (2.9) is trivially fulfilled when y and z are linearly
dependent. Therefore, the inequality (2.9) holds for any three vectors z, y, z € X and it
is strict unless the vectors u = (y,y | 2)x — (z,y | z)y and z are linearly dependent. In
fact, we have the equality in (2.9) if and only if the three vectors z, y and z are linearly
dependent.

In any given 2-inner product space (X, (-, | -)), we can define a function |- | || on

X x X by
o] 2] = V(2,2 | 2) (2.10)

for all z, z € X.
It is easy to see that this function satisfies the following conditions:
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(2N1) ||z | z|| > 0 and ||« | z|| = 0 if and only if 2 and z are linearly dependent,

(o) || 21l = 1z | I

(2N3) |lax | z|| = || ||z | 2| for any scalar a € K,

(oNy) llo+2' | 20 < o | 2] + 12’ | 211

Any function |- | || defined on X x X and satisfying the conditions (2N7)-(2Ny) is
called a 2-norm on X and (X, |- | -||) is called a linear 2-normed space [10]. Whenever
a 2-inner product space (X, (+,- | -)) is given, we consider it as a linear 2-normed space
(X, |I- | -|l) with the 2-norm defined by (2.10).

Let (X;(-,- | -)) be a 2-inner product space over the real or complex number field

K. If (fi)i<i<n are linearly independent vectors in the 2-inner product space X, and,
for a given z € X, (fi, f; | z) = 0;; for all 4, j € {1,...,n} where ¢;; is the Kronecker
delta (we say that the family (f;)1<i<n is z-orthonormal), then the following inequality is
the corresponding Bessel’s inequality (see for example [2]) for the z-orthonormal family
(fi)1<i<n in the 2-inner product space (X; (-, | -)):

Dol fil P <l 2] (2.11)
=1

for any « € X. For more details on this inequality, see the recent paper [2] and the
references therein.

The following result can be found in [4, Corollary 1]:

Let x, z, e € X with ||le | z|| =1 and ¢, ® € K with ¢ # ®. Then

Re(®Pe —xz,e —pe | 2) >0

if and only if

1
<[P -yl

+ @
x———-e|z|| <
2 2

We shall use the following lemma:

Lemma 1.([4]) Let =, z, e € X with |le | z|]] = 1. Then one has the following
representation

0< o] 2 = |(x,e| 2)]* = inf [lo —Ae | 2[|*

In [6], the following result and lemma hold.
Let {e;}icr be a family of z-orthornormal vectors in X, F a finite part of I and ¢;,
®; (i € F), real or complex numbers. The following statements are equivalent for x € X.

(i) Re <Z Die; — T, T — Zgoiei | z) >0,
iEF i€F
) 1/2
2
S§<Z|‘bi—%|> .

e F

:U—Z%q)i-eilz

e F

(i)
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Lemma 2. If (i) or (ii) hold, then we have the inequality

0<lz |2 =" I(z,ei | 2)

ieF
1
< ZZ|‘I%‘—<P¢|2 —Re (Zq)iei —I,SU—Z%'&‘ | Z)
i€l icF icF
1 2
<37 Z [Di — il
i€l

We also need the following lemma.

Lemma 3.([5]) Let {ei}icr, F, i, ®i, i € F and x, z € X so that either (i) or (ii)
hold. Then we have the inequality

0< || zl® =) |z e | 2)

ier
1 B, 2
< ZZMM—%F—Z %—(%ei | )
iEF 1€F
1 2
(s LY ol )
el

3. Pre-Griiss Inequalities in 2-Inner Product Spaces
We start with the following result.

Theorem 1. Let (X, (-,- | -)) be an 2-inner product space over K (K = R, C), and e,
ze€ X, |le|z||=1. If ¢, ® are real or complex numbers and x, y are vectors in X such
that the condition

Re(®e —x,x — e | z) > 0, (3.1)
holds or, equivalently, the following assumption
P 1
Hx—%-ﬂz“gg@—ﬂ, (3.2)

is valid, then one has the inequality

@,y | 2) = (x| 2)(e,y | 2)] < %I‘P —ol-Vily 212 = (y.e | 2)]? (3-3)

and

@,y | 2) = (z,e | 2)(e,y | 2)]
< %I‘P* ol Ny | 2 = Re(Pe — 2,2 — pe | 2))/? - |(y,e | 2)|. (3-4)
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Proof. If we apply Schwarz’s inequality in 2-inner product space for the vectors
x— (z,e| 2)e, y— (y,e| z)e, then it can be easily shown that

2,y | 2) = (@e | 2)ey | 2) < (o | 27 = (e | 2)P)2[lly | 21 = |(y,e | 2)°)2, (3.5)

forany z,y, z€ X ande€ X, |le] z|| = 1.
Using Lemma 1 and condition (3.2) we have

1 + P 1
2 _ 215 _ inf [z — A <z 2T < Z|1P—
[l 21" = (2, e | 2)"]2 = inf |z = Ae |zl < ||z 5 elz| =512 -9l

and so, by (3.5), the desired inequality (3.3) is obtained.
By simple computation, we also observe that the following identities are valid.

0< flar| 2~ |(ze | 2)
= Re[(D — (x,e]| 2))((z,e | 2) — )] — Re(Pe — z,x — e | 2). (3.6)

Using the elementary inequality for complex numbers.
4Re(ab) < |a+bJ?, a,b € K(K =R, 0), (3.7)

we have
Re((® — (z,¢,] 2))((z, ¢ | 2) —P)) < i@ — ¢l
Consequently, by (3.1), (3.5), (3.6) and (3.7), we have
@,y | 2) = (z.e | 2)(ey | 2)]°
< (%|‘I’ —ol)* = ([Re(®e —z,x —pe | 2)]2)| - [ly | 2 = |(y,e | 2)I°]. (3.8)

Finally, using the elementary inequality for positive real numbers
(m* —n?)(p* - ¢%) < (mp — ng)?, (3.9)

we have

[(%"b — o)) = ([Re(®e — 2,2 — e | 2)]2)?| [lly | 2[° — (3¢ | )]
< |:%|(I)—§0| ||y|Z||—[Re(q)e—x,x—(pelz)]%.|(y7e|z)| ) (310)

The desired inequality (3.4) follows immediately from (3.8) and (3.10).
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4. Pre-Griiss Inequalities Associated to Orthonormal Families in 2-Inner
Product Spaces

Theorem 2. Let {e;}ics be family of z-orthonormal vectors in X, F a finite part of
I, p;,®; € K,i€ F and x,y are vectors in X such that either the condition

Re(Z(I)iei—x,x—Zgoiei |z> >0, (4.1)

i€l i€l

or equivalently,

N
—
=
[\
~—

lo = > =5l 2l < 5( D 10— i)

icF ieF
holds. Then we have the following inequalities:

@y | 2) =Y (w,ei | 2)(eny | 2)|

icF
<3(Za %-P)i\/ny 22 = 3 fe | ) (4.3
icF i€EF
@y l2) =S @we | 2)eny | 2)
i€F
<s(X1ei—ei) Iyl =l

icF

—(Re(> o @ies —wa = piei | 2)) (D lwees | 2)7) s (4.4)

i€EF i€l ieF

|(l‘,y | Z) - Z(xaei | Z)(eiay | Z)|

e F
<3 (1wl 12l
i€EF
) ) 201 1
(ZF5E @l ) (Slwe 2F) (4.5)
i€F i€EF
and
@,y | 2) = > (z,ei | 2)(eiy | 2)]
i€F
1
L ——
S%(Z@i—%h)zﬂylzl\—z %_(m”z) Alyses | 2)]. (46)

i€F ieF
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Proof. It is obvious that

(m,y | Z) - Z(xaei | Z)(eiay | Z)

- (x - Z(fﬂ,ei | 2)ei,y — Z(ei,y | 2)e; | z)
(o= e ey = Dlwes s 2). 0
ieF iEF

Using (2.9), we have

2

(:c — Z(m,ei | 2)eq,y — Z(y,ei | 2)e; | z)

i€l ieF
2 2
< $—2($,€i|2)6i|2 y—2(9,6i|2)€i|2
i€F icF
= (Ix | 2lP =D I e | Z)I2> (IIy A 2)I2> : (4.8)
i€l i€l

Using the third inequality of Lemma 2, we have

1
lz | 2l1? =D [(z,ei ] 2)|” < 1 D 1% — il (4.9)

i€l i€l

the inequality (4.3) follows from (4.7), (4.8) and (4.9).

Using the second inequality of Lemma 2, we also have

2

<$ — Z(Jc,ei | z)ei,y — Z(y,ei | 2)e; | z)

icF i€EF

< (I o)~ (e (e )Y

i€F i€l

. <|y 212 (S lwer | z>|2)%}2> . (1.10)

e F
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By the elementary inequality (3.9) and (4.10), we have

2

‘(l‘ - Z(Iaei | Z)eiay - Z(yaei | Z)ei | Z)

i€l icF

1
2
<Z |; — <Pz'|2> lylz|l

icF

<

N =

NI

: (&(2%_%%_2% | Z)> (Sler 2R)°

ieF i€F
which gives the desired result (4.4).
Similarly, applying Lemma 3 we have

2

|<l‘ - Z(Iaei | Z)eiay - Z(yaei | Z)ei | Z)

i€l icF

(g0

2

x|yl - (Z\mmaf)i

i€F

By the elementary inequality (3.9) and (4.11), we have

2

|<l‘ - Z(Iaei | Z)eiay - Z(yaei | Z)ei | Z)

i€F i€l

< B(Z@z *<Pz‘|2)% Ny | =]l

e F

i€l ieF

which gives the desired result (4.5).
Further, on utilizing (4.11) and the Aczél’s inequality

(af — a3 — - —ap)(0f — b3 — -+ = b) < (aaby — aghy — -+~ anbn)?,

- (Z\‘I’ﬁ% (e z>\2>5 (Z\@,ei | z)f)i

i€F

—(z,€; | z)r)

1

[9, p.117]

1
2

2

T
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(4.11)
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provided a? — a3 — -+ — a2 >0 or b3 — b3 — --- — b2, we have
2
‘ <$ - Z(x, ei | z)ei,y — Z(y, ei | z)eq | Z>
icF i€F

2
1 3 D; + i
s(j}]@—wﬁ)-W|d—§jk7;l—@ﬁ|4w@¢Aao
icF i€EF

which gives the desired result (4.6). This completes the proof.

Remark 3. Taking F' = {1} in Theorem 2, we note that (4.3) and (4.4) reduce to
(3.3) and (3.4), respectively. Also, both (4.5) and (4.6) reduce to

—

2,y | 2) = (@, e1 | 2)(er,y | 2)]

< D1+
- 2

@1 =] - [ly | 2l = —(z,e1 [ 2)] - [(y,e1 ] 2)]

N~

which is a new pre-Griiss type inequality in 2-inner product spaces.

5. Determinantal Integral Inequalities

Let (2,5, 1) be a measure space consisting of a set 2, >~ be a o-algebra of subsets
of Q and be p a countably additive and positive measure on » , with value in R U {oco}.

Denote by L2(€2) the Hilbert space of all real-valued functions f defined on € that are
2-p-integrable on €, i.e., [, p(s)|f(s)[?du(s) < oo, where p: Q — [0,00) is a measurable
function on .

We can introduce the following 2-inner product on L/QJ(Q) by formula

tatmyi=s [ [ oo 11O S i, )

s
where by
‘f (s) f(t) ‘
h(s) h(t)
we denote the determinant of the matrix
{f (s) f (t)}
h(s) h(t)

Define the 2-norm on L2(£2) expressed by

nﬂmu:<§L[j@MﬂH$

1
2

du(S)du(t)> (5-2)

[OIR
h(t)




PRE-CRUSS TYPE INEQUALITIES IN 2-INNER PRODUCT SPACES 201

A simple calculation with integrals reveals that

| Jorfadu [opfhdp

(f,9|h),= prghdu f;phgdu‘ (5.3)
and )
_ | JapfPdu o pfhdu|?

Hf | hHP - J‘Q pfhd,u fQ thdﬂ ’ (5'4)

where, for simplicity, instead of fQ p(8)f(s)g(s)du(s), we have written fQ pfgdpu.
We recall that the pair of functions (g, p) € L2(Q) x L3(Q) is called synchronous if

(¢(z) —q(y))(p(z) — p(y)) > 0

for a.e. x,y € Q.
We note that, if Q@ = [a,b], then a sufficient condition for synchronicity is that the
functions are both monotonic increasing or decreasing. This condition is not necessary.
Now, suppose that h € L%(Q) is such that h(z) # 0 for a.e. € Q. Then, by the
definition of 2-inner product (f,g | h),, we have

Falie=3 [ [ sonenemo (55 -20) (58 - 2 )duts)iutt)  (55)

and thus a sufficient condition for the inequality

(f:g1h)p =0 (5.6)

to hold, is that, the pair of functions (%, ) are synchronous. It is obvious that, this
condition is not necessary.

Using the representations (5.3), (5.4) and the inequalities for 2-inner products and 2-
norms established in the previous sections, one may state some interesting determinantal
integral inequalities as follows.

Proposition 4. Let f,g,h,u € L%(Q) with h # 0 a.e. and

2
/qud,u/ ph?dp — (/ puhd,u) =1.
Q Q Q

If M and m are real numbers with the property that

R h'hh
is synchronous on €, then we have the following determinantal integral Pre-Griiss type
inequality
1
2) 3

| M —m| {f pg*du | pghdu] ‘ {f pgudp |, pghdu]
G,(f,9)|< det | 4£ £ — |det | & 22
ol 1:9)] 2 Ja pghdp o ph*dp Jo puhdp [o ph*dp
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and
|M —m| ( [fg pg*dp [, pghdu} ) 3
|G,(f,9)| < > det 12 pghdp 7 oh?dy
_ <det {fg p(Mu—f)(f—mu)du [, P(MUf)hdu} ) 2
Jo p(f = mu)hdp Jiy ph2dp
Jq pgudp Jq pghdu} ‘
x |det [ 1 ouhdu T phdy
where

_ forfadn [ pfhdu]
Gﬂ(fvg) = det |:fQ pghd,u fQ thd,u

_ det {fQ pfudp [ Pfhdﬂ} - det [fg pgudp [, pghdp .
Jo puhdu Jo ph*dp Jo puhdp [o ph*dp

The proof follows by applying for the 2-inner product (-,- | -), defined in (5.1) and
Theorem 1.

If one applies Theorem 2 for the same 2-inner product, then one can state the following
interesting determinantal integral inequalities.

Proposition 5. Let f,g,h € L%(Q) with h(z) # 0 a.e. x € Q and (fi)icr a family of
functions in L%(Y) with the property that

Jopfifidu [opfihdu| _ <
Jorfikdp  [o ph2du | —

for any i,j € I, where 6;; is the Kronecker delta.

If we assume that there exist real numbers M;, m;, i € F, where F' is a given finite
part of I, such that the functions

icF icF

are synchronous on {2 and define

Fy(f,9) = det [fg pfgdu [, pfhdu]

Jo pghdp [ ph*dp

=Y det {fﬂ pffidu Jq Pfhdﬂ] - det {fg pg.fidu Jo pghdu]
ieF fQ pfihdu fQ ph?dp fQ pfihdp fQ ph2du
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Then we have the inequalities
B9 < 2(D 1= mi)”
p\J,9) = B o i i

" <det {fg pg*dp [ pghdu] -y

2
o pghdp [ ph*du | <

1

2\ 2
det [fg pgfidp [o pghdu} ‘
Ja pfihdp [o phdp ’

1 3 Jarfadu [opfhdu :
Eo(f9)l = 5(;|Mi_m"|2) '(det [fnghdu prthuD

Jod p(Mifi= ) (f=mifi)du o> p(M;fi—f)hdp :
e F i€l

Jo p(f = mi fi)hdp Jo ph2dp

2 1
det {fg pafidu [, pghdu} } ’
Jopfihdu o ph*du ’

(det
; (z
icF
1 )i Jo pt%du [, pghdp])?
|Fp(f’9)|§2(;|M1 mz|) (det[ﬁnghdu fzthdMD
—(Z
icF

(3

2\ %
Mit+mi [fg of fidp [ pfhdu] ‘
2 Jopfihdp [ ph*dp

o 1
det {fg pafidu [, pghdu} ‘ ’
Jopfihdu o ph*du

and

1
1 3 Jopg*du |, pghduDQ
Fo(f:9)l <5 M; — m;|? -(det[Q ¢
Bal<5(3 ?) 1o pghdp fo phdp

5y Mitmi [fg pffidp [, Pfhdﬂ} ‘ , Hfg pgfidu [, pghdu” _
=) 2 Jopfihdp o ph*du)| || [ pfihdp [ ph*dp
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