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AN UNIVALENT CONDITION FOR A FAMILY OF
INTEGRAL OPERATORS

JIN-LIN LIU

Abstract. The object of the present paper is to derive an univalent condition for a family
of integral operators.

1. Introduction

Let A be the class of functions f of the form:
[e.°]
f@=2+)Y a2, (1.1)
k=2

which are analytic in the open unit disk
U={z:z€C and |z| < 1}.

We denote by S the subclass of A consisting of functions which are also univalent in U. For
some recent investigations of various interesting subclasses of the univalent function class S,
see the works by (for example) Altintas et al. [1], Gao et al. [5], and Owa et al. [6].

The univalent conditions involving the integral operators have been studied by several
authors (see, e.g., [2, 3, 4, 7, 8]). In [7] Pescar obtained the following:

Theorem 1.(see [7]). Let
a€C (Rea>0)

and
ceC (cl=l;c#-1).

Suppose also that the function f(z) given by (1.1) is analyticin U. If

leaf) Zf”(z)

af'(z)

clzP®+ (1 —| <1 (zeU), 1.2)
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then the function Fy(z) defined by

1
z @
Fa(z):(af t“‘lf’(t)dt) =z+- (1.3)
0
is analytic and univalent in U.

Very recently, another univalent condition associated with the general family of integral
operators was given by Breaz et al. [4] as follows.

Theorem 2. (see [4]) Let M = 1 and suppose that each of the functions gj € A (j =1,2,---,n)

satisfies the inequality
-1|<1 (ze€U). (1.4)
[gj(Z)]2
Also let oM 41
a€R (ae 1,¢ ) and ceC.
2M+1)n—-1
If
l-a
] <1+ (—) 2M+1)n
a
and

|g](Z)|SM (ZEU;j:]nZ»'”)n)»

then the function G, 4 (2) defined by

1
n(a-1+1

Gna(2) = ([n(a— 1) + 1]]0 [g1(6)]*7 - [gn(t)]“‘ldt) (g1, gn€ A (1.5)

is in the univalent function class S.

In this note we propose to investigate further univalent conditions involving the general
family of integral operators defined by (1.5).

2. The main univalent condition

Theorem 3. Let
aeC (Rea>0)

and
ceC (lcl<1).

Suppose that each of the functions gj € A (j = 1,2,---, n) satisfies the condition

zg}(z) lal
(1-1lcD, (1.6)

—-1|<
gj(2) n(l+lal)
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then the function G, 4 (z) defined by (1.5) is in the univalent function class S.

Proof. From (1.6) and the hypothesis of the theorem, one can see that

zg} (2) X

<1 (zeU;j=1,2,---,n),
8j(2) !

which indicates that each function g; (j = 1,2,---, n) is an univalent starlike function. So the
function G, 4 (2) in (1.5) is well defined.

Put )
t a—
&= H(g it )) dr. (1.7
Then it follows from (1.7) that X
n (Z) a—
fl@=1] (g’T) (1.8)
j=1
and 2 (2)—gi(2)
(Z) a— zg z gilz n a-1
(@)= (a—l)Z((g’ ) ( R ) I (g"—(Z)) ) (1.9)
Z k=1(k#j)\ %

We thus find from (1.8) and (1.9) that

Zf”(Z) n Zg} (Z)
= —(a-1 -1/,
f/(Z) (a )];( gj(Z)

which readily shows that

"(2) a—1 o (282
128+ (1= 12P9 2B | pe g 2 2p A
|zl || af'(2) || |zl p” ]g 4@

< 1+|a i zg](z)

-] 8i(2@)
Now by using the hypothesis (1.6), we obtain
2 2 zf"(2)
clzl| a+(1—|Z| Q)W <1 (zeU).

Finally, by applying Theorem 1, we conclude that the function G, ,(z) defined by (1.5) is
in the univalent function class S. This evidently completes the proof of the theorem.

Setting ¢ = 0in Theorem 3, we immediately arrive at the following application of Theorem
3.

Corollary 1. Let a € C (Rea > 0) and each of the functions gj € A (j = 1,2,---, n) satisfy the
condition

gj(2) T n(l+]al)’
then the function G, 4 (z) defined by (1.5) is in the univalent function class S.
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