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BOREL DIRECTION RELATIVE TO FUNCTION-VALUES
OF MEROMORPHIC FUNCTIONS WITH FINITE
LOGARITHMIC ORDER

PETER TIEN-YU CHERN

Abstract. It is shown that if f(z) is meromorphic in the complex plane C with finite positive

logarithmic order X and its characteristic function T'(r, f) satisfies the growth condition

limsup T(r, f)/(logr)? = 400,

r—+oo
then there is a number 6 with 0 < 6 < 27 such that for each positive number €, the expression

3

log {Z n(r,0,¢ f = m(z))}
lim sup =1 =A-1,
r—+00 loglog r

holds for any three distinct meromorphic functions a;(z)(: = 1,2, 3) with T'(r,a;) = o(U(r, f)/
(log)?), as r — 400, where n(r, ¢, €, f = a(z)) denotes the number of roots counting multiplic-
ities of the equation f(z) = a(z) for z in the angular domain Q(r,p,€) = {z : |argz — ¢| < ¢,
|z| <7} where 0 < ¢ < 2w, e >0, U(r, f) = (log )™, and hmsup A(r) = A,

r— 400

1. Introduction and Results

In [1l] we systematically establish basic results on the value distribution for a class
of transcendental meromorphic functions of finite logarithmic order. Here we shall deal
with the argument distribution for them.

Let f(z) be meromorphic in the complex plane C. We denote by T'(r, f) the Nevan-
linna characteristic function of f(z). If f(z) is of zero order, the number

) logT(r, f)
limsup ————=
r—+too loglogr

(1.1)
a(z))

is called the logarithmic order |1] of f(z). Throughout this paper, let n(r, ¢ =
for z in

T, @, €,
denote the number of roots counting multiplicities of the equation f(z) = a(z

f
)
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the angular domain Q(r, p,€) = {z: |argz — | < €, |2| < r} where 0 < ¢ < 27, € > 0,
and N(r,¢,¢,f = a(z)) denote the integral counting function of f(z) associated with
n(r. g, f = a(z)

In 1928, G. Valiron [6] first proved the existence of a Borel direction for any mero-
morphic function of finite positive order. Later for meromorphic functions of zero order,
he obtained the following results:

Theorem A.([7, p.300]) If f(z) is a meromorphic function with zero order in C
satisfying
T(r, f)

li _ = 1.2
:«1248_1;? (log )2 loglogr oo, (12)

then there exists a continuous function U(r) such that

. T(r, f)
a) limsup =1,
(@) r—too  U(T)
. U(r)
b) 1 — =
(D) Bl fog 2 loglogr — T
2
(C)U(r)<K<+oo, T2,

Theorem B.([7, p.306]) If f(z) is given in Theorem A, then there exists a 6 € [0, 27)
for each a € C = CU {oo}, the inequality

. . 7N (r,0,¢, f =a)
00, f=a)=:1 1
(0.1 =) = limayp Ty ZEE

>0 (1.3)

holds with at most two possible exceptional values in C.
5(0, f = a) (in Theorem B) is called the characteristic of the value a with respect to
the direction A(0) = {re®|r > 0} of f(2).

Theorem C.([8, p.38, Theorem 35]) If f(2) is given as in Theorem A, then there
exists a 0 € [0,27) for each € > 0, for each a € C, the inequality

lim sup nr.0.6 f=a)

1.4
r—-4o00 TU’(T) >0 ( )

holds with at most two possible exceptional values in C.

Recently the author [2] has proved the existence of a Borel direction for meromorphic
function of finite logarithmic order and obtained the following result:

Theorem D.([2, Theorem 2]) Let f(z) be a meromorphic function in the complex
plane C with finite logarithmic order A. If f(z) satisfies the growth condition

limsup T'(r, f)/(logr)? = 400, (1.5)

r—-4o0
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then there exists a ray A() = {z : argz = 0}, 0 < 0 < 27, with 0 < 6§ < 27 such that
for every small positive number € (< §) and every a € C = CU {oo}, the expression

logn(r,0,¢, f =a)

=A-1,

lim sup
r— o0 loglogr

holds with at most two possible exceptional values of a.

In this article we establish the existence of a Borel direction relative to function-values
for any meromorphic function of finite logarithmic order with the growth condition (1.5)
which may extend and sharpen Valiron’s results above and the author’s result Theorem
D above.

To this end we need an important tool, viz., a proximate logarithmic order.

Definition. If f(z) is a meromorphic function in C with finite logarithmic order A. A
nonnegative continuous function A(r) defined in (0, 4+00) is called a prozimate logarithmic
order of T(r, f), if A(r) satisfies the following properties:

(1) limsup A(r) = A,
r—-4o0
(2) N(r) exists everywhere in (0,+00) except possibly in a countable set where \'(r™)
and ) (r~) exist. Furthermore, if we use one-sided derivatives A (r*) or X (r™)
instead of X (r) for r in the exceptional set, then we have
ligrn r(log )N (r) loglogr = 0. (1.6)
(3) Let U(r, f) = (logr)*™), we have T'(r,f) < U(r, f) for sufficiently large 7, and
limsup, o T(r, f)/U(r, f) = 1.

The above U(r, f) defined in (3) is called a logarithmic type function of T(r, f) and is
more general and sharper than U(r) which was constructed by Valiron for f(z) satisfying
the growth condition (1.2). (This assumes such a A\(r) exists.)

The author obtains the following result.

Theorem E.([1, Theorem 2.1]) If f(z) is a transcendental meromorphic function in
C with finite positive logarithmic order A, then T'(r, f) has a prozimate logarithmic order

A(r).

For a meromorphic function of finite logarithmic order, Theorem E is a sharper result
of above Theorem A.

We now state the main results of this article as follows:

Theorem 1. If f(2) is a meromorphic function in C with finite positive logarithmic
order \ and satisfies the growth condition (1.5), then there exists a number 0 with 0 <
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0 < 2w such that for each positive number €, the equality

s {300 =0}

i=1

I — 1.7
:«rgilolc? log log r (1.7)
holds for any three distinct meromorphic functions a;(z)(i = 1,2,3) with T(r,a;) =

o(U(r, f)/(logr)?), as r — +oo, where U(r, f) is a logarithmic type function of T(r, f).

Theorem 2. If f(z) and U(r, f) are given as in Theorem 1, then there is a number
0 with 0 < 6 < 27 such that for each positive number €, the inequality

3

limsup Y N(r,0,¢ f =ai(2))/ U(r, f) > 0, (1.8)
r——400 =1
holds for any three distinct meromorphic functions a;(z)(i = 1,2,3) with T(r,a;) =

o(U(r, f)/(ogr)?), as r — +oo.

For meromorphic functions of finite logarithmic order, this Theorem 2 extends Val-
iron’s Theorem B above.

Theorem 3.(The existence theorem of a Borel direction relative to function-values
for meromorphic functions with finite logarithmic order) If f(z) and U(r, ) are given
as in Theorem 1, then there is a number 8 with 0 < 0 < 27 such that for each positive
number €, the inequality

3
lim sup Z n(r,0,¢, f = a;(2))logr/ U(r, f) > 0, (1.9)
r——400 i—1
and the equation
3
log {Zn(r, O,¢ f= m(z))}
lim sup =1 =1 (1.10)
r—+o00 loglogr

both hold for any three distinct meromorphic functions a;(z)(i = 1,2,3) with T(r,a;) =
o(U(r, f)/(logr)?), as r — +oo.

For functions of finite logarithmic order, the expression (1.9) of Theorem 3 extends
the above Valiron’s Theorem C since the inequality (1.9) implies the inequality (1.4) and
the expression (1.10) of the above Theorem 3 extends the above author’s Theorem D.

Theorem 4. If f(z) and U(r, f) are given as in Theorem 1, then for each posi-
tive number €, there exists a number 6 with 0 < 6 < 27 such that the inequality (1.8)
holds for any three distinct meromorphic functions a;(z)(i = 1,2,3) with T(r,a;) =
o(U(r, f)/(logr)?), as r — +oo.
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Remarks.

. A ray A(0) = {z: argz = 0} satisfying (1.7) in Theorem 1 if and only if it satisfies
(1.10) in Theorem 3, since n(r, f = a) has logarithmic order A — 1 if and only if
N(r, f = a) has logarithmic order X (see |1, Theorem 4.1]).

. A. Ostrowski 4] constructed a transcendental meromorphic function f(z) such that
T(r,f) = O((logr)?), but this f(z) has no Julia direction. These reflect that the
growth condition (1.5) cannot be weakened in Theorem 1, Theorem 2 and Theorem
3.

- If f(2) and a;(2)(i = 1,2,3) are given as in Theorem 1, by a result in Chern [,
Theorem 4.1], the logarithmic order of n(r, f = a) < A —1, for each a € C, hence we

have
3

log {Z n(r,0,e f = ai(z))}

lim sup =1
r—+o00 loglogr

<A—1. (1.11)
To prove (1.10), it suffices to show the inequality

log {23: n(r,0,e f = ai(z))}

lim sup =1 >A—1. (1.12)
r—-+o00 log 10gr

holds for any three distinct meromorphic functions a;(z)(i = 1,2,3) with T'(r,a;) =
o(U(r, f)/(logr)?), as r — +o0o. The inequality (1.13) is a consequence of the in-
equality (1.10) in Theorem 3.

. To prove Theorem 3, it suffices to prove (1.8) in Theorem 2, since (1.9) implies (1.12),
(1.11) and (1.12) imply (1.10) and for any a € C

1 0 =a)l N(r,6 =
— lim sup n(r.,¢.f = a)logr > lim sup M, (1.13)
A r—+o0 U(Ta f) r—+o00 U(Ta f)
(see [3, Lemma 1]). This is essentially an application of L’Hopital’s rule.
. Theorem 4 implies Theorem 2. The proof is as follows.
Let €y, (m = 1,2,...) be a sequence of numbers satisfying 0 < €, < § and
or each

m—-+00
a(z) € A={a(z) : a(z) is meromorphic in C with T'(r,a(z)) = o(U(r,
we have

lim €, =0. By Theorem 4, for each €, there is a number 6, € [0,27) for e
£)/(logr))},
N(r,0m, €m, | =
isup Vb f = af)
r—-+00 Ulr, f)
with at most two exceptional function a(z) € A.

Let 6y be a limit point of {f,,}:°°,, for any ¢,0 < € < 5, there is a sufficiently large
integer m such that

>0, (1.14)

m=1>

€ €
|9m*90|<§ and €m<§-
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This yields

. N(r,bp, ¢ f = a(z)) . N1y O, €m, [ = a(z))
lim su > lim su
7“—>+<XI>) U(Ta f) - 7“—’+<XI>) U(Ta f)

with at most two possible exceptional functions a(z) € A.

6. There needs to be a gap between the growth T'(r, f) and T'(r, a(z)) where a(z) € A.
This comes from the error term of the angular second fundamental Theorem of Tsuji
[5, Lemma, p.277].

>0 (1.15)

The remainder is to prove Theorem 4.

2. The Proof of Theorem 4

Let S(r, ¢, a, f) be the spherical area of the image under f(z) of Q(r, ¢, @), To(r, ¢, @, f)
be the Ahlfors-Shimizu characteristic of f(z) associated with S(r, ¢, f). If a > 7, we
put To(r, @, a, f) = To(r, f). Suppose that the conclusion of Theorem 4 is incorrect, then
there exists a positive number «, for each ¢, 0 < ¢ < 2w, there exist three distinct
meromorphic functions ay, (j = 1,2,3) with T'(r, a,,) = o(U(r, f)/(log r)?) such that the
expression

r—400

3
lim sup Z N(r,p,a, f =ay,;(2)/ U(r, f) =0, (2.1)

holds.

Since the family of open intervals x = {(¢ — a/4, ¢ + a/4) : ¢ € [0,27]} is an open
covering of the closed interval [0, 27], there exists a finite subcovering x, = {(vr — a/4,
vr+a/4):k=1,...,n} which covers [0, 27].

For each positive integer k, (1 < k < n), we put

Fio(2) = (f(2) = app (2)) (g (2) = 0045 (2))/ (F(2) = g5 (2)) (015 (2) = Ay, (2)), (2:2)

where ay, (2), (j = 1,2,3) depending on ¢, and o and satisfying the expression (2.1).
The function f can be written as

f:m

. (2.3)
Yors Fr + Yora
For the above expression (2.3), applying a result of Tsuji [5,Lemma, p.277], we have

4

> Tolt,ge0,) /t> dt>. (2.4)

j=1

128r
S(T7¢k7a/4af)§27S(64T790k7a/27Fk)+O</ <
1

Since (Z To(t, gp,;) = o(U(r, f)/(log r)2>, it follows that

j=1

S(T, Pk, Oé/4, f) < 275(64Ta Pk Oé/2, Fk) + O(U(Ta f)/ 10g T)' (25)
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Dividing two sides of the above inequality (2.5) by r, then integrating them to r, we have
To(r; Pk a/4, f) < 27T0(64T, Pk a/2, Fk) + O(U(Tv f)) (26)

Since f satisfying the growth condition (1.5), by a result of Tsuji Chern [ll, Theorem
VIL.3, p.272], we have

3
To(ra Pk, a/47 f) < 81 Z N(128T7 Pk, Fk = b]) + O(U(Ta f)) (27)
j=1

where by =0, by = 00, bg = 1.

Since x, covers [0, 27], we have

To(r, f) <Z o(r, i, /4, f)
3
Z N(128T7¢kaaaFk = b]) +O(U(T7f))

3
> NO28rpa, f = ag,,) +oU(r f)). (28)

Dividing two sides of the above inequality (2.8) by U(r, f), then taking lim sup we have

r—-400

N(128r, ¢, o, f = ay,,)
lim sup T, (r, U(r, f) <81 lim su z
imsup To(r, f)/U(r /) ZWO}SZ 0 /)

N(128r, gok,oz f=ay,,)
—8121:21_?_1;5)2 Gri38 f) =0. (29)

The above result (2.9) contradicts to limsup T'(r, f)/U(r, f) =1, and T,(r, f) ~ T(r, f).
r—-+00

This completes the proof of Theorem 4.
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