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NORMALITY CRITERIA CONCERNING SHARING
HOLOMORPHIC FUNCTIONS

FENG LU

Abstract. In this paper, we study the problem of normal families of meromorphic func-
tions that share holomorphic functions with their linear differential polynomials. Mean-
while, some results about normal family are derived which improve and generalize sev-
eral related theorems obtained by Chang, Fang and Zalcman [2], Pang [5] and Schwick
[91.

1. Introduction and main results

In order to state our main results, we need the following definitions and notations.

Let f, gand a, b be holomorphic functions on a domain D in C. We denote the condition
that f(z) — a(z) = 0 implies g(z) — b(z) =0 by f(z) = a(z) = g(z) = b(2).If f(2) = a(z) = g(z) =
b(z) and g(z) = b(z) = f(z) = a(z), we write f(z2) = a(z) © g(z) = b(z). Moreover, we say
that f and g share a provide that f(z) = a(z) < g(z) = a(z). In what follows, we assume that
the reader is familiar with the basic notation and results in the Nevanlinna value distribution
theory (see, [11, 12]).

One important subject in the theory of normal family is to find the normal families. Ac-
cording to Bloch’s principle, a lot of normality criteria have been obtained by starting from
Picard type theorems [8].

In 1992, Schwick [9] drawn a connection between values shared by functions in & and
the normality of the family . In fact, he proved the following results.

Theorem A. Let & be a family of meormophic functions in a domain D, and let a,, ay, as be
three distinct complex numbers. If for each f € &, f and ' share a; (j = 1,2,3), then & is
normalin D.

From then on, many normality criteria have been obtained in this direction (see, [1, 3, 4,
6, 7, 10]). In 2000, Pang and Zalcman [5] obtained the following result.
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Theorem B. Let & be a family of meormophic functions in a domain D, and let a, b, ¢ and
d be complex numbers such that ¢ # a and d # b. If foreach f € %, f =a < f' = b and
f=ce f'=d, then% is normal in D.

In 2005, Chang, Fang and Zalcman [2] replaced the condition f=c< f'=dby f=c=>

f' = d and improved Theorem B as follows.

Theorem C. Let & be a family of meormorphic functions in a domain D, and let a, b, ¢ and
d be complex numbers such thatb#0,c# aandd # b. If foreach f € &, f =a < f'=b and
f=c= f'=d, then% is normal in D.

Remark 1. As a matter of fact, if the condition d # b is omitted, Theorem B and C still hold.
From Theorem C, some questions are proposed as follows.

Question 1. Can the values a, b, ¢ and d be weakened to holomorphic functions ?

Question 2. Can f’ be extended to a linear differential polynomial in f ?

In the following, we use the notation

Lifl=aof +ar f (1.1)

for a linear differential polynomial in f, where ay, a; are two holomorphic functions with
ap(z) #0.

In the paper, by considering the above questions, we obtain a result as follows, which is
an improvement of the precious theorems.

Theorem 1.1. Let & be a family of meormorphic functions in a domain D, let L[ f] be defined
as (1.1), and let a, b, c, d be four holomorphic functions in D. For each f € &, if

(1) a(z) # c(2);

(2) b(2) — a1(2)a(z) — ap(2)c'(2) #0;

(3) b(2) — a1(2)c(2) — ap(2)c'(2) #0;

(4) f(z) =a(z) © LIf1(2) = b(z) and f(z) = c(z) = L{f1(2) = d(z), then F is normal in D.

Suppose that agp = 1 and a; = 0 in (1.1), we find that the condition (2) coincides with (3)
in Theorem 1.1, and both of them reduce to b(z) # ¢'(z). So, the following corollary is an

immediately consequence of Theorem 1.1.

Corollary 1.2. Let & be a family of meormorphic functions in a domain D, let a, b, c, d be
four holomorphic functions in D. For each f € &, if
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(1) a(z) # c(2);
(2) b(z) # c(2);
() f(z) = a(z) < f'(z) = b(z) and f(z) = c(z) = f'(z) = d(z), then & is normal in D.

Remark 2. If the functions a, b, ¢, d reduces to constants, then Corollary 1.2 becomes Theo-
rem C. In [2, Theorem 2], the authors given an example to show the necessary of the condition
b # 0, which also shows the necessary of the assumption (3) in Theorem 1.1 and (2) in Corol-
lary 1.2. Now, we state the example here.

Example. Let

_ (m2)?
e

andlet & = {f,,}52,, D ={z:|z| < 1}. Then

,n=12,-

—2n’z
@)= {1
Clearly, if f € &, f and f' vanish only at 0, also f # 1. Thus, we have f(z) =0 < f'(z) =0 and
f(z) =1= f'(z) = d for any d. However, & is not normal in D.
Remark 3. For families of holomorphic functions, Theorem 1.1 still valid if the condition (2)
is deleted. The proofs of our results have roots in [2].

2. The lemma

To prove our result, we need the following lemma, which is essential to our proofs.

Lemma 2.1 ([7]). Let % be a family of functions meromorphic in the unit disc A, all of whose
zeros have multiplicity at least k, and suppose that there exists A = 1 such that | f® (z)] < A
whenever f(z) =0. If & is not normal at zy in the unit disc, then there exist, foreach0 < a < k

(@) pointsz, €A, z, — zp;
(b) functions f, € & and

(c) positive number p,, — 0 such that p,,* f,(z,, + pné) = 1) — g(&) locally uniformly, where
g is a non-constant meromorphic function inC, all of whose zeros have multiplicity at least
k, such that g* (&) < g'(0) = kA + 1. In particular, g has order at most two.

3. Proof of the Theorem 1.1

Since normality is a local property, we assume that D = A, the unit disc. Set ¢4 = {F :
F=f-c, fe%}. Inview of the form of L[f] and the assumption, we can easily deduce

F(z) =0= F'(z) = ¢(z), where
_d—-ajc—agc

¢

ap
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Suppose that % is not normal at zp € A. We have A = max,cp, {|¢(2)[}, where r > 0 is
a constant and D; = {z: |z— zy| < r} € A. Then, in domain D, = {z: |z — z9| < %}, we have
F(z) =0=|F'(2)| = |¢(z)| < M, where

M = max{A, 1} = 1.

Obviously, ¢ is not normal at zy as well. Then, by Lemma 1, we can find a sequence
of functions F, € ¥, a sequence of complex numbers z,, — zy and a sequence of positive

numbers p, — 0, such that

8n(&) = P Fulzn + 0nd) = 03 fn(zn + pné) = c(zn + prd)] — (&) (3.1)

converges locally uniformly in C, where g is a non-constant meromorphic function, which
satisfies g¥ (&) < g*(0) = M + 1.

In the following, we claim that

D gE)=0=g'(®) =¢(z0),
(In g') #B,
(1D g(&) # oo,

b(z9)—ao(20) ¢’ (z0) — a1 (20) c(20)

where B = e

# 0 is a constant.
We prove the claim as follows.

By (3.1), we have

gn(&) = fi(zn+pné) = (zn+pné) — g'(©). (3.2)

Furthermore

L[fn] (zp + pnf)
ao(zn + pné)

ai(zp + pné)

n n+ n
aO(Zn"‘Pnf)f (@n +pné)

:f,/,(zn +Pn€) +

a(zp + pns)
ao(zp + Pns)
a1 (zop)
ap(zp)

=fr(zn+pné) + (0181 (&) + (2 + Prd)] (3.3)

—g'(©) +c(z0) + c(zp).

Suppose that g(no) = 0. Note that g # 0, by Hurwitz’s theorem and (3.1), there exists a
sequence 1), — 1o such that (for n large enough)

fn(zn +0uNn) =c(Zp+pnNn).
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Since f(z) = c(2) = LIf](z) = d(z), we have L[f,]1(z, + pnNn) = d(z, + pnNrn). Then, it follows
from (3.3) that

/ T L[fn](zn+pn77n) o _ a1 (zp)
& (70) = '}Erolo ao(zn + PnMn) ¢ (z0) ap(zo) €(z0)
~ lim d(zy+ppNn) — ' (z0) - a1 (zp) c(z0)
n—oo ay(zn + PnMn) aop(zop)
_ d(20) — ag(z0)c'(z0) — a1 (z0)c(20) _
= = ¢(zp),
ao(zo)

which implies (I).

With (3.3), we deduce

Liful(zn+ )= bz, + oy , , a;(z b(z
[fnl( pné) —b( oné) L g @)+ () + 1( O)C(Zo)— (20)
ao(zn + Pnd) ao(zo) ap(zo)
, (3.4)
oy b(zp) — ap(zo)c'(z0) — a1(z0)c(z0)
=g (&) - =g'(&)-B.
ao(zp)

Suppose that g’(6) = B, obviously g’ # B. Otherwise g’ = B and g(¢) = B¢ + C, where C is a
constant. From (I), we deduce B = ¢(zp). Then, a simple calculation shows that

M+1=g"0) <|p(z0)| < M+1,

which is a contradiction.

Then, by Hurwitz’s theorem and (3.4), there exists a sequence 8,, — 6y, such that (for n

sufficiently large)
L[fn] (zn+pn0n)—b(zy+pp0,) =0

From the assumption, we have f;,(z, + p,05) = a(z, + p»05). Then, by (3.1) and a(z) # c(z),

we derive that
g(00) = im p, ' [fu(zn+pnpn) = C(zn+Pnpn)]

= lim p;,'a(zy + punn) = c(zn + punn)] = 0,
a contradiction. Thus, we prove (II).

Now, we prove (III). Suppose that g(¢p) = co. Since g # oo, there exists a closed disc K =
{€:1&—-&pl < 6} on which 1/g and 1/g;, are holomorphic (for n large enough) and 1/g, — 1/g
uniformly. From a(z) # c(z), we deduce

1 3 On 1
gn(&) alzp+pné)—clzn+pné) g

(3.5)

uniformly on K. Assume that the multiplicity of the zero of 1/g at &y be m. Then, (é) M) (o) #
0. Noting that 1/g is not a constant, then, by Hurwitz’s theorem and (3.5), there exist ¢, ; —
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& (j=1,2---,m) such that

1 3 Pn —0
gn(fn,j) a(zn+pn§n,j)_C(Zn"‘pnfn,j) ’

It is not difficult from (3.6) to deduce

fn(zn +pn5n,j) =a(z, +,0n€n,j)» (j=1,2---,m).
Thus, we have
L[fn](zn"'pnfn,j) :b(zn+Pn6n,j)~
Observing that the form of L[ f], we derive

, b—aya
fn(zn"'pnfn,]) = le:zﬂ+p"€"vj.

Furthermore,

g;l(zn +pn§n,j) = fr/,(zn +pn€n,j) - C,(Zn +pn§n,j)
_b-aya-ayc

aO Iz:zn"’pnfn,j

It follows from b(z) — a1 (z)a(z) — ag(z)c'(z) # 0 that, for j=1,2---,m,

g;l(fn,j)_ » b—ara—apc
g2(En,)) " (a-oc)?

(Yl =
gl’l {an_j

Thatis ¢p,j #$pn,i(1 < i # j <m). Set

1 b—aya- apc'
Hn = ! 2 ! 0 — T,
) (gn(f)) + 0% (@—c)2  ‘#=antpn

For j=1,2---,m, we have H,({y,;) =0 and

1
Hy (&) — (—)'
©) (g(f))

) (]: 1)2'”)m)~

|Z:Zn+pn£n,j # 0'

(3.6)

(3.7

(3.8)

(3.9

(3.10)

uniformly on K. Combining (3.10), Hurwitz’s theorem and H, (¢, =0(=1,2---,m)yields

that ¢y is a zero of (é)’ with multiplicity m, and thus (é)(m) (¢o) = 0, which is a contradiction.

Thus, we prove (III).

Hence, we finish the proof of the claim.

It follows from (III) that g is an entire function and therefore of exponential type. By (I),

we have
g' (& =B+ Auet,

(3.11)
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where A(# 0), u are two constant. Suppose that y = 0, then g’ = B. From gti (0)=M+1,itis

easy to deduce a contradiction. Now, we assume that p # 0. Integral (3.11) yields
g(&) = BE+ D+ ek, (3.12)
where D is a constant. Let 3 be a zero of g(¢). It means that
Bfo+D+AetPo=0. (3.13)
By (I), we have g'(Bo) = ¢(zo). That is
B+ ApetPo = ¢(zp). (3.14)

Combining (3.13) and (3.14) yields By = W, which indicates that g has the unique

zero fy. But it is obvious from (3.12) that g has infinitely many zeros.
Thus, ¢ is normal at zy, and % is normal at z; as well. Furthermore, % is normal in D.

Hence, we complete the proof of the Theorem 1.1.
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