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COMPARISON OF DIFFERENCES BETWEEN ARITHMETIC
AND GEOMETRIC MEANS

J. M. ALDAZ

Abstract. We complement a recent result of S. Furuichi, by showing that the differences
Yraix =TI, x;.x" associated to distinct sequences of weights are comparable, with
constants that depend on the smallest and largest quotients of the weights.

1. Introduction

It is well known that the inequality between arithmetic and geometric means is self-
improving, that is, increasingly better versions of the AM-GM inequality can be obtained sim-
ply by repeated applications of itself. The simplest case of the inequality, \/Xy < (x + »)/2,
is trivial and equivalent to (v/x — \/?)2 > 0. By repeated self-improvement (cf. [11] for more
details) it is possible to obtain from (v/x — /3)? = 0 the general AM-GM inequality

[Tx" <) aix. 1)

Of course, there are more efficient ways to prove (1). Nevertheless, the idea of self-improvement
is a useful one: It has recently been utilized to find refinements of the AM-GM inequality, and
to give better proofs of existing refinements. For instance, self-improvement via the change
of variables x; = y;, was used in [1], with s = 1/2, to show that
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with respect to the discrete probability Y- , a;6,. While a large variance (of x'/?) pushes the

Observe that the right hand side of (2) is the variance Var(x'/?) of the vector x!/? = (x

arithmetic and geometric means apart, no conclusions can be derived from a small variance,
as noted in [1]. Suppose n>>1and x; =+ = Xy, SO Var(x'/2) = 0. If «; is the smallest weight,
letting x; | 0 leaves Var(x1/2) and Z?:l a; x; essentially unchanged, while H?:l x?" drops to 0.
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Thus, an upper bound for Zl’.’zl aix;— H;’zl x?" in terms of Var(x'/?) alone cannot be found, so

it is natural to seek an alternative way to control this difference.

Using an idea originally due to S. Dragomir (cf. [5]), S. Furuichi showed by self-improvement

1vn n 1/n
i=1 i=1%;

[8]. This result generalizes one side of the two-sided refinement of Young’s inequality pre-

that Y7 ajx; =TI x5 = namin (0~ ), where @min := min{ay, ..., a,}, cf.

i=17"i Xi—

sented in [4, Lemma 2.1]. We show in this note that the equal weights AM-GM difference can
be utilized to give an entirely analogous upper bound, with apnay := max{ay,..., a,} replacing
amin- More generally, we shall see that differences between arithmetic and geometric means
associated to different sequences of weights are comparable, with constants depending on
the maxima and minima of the sequence of quotients of weights. A standard application
to Holder’s inequality is presented next. We finish with a discussion regarding the “typical

size", in a certain probabilistic sense, on L AiXi— l'[” 1x”" and of [T, x¥/ Z” L @ix; when

lll
n>>1.

2. Self-bounds on AM-GM differences

The first version of this note was written without the author being aware of [5]. Originally,
Theorem 2.1 had weaker bounds, given in terms of @min/Bmax and Amax/ Pmin, Where apmin :=
min{ay,...,&,}, Cmax := max{ay,..., @}, and analogously for fnin and Bmax- It was pointed
out by an anonymous referee that the stronger bounds appearing in (3) could be obtained by
applying [5, Theorem 1] (which refines Jensen’s inequality) to the function f(¢) = e’. This also

has been observed by Flavia Corina Mitroi (personal communication, cf. [10]).

Here we note that the same self-improvement argument used by S. Dragomir in [5], yields
(3) directly from the AM-GM inequality. We also study the equality conditions, which are not

considered in [5].

Theorem 2.1. Forn=2andi=1,...,n, letx; 20, and leta;, B; > 0 satisfy}.!  a; =Y  B;i=
1. Then we have

kn}’m’n{ﬁ}(z,ﬁ,x, ﬁx?")séaixi—iﬁ[le"<kn}’a)$n{m}(z,61xl Hx) 3)

Regarding the equality conditions, set A:={i: a;/B; =minfar/fr:1<k<n},i=1,...,n} and
B={i:a;/f;i =max{ay/Pr:1<k<n}i=1,...,n}. Then we have equality on the left hand
side of (3) if and only if for every j e {1,--- ,n}\ A,

1

1
(M 1 ety =[] =10 @
Xj= X; = X" or equivalently, Xj= X; = x;'
l:

icA i€A i=1
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while equality holds on the right hand side of (3) if and only if for every j € {1,--- ,n}\ B,

TieBai n |\ ZieBfi )
xj:(H x?") =[x, orequivalently, xj:(l_[ xf’) :fo’. (5)
i i i€B i
Let |A] and |B| denote the cardinalities of the sets A and B. Observe that when |A| =1,
equality holds on the left hand side of (3) if and only if x; = --- = x;,, and likewise for the right
hand side when |B| = 1.

Before proving Theorem 2.1, we present an example illustrating the need for the slightly
complicated formulation of the equality conditions (which were incorrectly stated in the first
version of this note, after reading [8] without enough care). We want to stress the fact that the
left and right hand sides of (3) have to be dealt with separately.

Example 2.2. In formula (3),let n=3, a; =2/3, a» = a3 =1/6,and for i =1,2,3, f; =1/3. As
a normalization, suppose also that (xyz)!/® = 1. Then |B| = 1, and equality holds on the right
hand side of (3) if and only if x = y = z = 1. However, this condition is too strong for the left
hand side since 1 < |A| = 2; there, equality holds if and only if x = yz=1.

Proof. The second inequality in (3) is equivalent to

Hx?"si(ﬁ,-— min {&}ai)xi+knlli?n{&}nxfi. (6)

i=1 i=1 k:1,...,n ak
Writing
n n i B a; 1 min ﬁ_k .
o oy PiTIHNE=1, i k=1,..,n 44}
| | xiﬁt — l_[x. ”‘k} X. {“k} , (7)

we see that (6) is just the AM-GM inequality, since 0 = §; — %ai < fBi—ming=1,_, {%} a; and

Z,(,Bi_ minn{&}ai)+ min {&}:1,

d k=1,.,n | Ok

To obtain the first inequality in formula (3), multiply both sides of the second inequality by
ming=1, n {g—’; }, and note that this is just the first inequality with the roles of the a’s and the
B’s interchanged. Alternatively, it is possible to prove the first inequality directly, using the
same argument as above, and derive the second from the first.

For the case of equality, set g; := a;/f; and suppose that g, <--- < g, (by rearranging the
sequences of weights, if needed). If r := |A| = n, then also s:=|B| = n, all g; =1, and thus, for
i=1,...,n,a; = B;, whence equality trivially holds on both sides of (3), without any conditions
imposed on the variables x;. If r < n,thenr <n-s+1<n,and qy-s < gpn-s+1 = *** = qn-
Assume that equality holds on the right hand side of (3), or, equivalently, that

x@:Z(,B,— min {&}ai)xﬁ min {&}Hx?”. (8)
T k=1,..n ar) i !

d k=1,...,n

1
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Removing the zero terms from the preceding sum, we see that (8) holds if and only if

i(ﬁi— min {&}ai)xﬁ min {&}Hx?"znxf" 9)
i=1 k k=loon (@) =1 i=1

=l,.,n | Ok =1,..,

It now follows from the equality condition in the AMGM inequality that (9) holds if and only
if

n n
c:=x1=~~-=xn_3=]_[x?"=Hxiﬁ’. (10)
i=1 i=1
Thus,
n=s . n a; zr_ksﬁ, n Bi
c=c~i=1%i l_[ xi’:C i=1 M1 l_[ xi , (11
i=n—s+1 i=n—s+1

and we obtain the conditions appearing in (4) by simplifying and solving for c. To see that one
of these conditions is redundant, recall thatfori =n—-s+1,...,n, f; =ming=1,_, {g—i} a;, SO

1 1
n a; z?:n—s-v—lai n Bi Zz"l:n—ﬁ—lﬁi
0 ()

i=n—s+1 i=n—s+1

The equality conditions for the left hand side of (3) can be obtained in the same way, or, al-

ternatively, from those for the right hand side, by interchanging the roles of the a’s and B’s.
O

Recall that @i, := min{a;, ..., a;} and amax ;= max{asy,..., a,}.

Corollary 2.3. Under the same hypotheses and with the notation of Theorem 2.1, let B; = 1/n
foralli=1,...,n. Then

n n 1/ n n .

Yoxi— [ =Y aixi— [[ )" < namax
i=1 i=1 ' '

i= i=1 i=1

n n
Zx,-—]_[x}/"). (12)
i1 =1

S|

( 1
N@min | —
n
The left hand side of (12) is essentially the content of [8]. For completeness, next we
consider the equality case in the Dragomir-Jensen inequality for strictly convex functions.

Proposition 2.4. Forn =2 and i = 1,...,n, let a;,f; > 0 satisfy Y. a; = ¥, B; = 1. Let
f: C — R be strictly convex, where C is a convex subset of a linear space. As in Theorem 2.1,
weset A:={i:a;/f; =minf{ay/Br:1<k<n}i=1,...,nand B={i:a;/B; = maxi{ay/Py :
1<k<n}i=1,...,n}. Then, we have equality on the left hand side of the Dragomir-Jensen
inequalities

minn{%} (éﬁif(xi) —f(i:ilﬁixi)) < (13)

=1,..,

i aif(xi) —f(i a’,'x,') < max {ﬂ} (i ﬁif(xi) —f(i ﬁ,’xi)) (14)
i=1 i=1 k=1.n | B ) \ i3 i=1
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ifand only if for every j € {1,--- ,n}\ A,

a; 1 ~ 1
Xj=Y ———x;=)_ a;x;, orequivalently, xj=y_ Lx,- =) Bixi, (15)
icA Yiea; i=1 icA YicaPi i=1

while equality holds on the right hand side of (13)-(14) if and only if for every j € {1,--- ,n}\ B,

xj=) in = i a;x;j, orequivalently, xj=)_ in = i Bix;. (16)

feB LicB i i=1 icB 2ieB Pi i=1
Proof. As in the proof of Theorem 2.1, we set g; := a;/f; and suppose that g, <--- < g,. If
r:=|A|l=n, then a; = §; forall i = 1,..., n, and equality trivially holds on both (13) and (14),
without any conditions on the x;’s (and without needing the strict convexity of f). If r < n,
thenr<n-s+1<n,and gn-s < gy-s+q = -+ = 4n. Assume that equality holds on (14), or,

equivalently, after removing the zero summands, that

n—s

()£l ool o (2 o), o

i=1 1,..., A

Using the equality condition for strictly convex functions in Jensen’s inequality, we see that
(17) holds if and only if

n n
c::x1:~~~:xn_s:Za,~xi:Zﬁ,~x,~. (18)
i=1 i=1
Replacing in the preceding sums x; by ¢ for 1 < i < n— s, we conclude that (18) holds if and
only if
c= Y SRS (19)
i=n—s+1 Z:;l:n—s+1 @i ;
or equivalently, if and only if
c= X (20)
i:nX—:s+1 er'l:n—s+1 'Bi l

The proof for the left hand side of (13)-(14) is entirely analogous; it can also be obtained from
the right hand side. O

3. Refinements of Holder’s inequality

When the AM-GM inequality is specialized to just two terms, it is usually called Young’s
inequality. Next we utilize the preceding results to generalize [4, Lemma 2.1] and [4, Theorem
2.2], giving two-sided refinements of Holder’s inequality for two functions. When considering
LP = LP(u) spaces, we always assume that p is not identically zero.
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Corollary 3.1. Let1 < p < oo and let g = p/(p —1) be its conjugate exponent. Then for all
u,v=0andall B (0,1),

|1 1 } 1-6) u? vl
min{ —, ————t (Bu? + (1 - fv? — uPPv =P < — + — —yp (21)
{ﬁp (l—ﬁ)q( ) P q
Smax{i,;}(ﬁupw%l—ﬁ)vq—uﬁpy(l‘ﬁ)q). (22)
Bp 1-Pq
Proof. Set n=2,a=1/p,1—a =1/q, x; = u” and x, = v in Theorem 2.1. O

Theorem 3.2. Let1 < p <oo, and let q = p/(p —1) be its conjugate exponent. If f € LP, g € L1,
f,8=0,andl|lfllp,liglly >0, then forall 5 € (0,1),

Bp o(1-P)q
||f||p||g||q(1—max{ﬁ—lp,m}(1— (fg)ﬁ(gfgq)l-ﬁ)) S 23)
oy 1 [ [PrgtPa

Proof. The standard derivation of Holder’s inequality from Young’s inequality is applicable:
Write u = f(x)/I fllp and v = g(x)/lgll4 in (21)-(22), integrate and reorganize terms. The rear-
ranging of terms is justified, since it follows from the proof that [ ffPg!=Pd < ([ fP )ﬁ (fg? )l_ﬁ
<00, so all the quantities involved in (23) and (24) are finite (alternatively, since ff? e
LYP and g1=P4 ¢ [V/0-P) the bound [ fPPg1=P4 < oo can also be deduced from Holder’s
inequality). g

Observe that setting f = 1/p in (23) and (24), the preceding inequalities become trivial
equalities, as was to be expected from the equality conditions in Theorem 2.1. When f=1/2,

/2 /2
the formulas in (23) and (24) can be expressed using the angular distance ”gﬁ - %
p 8llg |2

between the L? functions fP'? and g%'? (cf. [4, Theorem 2.2]) so if the the angular distance
is “large", then || fgll; is “small", and viceversa. We are not aware of any simple geometric
interpretation of the bounds in (23)-(24) when 8 # 1/2.

We finish this section by stating the corresponding refinement of Holder’s inequality for
several functions, in the simplest case ; = 1/n (of course, other values of 8; can be used if it
is convenient). The proofis standard and therefore ommited.

Theorem 3.3. Fori=1,...,n, let1 < p; <oco besuch that p;*+---+p,' =1, and let0 < f; € LPi
satisfy || fill p; > 0. Writting p} = min{p{',..., p;,"} and p;, = maxip;?,..., p;'}, we have

g )) ;

(25)
il
T, 5

ﬁnﬁ-np,.(l—np;q;x(l

i=1

[1fi
i=1

1
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(26)

ALY ))

n
SHIIfillpi(l—np_l. (1 _
<1 By Y ot

4. Probabilistic considerations

By comparability of AM-GM differences, known results about the typical behavior of the
AM-GM inequality in the equal weights case, can be used to give bounds for other sequences
of weights on the same probability spaces. Given n =2 and x = (x,..., x,) € R"\{0}, the equal
weights GM-AM ratio is
1, 1x M
nL Y lxl

By the AM-GM inequality we know that 0 < r,(x) < 1 always. If each x; is chosen indepen-

rp(x):= 27)

dently from [0,00) according to a fixed exponential distribution, i.e., with probability density
function f; () = Ae~**, then by [9, Theorem 5.1], with probability 1

lim r,(x) =e7, (28)
n—o00

where v is Euler’s constant and e~ = 0.5615. Observe that the limit does not in any way de-
pend on the parameter 1. The following related result appears in [3, Corollary 2.2]: Denoting
by §{"1 the /7 unit sphere in R% i.e., §{"1 ={xeR%:|x;|+---+]|x,| = 1}, we have

Theorem 4.1. Let k,e >0, and let Pl’"1 be the uniform probability on §{"1. Then there exists
an N = N(k, ) such that for everyn = N,

Pln_l{(l_g)e_y<Tn(X)<(1+£)e‘7}zl—Lk. (29)
n

Next we explain why the notions of random choice in the above results are equivalent
(as mentioned in [3, Remark 2.4]). Observe that r,(x) is homogeneous of degree zero, that
is, constant on the rays tx, where ¢ > 0, x # 0. In particular, taking ™! = Y1, 1xil, we may
assume that Zl’.’zl |x;] = 1, or equivalently, that x € S{H. It is then natural to define random
choice by taking normalized area on §{"1 as our probability measure. Suppose next that we
select points from the whole space R”, according to an exponential density 271" e~ M*lh on
R” for some fixed A > 0, or equivalently, A”e~*1¥I1 on the positive cone [0,00)". Of course, an
exponential distribution gives a larger probability to “small" vectors than to large vectors, but
this has no effect on the result by zero homogeneity, and for the same reason, it does not make
any difference which A > 0 we select. While all of this is intuitively obvious, for completeness
we present the formal argument.
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Proposition4.2. Let P! be the uniform probability on S, and setd P, := 27" A" e~ M~ g x,
where A > 0. Then for every u € R, P, ({r,, > u}) = PI'" ({rp, > u}).

Let us recall the coarea formula (for additional information cf. [7], pp. 248-250, or [6], pp.
117-119):

f g(x)llf(x)ldx=ff g(x)dA#A" 1 (x)dt. (30)
R" RJir-100))

Here f is assumed to be Lipschitz, #"! is the n— 1 dimensional Hausdorff measure, and
|Jf(x)|:=+/detd f(x)d f(x)! denotes the modulus of the Jacobian.

Proof. It is well known and easy to check that the volume of the (R", || - [|)-unit ball is |B}'| =
2"/n). The area |S}"!| = #"~1(S7™1) of the ¢; unit sphere then follows from the coarea for-
mula: For every x € R" \ Ulf’zl{xi # 0}, the function f(x) = | x|, is differentiable, and

JfG)=/detdfdfmn =Y 1= va

i=1
a.e. on R". Set g(x) = yp:/|/f (x)| in (30), and denote by §{"1(p) the sphere centered at 0 of
radius p (when p = 1 we omit it). Then
ISP
nvn’

iy f a flf L gseroap =21 [ it
—_— = x: —_— x = =
nt ! " 0 Jsiip) v P==m b P

s0 |S771|=2"\/n/T (n). Observe that P! (A) = " H(AnSI 1) /ISP

Recalling that the ratio r,, is homogeneous of degree 0, so r,,(x) = r,,(x/]x1), we next set
8X) = Xir,>w () exp (=AY 1x;1) /1T f ()] in (30). Since |/ f(x)| = Vn a.e.,

An n
Py({rp>u}) = z—nfR Xir,>u (X) €xp (—AZ Ixil) dx
" i=1

= A" foof Xir,> }(x)e_’“djf"_l(x)dt
2nymndo Jyan=n"""
A" o At  .n—1 n-1
= e M xX)dA" " (x)dt
2"\/n Jo f{nxnl:l}x{r"w}
I'(n)

- zn\/ﬁf&_l Xiry>u (OdA" 1 (0) = PI 7V (i > w)).
1

a

The next result is stated in terms of independent choices from an exponential distribu-
tion on [0,00) rather than on R (so we can write x; instead of | x;|, and thus || x||; = ;':1 Xi). As
usual, the weights «; , > 0 are assumed to satisfy Z;’zl ain =1, and the largest and smallest
such weights are denoted by amax n and amin,, respectively. We suppose that for each n = 2
we are given a sequence of weights {a; ,,..., @y n}.
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Theorem 4.3. Letk,A,e >0, andforl <i < n, let x; € [0,00) be chosen independently according
to an exponential distribution with parameter A. Let P, denote the product probability on
[0,00)" with density A e~M*I1 Then there exists an N = N(k, €) such that for every n= N,

n n
Py, { [1-Q+8)e™ | aminnllxli < Y ainxi— [[ " < [1-(1-e)e] amax,nllxnl} 31
i=1 i=1

1o (32)

nk’
Proof. Since
{xe[0,00":1-€)e " <rp(x)<(l+e)e "}
n — 1 1 ¢ L 1/n — 1
=1x€[0,00)": [I-(A+e)e ] =lxli<=> xi—[[x;/"<[1-A-&)e ] =lxl1 ¢,
n iz i=1 n
the result follows from Corollary 2.3 together with Theorem 4.1 (expressed in terms of an ex-

ponential distribution rather than normalized surface area on S{"l). O

A result analogous to the previous one can be stated for the GM-AM ratio, using the fol-
lowing bounds due to S. S. Dragomir, cf. [5, Section 4]:

n Qi,n
ITi2, x;

)" < < 1), (33)

X @inXi
Theorem 4.4. Letk,A, e >0, andforl <i < n, let x; € [0,00) be chosen independently according
to an exponential distribution with parameter A. Let P,, denote the product probability on
[0,00)" with density A"e~M*I1 | Then there exists an N = N(k, €) such that for every n= N,

e, x¥
Ppi(l—g) e many « _IEU N o (1 4 g) g~ Mminn Y (34)
i=1 Xi,nXi
21— (35)
z1-—.

Proof. This easily follows from (33) together with Theorem 4.1, expressed in terms of an ex-

ponential distribution instead of normalized surface area on S{"l. O

Additional probabilistic results regarding the GM-AM ratio for sequences of unequal we-
ights can be found in [3]. The main difference between these results and Theorems 4.3-4.4,
is that in [3] the probability distributions are chosen depending on the sequences of weights,
while above, the same density 1”e~*1*1 is used for all sequences of n weights a; ,,.
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