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WEIGHTED QUADRATIC PARTITIONS MODULO P™
ANEW FORMULA AND A NEW DEMONSTRATION

ALI H. HAKAMI

Abstract. Let Q(x) = Q(x1, X2,...,X,) be a quadratic form over Z, p be an odd prime. Let
V =V = V,m denote the set of zeros of Q(x) in Z,m and |V| denotes the cardinality of V.
Set p(Vym,y) = Yxev epm (x-y) fory # 0 and ¢p(Vym,y) = [V,m| — p™"~V for y = 0. In this
paper, we shall give a formula for the calculation of the function ¢(V,y).

1. Introduction

Let Q%) = Q(x1,X2,...,Xn) = X1<i<j<n @ijXiX;j be a quadratic form with integer coeffi-
cients and p be an odd prime. Suppose that 7 is even and det Ag # 0 (mod p), where Ag is
n x n defining matrix for Q(x). Let V,» = Vy,m (Q) denote the set of zeros of Q in sz. Let

(—D"2detAq/p) if ptdetAo,

Apn(Q) =
g if p|detAq,

where (./p) denotes the Legendre-Jacobi symbol and let Q* (x) be the inverse of the matrix
representing Q(x), (mod p™). Fory € sz set

Yxevepm(x-y) fory#0,

G(Vpm,y) =
" [ = pm D tor y=o0,

: m
where e, (x) = e2"X/P",

The purpose of this paper is to give an simpler formula for the calculation of the function
¢(V,y). We shall first calculate the Gauss sum

pm
S=S(f,p™ =) epm(f0), 1)
x=1

for f(x) = Aax?>+xy, (A, a,y € Z) and then we apply this sum to calculate the function ¢(V,y).
The final result is stated in the following theorem.
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Theorem 1. Let n be an even positive integer. Fory € Z", puty = p~ly in case p |y, (ie, p |y,~
foralli). Then

m—1 .
Pp(Vy) = pmHdmm N 5 pl (),
j=0
plly: foralli
where
5 1 ifm-jiseven, -
! A ifm-jisodd,
and
pm—j _ pm—j—l, pm—j |Q* (y/),
wj(}/) — _pm—j—l, pm—j—l ”Q* (y/), 3)

0, pITH Q).

Theorem 1 is given, in other forms in Carlitz papers [1] for m = 1 and in [2] for m = any
positive integer. Also his proof needs some work. We shall devote the rest of §3 to give the

proof in complete detail.

2. Preliminaries

In order to proceed from congruences (mod p) to congruences (mod p™), we need to
generalize results for exponential sums. Let Z,» = Z/(p™). Then we have the basic orthogo-

nality relationship that for anyye sz,

Y epmxy) = )

n
erpm

p™" if y=0,
0 if y#0.

Let G(p") denote the multiplicative group of units modulo p". Then

Lemma 2. [[4], Lemma 1.5.] Let A, a€ Z. For any odd prime p and any positive integer m,

p"-p™ ' if p™la,
Y epmAa)={ —pm! if p"la,
AeG(p™) ) 1
0 if p"ta.

Let g be a polynomial with integer coefficients and let

m

p
S(gp™ =) epm(gx),
x=1
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where p™ is a prime power with m = 2. Next lemma evaluates and estimates the pure expo-
nential sum S(g, p™). But to state the statement of this lemma, let ord, (x) denote the normal
exponent valuation on the p-adic field. In particular, for x # 0 € Z, pordﬂ(x) |x. For conve-
nience, we set ord, (0) = oo. For any nonzero polynomial g = g(X) =ap+ @ X +---+ agX%e
Z[X] we define

ord,(g) := Oréliignd{ordp(ai)}.

For any polynomial g over Z we define
r=1(g):=ord, (g'(X)),

where g’ = g'(X) denotes the derivative of g(X). Also we define the set of critical points asso-

ciated with the sum S(g, p'™) to be the set
A =4(g p):={a1,...,ap},

of zeros of the congruence

p 'gd(x)=0 (modp), (5)

where ¢ = ord,(g'). For any a € «f let v = v, denote the multiplicity of a as a zero of the

congruence (5).

Write
p-1
S(g, Pm) = Z Sar

a=0
where for any integer «,

m

p
Sa=Salgp™:i= ), epm(gx).

x=1
x=a(mod p)

Lemma 3. [[3], Theorem2.1] Let p be an odd prime and g be a non-constant polynomial de-
fined over Z. If m = t + 2 then for any integer a we have:

() Ifa ¢ of thenSy(g, p™) =0.

(ii) If « is a critical point of multiplicity v then

|Sa(g, p™)| < vp!! O+ plmA=1vHL). ©

(iii) If « is a critical point of multiplicity one then

€pm (g(“*))l’(mt)/z ifm—-tiseven,

Sa(g,p™ =
’ X (Ag) epn (8(a™) Gpp ™ V2 jfm—tisodd,
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wherea* is the unique lifting of a* to a solution of the congruence p~'g'(x) = 0 (mod pl"=1+1)/2l)

and Aq = 2p~'g"(a*) (mod p). In particular, we have equality in (6). Here G, is the classical

Gauss sum,
p 3 =
p if p=1(mod4),
Gp:= Z ep(xz) = vP
x=1 iy/p if p=3(mod4),

and y is the quadratic character mod p.

3. Determination of ¢»(V,y) modulo p™

We start this section by calculating the sum S(f, p™). The following lemma allows us to
find the evaluation of ¢(V,y). A special case of this lemma (when m = 2) was proved in [[4],

Lemma 2.3].

Lemma 4. Let p be an odd prime with pta and A, a€ Z. Let the sum S as in (1). Let j €
{0,1,2,...,m—1}. Then

eyn-i(—4ald' y?) ptmtii2 if pPlIA,p/ |y andm—jiseven,
S=1x (4al) eyn-; (4al'y”?) G,p" I~V if pI|A,pl|y and m— jis odd,
0 ifijIA,butij(y,

where y is the Legendre Symbol, A' = Ap~I, y' = yp~/ and A, ', a are inverses mod p™.

Proof. We shall require applying Lemma 2. Assume that p { a. Then the critical point congru-
ence is
p 'f(x)=0 (modp),

or equivalently,
p_t(/laZx +y)=0 (modp), )

where 1 = ord ( f"). Now we have to treat two cases:

Case (i): Assume that pj A and pj |y, with j €{0,1,2,...,m—1}. Then ¢ = j because
pt || (2al, y). Thus (7) is equivalent to

A
2a— x=--=— (mod p). 8

Put A' = A/pJ and y' = y/ pJ, then (8) becomes

2al' x=-y  (modp),
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or equivalently, there is a unique critical point a given by
a=x=-2al'y’ (modp).
Thusif m - j is even,

S=Sa=epn (fla®) plmriiz = epn (Aaa*z + ya*) pmEdiz,

(m—j+1)/2

where a* is the unique lifting of «, to a solution of (7) mod p We can take a* =

—-2al'y' (mod p™) where a, A are inverses mod p™. Then
pjﬂt'afzzmzy’z —ply?N2a (mod p™)
ply?@al -2al) (mod p™)
—4al'y”p (mod p™)

fla®) = Aaa*? + ya*

andso S, = epm-j (_46—1;‘Llyr2)p(m+j)/2_

If m - j is odd, then
«=2p  f"(a*) =2p~/2aA =4aA’  (mod p).

Thus
(m+j-1)/2

S=8a=x(Ad)epm Aaa*? + ya*)Gpp
=) 4ar) e m; (-dal'y®)G,pm+i—Di2,
Case (ii): Suppose that pj IA but pj fy,with je€{1,2,...,m—1}; say pk Hy with k < j. Then we
see that t = k. By (7), the critical point congruence is
p'alx)=-yp~" (modp),
or equivalently,
0= —ypk (mod p),

which has no solution. Consequently S = 0, and this completes the proof of Lemma 3. O

Now we shall evaluate ¢(V,y) for the case of a diagonal quadratic form.

Suppose that (x) = ;’:1 aixl?; with pJ( a;j, 1 <1i<n. We remark that if y # 0, then by the

orthogonality property of exponential sums,

p"-1
Y epmx-y)= ). p_m( Y epm (/IQ(X)))epm(x-y)

xeV erZm A=0

=p"Y. Y epm(AQX) +x-y)
1 X
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= p_mZepm (Xy) +p—m Z Zepm (AQ(x) +x.y) i
X A#0 X
—_—— )

g

S1 S,

Now, if y = 0, this implies that
VI=p™" Vi, = S=|V|-p""V=¢w,0).
Next suppose thaty # 0. Then, by (4), as some y; #0,
n p"
S1= p_m;epm x-y=p " i:l_[l;f?pm (x;yi) =0,
while

S=p "y Zepm AQX) +x-y)

A#£0 X
- 2 2 2
=p " Y Y epn (AMarX] + apXs + -+ anXs) + X1 )1+ XpY2 + -+ X Yn).-
A#0_X ’

g

Sa
9)

Hence we have S, = ¢p(V,y) for all y. From now on we shall use ¢(V,y) to mean S, and vice

versa. The inside sum S in (9) may be rewritten
Sr = epm ((Aarxi+x131] + -+ [AanXxs + ynxyl)
X

=Y epm(Aarx +y1x1) - Y epm (AanXs + ynXxp) (10)
Xn

X1
n p" 5

= H Z epm(da;xy +x; yi).
i=1x;=1

~
Gauss sum

As a consequence of Lemma 3, we have the following Lemma.
Lemma5. Supposen iseven. Let Sy asin (10). Letpf A, 0<j<m-1.Assumepta,-az-ap.
Then

{5110(’”*")”%,,"1j(—ZWQ*(;#)) if pl|y: foralli,
Sa= (11)

0 if pl1y:, for somei,
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where' = p~IiA, Y =p~iyand

1 ifm-jiseven,
0j=

A ifm-jisodd,
withA =y ((=D"?) y(ay - ay).

Proof. First let us suppose that p/ |A and that p/ |yl~ forall i. Put A’ = p~/A and yi= pIyi.
Then by Lemma 3, if m — j is even,

Sy =epn- (—Zla_l/_l’y )plmri pm=i (—dapA’ y, Zptme iz
=pmt e i (Bt N yi? + (D@l yit + -+ (~Dap N y)?)
= pUminze pm-jﬂ((—4)1)(01Y1 + a2, +"'+“"y;12)),

g

—A1Q* (Y1, Yn)=—AAQ* (y),
— P(m+])n/26pm—j (_ZI/TQ* (Y’)) X

where Q* (y), as defined earlier, is the quadratic form associated with the inverse of the matrix
for Q mod p™. If m — j is odd, then again by Lemma 3,

Sa=x@a ) ey (=4ar A yi*)Gpp TV L
x@ar)) epn-; (~4a, Ay, )G, p " timD2

= p" Ut ITVRG Ly (4N ay 4N ap) e (( ) NQ (2 +yh% + -+y;l2))
A

pn(m+] 1)/2 sz(( 1)n/z) x(ar - an) epni (@i’@*(;/))
—,_4

— pn(m+j)/2A€pm7j (m /‘1/ Q* (y/)) ‘

Next suppose that p/ || A but p/ { y; for some i. Then it is easily seen that (by Lemma 3) S = 0.
Thus the proof of Lemma 4 is complete. O

By our discussion which will come later in §4, Lemma 4 can be generalized to an arbitrary
nonsingular quadratic form (mod p*) as follows.

Lemma 6. Let p be an odd prime, n be even and Q(x) any quadratic form. Let p/ |1, 0< j <
m—1. Assume det Ag # 0(mod p), where Aq is the n x n defining matrix for Q(x). Then

Sy=

8jpmtin2e L (—AXQ (YY) if p!|yi foralli,
0 if p'tyi, for somei,

whereA' =p~IA, y'=p~yand§; as given in (2).
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We are now ready to prove Theorem 1

Proof of Theorem 1. Recall that p(V,y) = p™™ ¥ 14051 = So. Fixy = (y1,..., y»). Puty’' = ply,
A = p~JA. Then according to Lemma 5,

pr-1

Yosis L Lo (10" W)
A=1

i, for all i PI A

m-1 pmi
— Z S5 p(m+])n/2 Z e m] 4/1/Q*(Y,))
J=0
p’|y;, forall i p)W
m—1 2
= )X sip™MIMRe),
j=0
pl|yi, for all i

where we have used Lemma 1 applied to the second sum in the second step above. Hence, it
follows that

m—1 . m—1
(P(V,Y) — p—m Z‘b 5jp(m+])n/2 wj(}/) — p(mn/Z)—m ZO 5] ]n/2w (Y)
J= Jj=
p’|yi, forall i p’|y; foralli
This completes the proof of Theorem 1. O

4. Remark

In the last section we calculated ¢(V,y) for the case of diagonal quadratic forms. Sup-
pose now that Q(x) is any quadratic form. Let V= be the set of solution of the quadratic
congruence Q(x) = 0(modp™). Let x = T'(u) where T is a transformation that diagonalizes
Q, so that Q(T'(u)) = Q;(u), a diagonal quadratic form. Let Vl/?'" be the set of solution of
the quadratic congruence Q;(u) = 0(mod p™). Set T'(y) = v. We first show that ¢(V,m,y) =
({)(V’;m ,v). Note that, since T is a nonsingular transformation mod p, y = 0 (mod p) is equiva-
lent to v=0(mod p). If y=0 (mod p), then

OWpn3) = |V | = p20 70 = [V | = p270 = (0,0,
Fory # 0 (mod p), we have

GVpm,y)= ), epn(x-y)

XeE me

= Z epm(X-y)
Q(x =0( mod p™)
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= > epn (T(u)-y)
Q(T'(w)=0(mod p™)

= Y epm(u-TH(y)
Q1 (w)=0(mod p™)

= > epm@-Ty)

“GV,’;m
= p(Vym, T'(y))
=V, V).

Say Q(x) =x"Agx, where A is the associated matrix for Q. Then

Q1w = Q(T(W) = (T()' Ag(Tw) =u' T'AgTu
——
Ag

1
QI =0f (T'm) = (1Y) [ 174 ) T =y 4y = Q] )
Thus by our result for diagonal forms we have for the original quadratic form that
m—1 i

j=0
p’|y; for alli

where §; and w; as defined in (2) and (3).
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