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COMMON FIXED POINT THEOREMS FOR CONTRACTION TYPE
MAPPINGS IN PARTTALLY ORDERED METRIC SPACES

CHI-MING CHEN AND CHING-JU LIN

Abstract. The purpose of this paper is to present common fixed point theorems for a
stronger Meir-Keeler type mapping in partially ordered metric space. Our results gener-
alize some recent results.

1. Introduction and Preliminaries

Throughout this paper, by R* we denote the set of all nonnegative numbers, while A4 is
the set of all natural numbers. Existence of fixed point for contraction type maps in partially
ordered sets has been considered recently in [1, 2, 3, 4, 5, 6, 7, 10].

In this paper, we define a stronger Meir-Keeler type mapping v : R* — [0,1) and we
present a common fixed point theorem for this generalized nonlinear contraction in partially
ordered complete metric spaces.

In 1973, Geraghty [8] introduced the following generalization of Banach’s contraction
principle.

Let S denote the class of the functions f: R — [0, 1) which satisfy the condition

Theorem 1 ([8]). Let (X, d) be a complete metric space, and let f : X — X be a mapping satis-
Jying
d(fx, fy)=pld(x,y)-dx,y), for x,yeX,

where B € S. Then f has a unique fixed point z € X and{f"(x)} converges to z for each x € X.

Recently, A. Amini-Harandi and H. Emami[3] proved a version of Theorem 1 in the con-
text of complete partially ordered metric spaces, as follows:
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Theorem 2 ([3]). Let (X, =) be a partially ordered set and suppose that there exists a metric d
in X such that (X, d) is a complete metric space. Let f : X — X be an increasing mapping such

that there exists an element xo € X with xy < f xo. Suppose that there exists § € S such that
d(fx, fy)<pld(x,y)-d(x,y), for x,y€ X with x = y.
Assume that either f is continuous or X is such that
if an increasing sequence {x,} — x in X, then x, < x,Vn.
Besides, if
foreach x,y e X thereexists z€ X which is comparable to x and y.
Then f has a unique fixed point.

We recall the notion of the Meir-Keeler type mapping. A function ¥ : R* — R* is said
to be a Meir-Keeler type mapping(see [9]), if for each n € R, there exists § > 0 such that for
te Rt withn < t <n+ 48, we have w(r) <n. We now define a new stronger Meir-Keeler cone-
type mapping, as follows:

Definition 1. A mapping v : R* — [0,1) is called a stronger Meir-Keeler type mapping, if for
each 7 > 0, there exists § > 0 such that for t € R* with n < r < § + 1, there exists Ty €10,1) such
that w (1) <vyy.

Example 1. Le ¢ : R* — [0, 1) be defined as w(¢) = Ftl' then v is a stronger Meir-Keeler type
mapping.

2. Main results

Definition 2 ([4]). Let (X, <) be a partially ordered set and f,g: X — X. Then f is said to be
g-nondecreasing if for x, y € X,

gx=gy=fx=fy
In the sequel, we prove the main result of this paper.

Theorem 3. Let (X, <) be a partially ordered set and suppose that there exists a metric d in X
such that (X, d) is a complete metric space. Let f,g: X — X be such that fX c gX, and f be
a g-nondecreasing mapping. Suppose that there exists a stronger Meir-Keeler type mapping
w:R" —[0,1) such that

ad(fx,fy)<w(d(gx,gy)-d(gx,gy), for x,ye X with gx>=gy. 1)
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Also suppose,

if {gxn} € X is a nondecreasing sequence with gx, — gz € gX,

then gx, < gz and gz=<g°z forall ne N . 2)

Suppose also that gX is closed. If there exists an xo € X with gxo =< fxo, then f and g have a
coincidence point.

Further, if f, g commute at their coincidence points, then f and g have a common fixed
pointin X.

Proof. Given xj € X such that gxp < fx. Since fX c gX, we can choose x; € X such that
gx1 = fxp. Continuing this process, we define the sequence {x,} in X recursively as follows:

fxn=8xps1, forall ne A,
Since gxp = fxp and f is a g-nondecreasing mapping, we have
frosfx=fxo = fxn=fxp =

In what follows we will suppose that d(fx,, fx,+1) >0forall n e A, sinceif fx,+1 = fx,
for some n, then fx,+1 = gxn+1, thatis, f and g have a coincidence point x,1, and so we
complete the proof.

By (1), we have

d(fxn, fxne1) sw(d(gxn, §Xn+1)) - A(gXn, §Xn+1) *
<d(gxn, &Xn+1)
<d(fxp-1,fxn).

Then the sequence {d(fxp+1,fx,)} is descreasing and bounded below. Let lim,_
d(fxp+1, fxn) =n=0. Then there exists kg € A and 6 > 0 such that for all n >«

n<d(fxps1, fxn) <n+0.

For each n € &, since v : R* — [0,1) is a stronger Meir-Keeler type mapping, for these
n and § > 0 we have that for d(fxx,+n+1, [ Xig+n) € RT with ) < d(fxx,4n+1, [ Xigen) <O +1,
there exists v, € [0, 1) such that ¥ (d (f Xx,+n+1, [ Xxy+n)) < Yy. Thus, by (x), we can deduce

d(fo0+n+1rfo0+n) = W(d(kao+n; fo0+n—1)) : d(fo0+n; fo0+n—1)

< Yﬂd(foo+nr fo0+n—1);
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and it follows that for each n € A

d(kao+n+1»fx1<0+n) < Ynd(fxxo+n»fx1<0+n—1)

< e

<Y d(fXico+1, X))

So
lim d(f Xico+n+1, fXxg+n) =0, since yy <1.
We now claim that lim, .o d(f Xxy+m» f Xxy+n) = 0 for m > n. For m,n € A& with m > n,
we have

m—1 m-1

Y
d(fo0+m;foo+n) = Z d(fo0+i+lrfo0+i) < 117—Yd(fx1<0+1;fx1<0);
- Im

i=n
and hence d(f xm, fx,) — 0, since 0 <7y, < 1. So {f x,} is a Cauchy sequence.
Since gX is closed and {fx,} = {gx,+1} € gX, there exists yu € X such that
i, g% = g1t = lim, £
Now we claim that y is a coincidence point of f and g. Using (1), we have
d(gu, f1) < d(gu, fxn) +d(fxn, f11)

<d(gu, fxp)+y(d(gxy, gw) - -d(gx,, gw
<d(gu, fxn) +d(gxn, gw.

Letting n — oo, we get g = f L.
Suppose that f and g commute at u. Let v = gu = fu. Then

fv=rfgu=gfu=gv.
By (2), since gu < g?u=gv, gu= fuand gv = fv, we deduce

d(fu, fv)<w(d(gu gv)) -d(gu,gv)
<d(fu, fv).

Hence d(fu, fv) =0, thatis d(v, fv) =0. Therefore,
fv=gv=v.
So we proved that f and g have a common fixed point in X. g

By Theorem 3, if g = I = the identity mapping, then we immediate obtain the following
corollaries.
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Corollary 1. Let (X, <) be a partially ordered set and suppose that there exists a metric d in
X such that (X, d) is a complete metric space. Let f : X — X be a nondecreasing mapping.

Suppose that there exists a stronger Meir-Keeler type mapping v : R* — (0,1) such that
dA(fx, fy) <wdx,y)-dx,y), for x,ye X with x=<y.

Also suppose,

if {x,} € X is a nondecreasing sequence with x, — z€ X,
then x, <z forall ne V.

If there exists an xy € X with xo < fxo, then f has a fixed pointin X.

Corollary 2. Let (X, =) be a partially ordered set and suppose that there exists a metricd in X
such that (X, d) is a complete metric space. Suppose f : X — X be a nondecreasing mapping
and

d(fx, fy)<kd(x,y), for x,ye X with x <y where ke (0,1).

Also suppose,

if {xn} € X is a nondecreasing sequence with x, — z€ X,
then x, <z forall ne #.

If there exists an xo € X with xo < f Xy, then f has a fixed point in X.
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