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SPECTRAL ANALYSIS FOR THE MATRIX STURM-LIOUVILLE
OPERATOR ON A FINITE INTERVAL

N. BONDARENKO

Abstract. The inverse spectral problem is investigated for the matrix Sturm-Liouville
equation on a finite interval. Properties of spectral characteristics are provided, a con-
structive procedure for the solution of the inverse problem along with necessary and suf-
ficient conditions for its solvability is obtained.

1. Introduction

1.1. In this paper, the inverse spectral problem is investigated for the matrix Sturm-
Liouville equation. Inverse spectral problems are to recover operators from their spectral
characteristics.

The scalar case has been studied fairly completely (see [1, 2, 3]). The matrix case is more
difficult for investigating. Different statements of inverse spectral problems for the matrix
case were given in [4], [5] and [6] with corresponding uniqueness theorems. A constructive
solution procedure was provided in [7], but for the special case of the simple spectrum only.
Necessary and sufficient conditions were obtained in [8] for the case when the spectrum is
asymptotically simple, that is an important restriction. Moreover, the method used by the
authors of [8] does not give a reconstruction procedure. We also note that necessary and suf-
ficient conditions on spectral data were given in [9] for Sturm-Liouville operators with matrix-
valued potentials in the Sobolev space Wz‘l. This class of potentials differs from one consid-
ered in this paper.

In this paper, we study the self-adjoint matrix Sturm-Liouville operator in the general
case, without any special restrictions on the spectrum. Properties of spectral characteristics
are investigated, and necessary and sufficient conditions are obtained for the solvability of the
inverse problem. We provide a constructive procedure for the solution of the inverse problem
in the general case, that is a generalization of the algorithm from [7]. For solving the inverse
problem we develop the ideas of the method of spectral mappings [3].
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1.2. Consider the boundary value problem L = L(Q(x), h, H) for the matrix Sturm-Liouville
equation:

Y = -Y"+Qx)Y =AY, x€(0,m), €))
UY):=Y'(0)-hY0) =0, VIY):=Y'(m)+HY@)=0. 2

Here Y(x) = [yx(x)];_17;, is a column vector, A is the spectral parameter, and Q(x) =
[Qjk(x)] i k=Tm’ where Q;(x) € L2(0, ) are complex-valued functions. We will subsequently
refer to the matrix Q(x) as the potential. The boundary conditions are given by the matrices
h= [hjk]j,kzl,_m’ H=[Hjil; 1 where hji and Hj are complex numbers. In this paper we
study the self-adjoint case, when Q = Q*, h=h*, H= H".

Let ¢(x, 1) and S(x, 1) be matrix-solutions of equation (1) under the initial conditions
(p(oyﬂ/) :IWLJ (P/(O;A) = hr S(Or)l) :Om; S,(Or)l) = Im-

where I, is the identity m x m matrix, 0,, is the zero m x m matrix.

The function A(A) := det[V (¢)] is called the characteristic function of the boundary value
problem L. The zeros of the entire function A(1) coincide with the eigenvalues of L (counting
with their multiplicities, see Lemma 3), and they are real in the self-adjoint case.

Let w = 0™ be some m x m matrix. We will write L(Q(x), h, H) € A(w), if the problem L
has a potential from L,(0,7) and h+ H + % Jo Q(x) dx = w. Without loss of generality we may

assume that L € A(w), where w € D = {w: w = diag{w,,...,wn}, o1 < ... <0y}
One can achieve this condition applying the standard unitary transform.

In order to formulate the main result we need the following lemmas that will be proved

in Section 2.

Lemma 1. Let L€ A(w), w € D. The boundary value problem L has a countable set of eigenval-

ues {Ang} and

n=0,q=1,m’

pnq:‘/ﬁ‘nq:n—'—E_f_ n ) {an}nzOElz,qzl,m- (3)

Let ©(x,A) = [@r(x, )] jk=T,m be a matrix-solution of equation (1) under the boundary
conditions U (D) = I,;;, V(®) = 0,,. We call ®(x, 1) the Weyl solution for L. Put M(A) := ®(0, A).
The matrix M(A) = [Mr(A)] jk=T;m 1S called the Weyl matrix for L. The notion of the Weyl
matrix is a generalization of the notion of the Weyl function (m-function) for the scalar case
(see [1], [3]). The Weyl functions and their generalizations often appear in applications and
in pure mathematical problems, and they are natural spectral characteristics in the inverse

problem theory for various classes of differential operators.
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Using the definition for M(A) one can easily check that
MQA) ==(V(p)) " V(S). (4)

It follows from representation (4) that the matrix-function M(A) is meromorphic in A with
simple poles in the eigenvalues {1,,} of L (see Lemma 4).

Denote
@png:= Res M(A).

:Anq
The data A :={A,q, @ng} 2, g=T,m are called the spectral data of the problem L.

Let {4y, 4, k=0 be all the distinct eigenvalues from the collection {1} Put

n=0,q=1,m"*

a/nqu = anqu) k = 0» a/nq = Om» (n» CI) ¢ {(nk» CIk)}kz()-

Denote

I=m<...<mpy1=m+l,

_ _ —_. () -1
Wp = . =W, -1 =07, $=Lp

N

where p is the number of different values among {w,} Let

g=1,m"

Lemma 2. Let L€ A(w), w € D. Then the following relation holds

9

) _
ay = ~19+ = (kY ezo € by s=Tp, ®)

where
Moy e Jbmssi=ksmea -l
jk'jk=1,m’ jk 0, otherwise,

and |||l is a matrix norm: ||al = max; i aj.
Consider the following inverse problem.
Inverse Problem 1. Given the spectral data A, construct Q, & and H.

We will write {154, anq}nzqu:L—m € Sp, if for 1,4 = Ax; we always have anq = ay;.

The main result of this paper is

Theorem 1. Let w € D. For data {Anq, @ng} =, q=T,m € Sp to be the spectral data for a certain

problem L € A(w) it is necessary and sufficient to satisfy the following conditions.
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(1) The asymptotics (3) and (5) are valid.

2) All Apg arereal, apg = (@ng)*, Ang 20 foralln =0, q =1, m, and the ranks of the matrices
@ g coincide with the multiplicities of Ang.

(3) For any row vectory(A) that is entire in A, and that satisfy the estimate
Y = Olexp(IImVAIn), 1Al — oo,
ifY(Ang)@ng =0 foralln =0, g =1, m, theny(A) = 0.

We prove necessity of the conditions of Theorem 1 in Section 2 and sufficiency in Sec-
tion 4. In Section 3 the constructive procedure is provided for the solution of Inverse Prob-

lem 1.

2. Necessity
2.1. Let us study some properties of the spectral data.

Lemma 3. The zeroes of the characteristic function A(A) coincide with the eigenvalues of the
boundary value problem L. The multiplicity of each zero Ay of the function A(A) equals to the
multiplicity of the corresponding eigenvalue (by the multiplicity of the eigenvalue we mean the
number of the corresponding linearly independent vector eigenfunctions).

Proof. (1) Let A be an eigenvalue of L, and let Y° be an eigenfunction corresponding to Ay.
Let us show that Y°(x) = ¢(x, 19) Y°(0). Clearly, Y°(0) = ¢(0,1) Y°(0). It follows from U(Y?) = 0
that Y°'(0) = hY?(0) = (0,1)Y°(0). Thus, Y°(x) and ¢(x, 19)Y°(0) are the solutions for the
same initial problem for the equation (1). Consequently, they are equal.

(2) Let us have exactly k linearly independent eigenfunctions Y, Y?,...,Y*

corresponding
to the eigenvalue Ay. Choose the invertible m x m matrix C such that the first k columns
of ¢(x, A9)C coincide with the eigenfunctions. Consider Y (x, 1) := ¢(x,1)C, Y (x, 1) = [Yy(x,
’qul,_m* Yq(x,A0) = Y(x), g = 1, k. Clearly, that the zeros of A, (1) := detV(Y) = det V(¢) -
det C coincide with the zeros of A(1) counting with their multiplicities. Note that A = Ay is
a zero of each of the columns V (Yy), ..., V(Y). Hence, if Ag is the zero of the determinants

A1 (1) and A(A) with the multiplicity p, than p = k.
(3) Suppose that p > k. Rewrite A; (1) in the form

A(D) = A= 20kA0),

Vi) V%)
A=A A=Ay

Az(A) = det VY1), V) |-
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In view our supposition, we have Az(1g) = 0, i.e. there exist not all zero coefficients a,, g =
1, m zero exist such that

dvV(Yy(x,Ag) I
4+

k
Y ag I Y. agV(Yy(x,A0)) =0. (6)
q=1 q=k+1

Ifa;=0forg= 1, k, then the function
m

Y*(x,A) = ;laqu(x,m
q=k+

for A = Ag is an eigenfunction corresponding to Ay that is linearly independent with Y9,
g = 1,k. Since the eigenvalue A has exactly k corresponding eigenfunctions, we arrive at
a contradiction.

Otherwise we consider the function

k m
Yr,) =) agYy, D)+ A—-20) Y. agYq(xA).
q=1 q=k+1

It is easy to check that

d d
+ _ + Yo+ 1% v+ +
(Y (x, 1) =AY (x,A), f(dAY (x,/l)) Ad/ly (x, )+ Y7 (x,A),

Uwyh= U(a% Y+) =0, V(Y"(x,A0) =0.

Relation (6) is equivalent to the following one

d .. B
V(ﬁY (x,/lo)) =0.

Thus, we obtain that Y*(x, Ap) is an eigenfunction, and d% Y*(x, o) is a so-called associated
function (see [10]) corresponding to A¢. If we show that the considered Sturm-Liouville oper-
ator does not have associated functions, we will also arrive at a contradiction with A, (Ag) # 0,
and finally, prove that k = p.

(4) Let us prove that the self-adjoint operator given by (1), (2) does not have associated func-
tions. Let A¢ be an eigenvalue of L, and let Y° and Y! be a corresponding eigenfunction and
an associated function respectively, i.e. both Y° and Y satisfy (2) and

@-2)Y"=0, (£-ApY'=Y"

This yields
((0-21)*Yh Y =0,



310 N. BONDARENKO
for the scalar product defined by
T
(Y,2):= f Y*(x)Z(x)dx.
0

In case of the self-adjoint operator, we have (¢Y, Z) = (Y,¢Z) for any Y and Z satisfying (2),
and the eigenvalue A is real. Therefore,

(=Y, (0= 2)YH) =", Y% =0,
and Y° = 0. Recall that Y is the eigenfunction, and get a contradiction. g

Lemma 4. All poles of the Weyl matrix M(A) are simple, and the ranks of the residue-matrices
coincide with the multiplicities of the corresponding eigenvalues of L.

Proof. Let 1 be an eigenvalue of L with a multiplicity k, and let Y1, Y>, ..., Y be linearly inde-
pendent vector eigenfunctions corresponding to Ay. Following the proof of Lemma 3, we in-
troduce the invertible matrix C = [Cy, ..., Cy,] such that Y, (x) = ¢(x,10)Cy, g = 1, k. Consider
the vector-function Y (x,1) = ¢(x,1)C. Clearly, that (V(¢))~' = C(V(Y))~!. Write V(Y (x, 1))
in the form

V(Y (x, 1) =[A=A)W1(A),..., A= A) Wi (L), Wi+1 (A), ..., Wi ()],

where

V(Yq(x,A))
A—=Ag

WyA) =V(Yq(A), g=k+1,m.

W, (D) = , q=1k

Clearly, W (A) are entire functions, and
detW(A) = det[Wy(A),..., W,, ()] #0

for A from a sufficiently small neighborhood of 1y (otherwise the multiplicity of the eigen-
value Ay is greater than k). It is easy to show that

det V(Y (x, 1)) = (A —Ag)¥detW (1),

O [X) X !
(V(Y(x»/l))) - A/_A/Oy---) A/_A/O»Xk+1(/l)»---)Xm(A‘) »

where X, (A) are analytic in a sufficiently small neighborhood of Aq (the superscript  stands
for transposition). Using (4) we get

ao = Res M(A) = — Res (V(p(x, 1)) " V(S(x, 1))
A:/lo A:AO
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t
- pesc| MV XD e x| Vs )

=1 A=A A=A
= _C[X] (/’LO)»---)Xk(AO))O»---)O]t V(S(x»/’LO)) = _XV(S(X,/’L())).

Therefore, the poles of the Weyl matrix are simple, and rank ay < k.

Let us prove the reverse inequality. Note that
AReAs (Vg ) Vig(x, 1) =0 = XV (@(x, Ao)).
=Ao

Let w(x, 1) be a solution of equation (1) for A = Ay under the initial condition V(y) = X*.
Since columns of the matrices ¢(x, 1p) and S(x, 1p) form a fundamental system of solutions
of equation (1), we have

w(x, o) = @p(x,19) A+ S(x,A0)B,
XX* = XV(y(x, L) = XV(p(x,19) A+ XV (S(x,10))B = —ayB.

On the one hand, since detW # 0, the vectors X,;(Ao) are linearly independent, therefore,
rankX X* = k. On the other hand, rankayB < rankag. Thus, we conclude that rankay = k. O

Lemma 5. Let Ay, A1 be eigenvalues of L, Ay # A1, and a; = %{_e/ls M(A), i =0,1. The following

relations hold
T
“Sfo @ (x,A0)p(x, 1) dx agy = ay,
T
063/0 9" (x,A0)p(x, M) dxa; = 0p.
In particular, according to the first relation,
ap=ag =0.
Proof. Denote
0*7:=-7"+72Qx), V(2):=Z'(m+ZmH, (Z,Y)=Z'Y-ZY,
where Z = [Z] I’C:m is a row vector (t is the sign for the transposition). Then

(Z,V)x=n =V (2O)Y (1)~ Z(MV(Y).

If Y(x,A) and Z(x, ) satisfy the equations Y (x,1) = AY (x,A) and ¢* Z(x, u) = uZ(x, w),
respectively, then % (Z,Yy=A—-wZY. In particular, if A = y, then (Z,Y) does not depend
on Xx.
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Since Ag is real, ¢ (x, Ag) satisfies the equation ¢*Z = 1o Z. Hence,

(@™ (x,20), p(x, AT

T
" (x,10)p(x, Ao) dx = Alim
0

—'/10 A_AO
L VT (x5 ) e(x, ) — o™ (x, L)V (@(x, 1))
= lim .
A—2Ao A=A

It follows from (4) and Lemma 4 that
Vip(x, Ao))ag = —/llin/% A=A V(px, ) (V(p(x, ) V(S(x, 1) = 0.
— A0
Analogously ag V* (¢ (x, 1)) = 0,,. Consequently, we calculate

b2 Vip(x, A
af;fo @ (x, Lo)p(x, Ao) dx ap = ayp™ (m, o) ;}er;%oi’{—]mn

i (A= A0)(V (g5 D) VIS0, A) = a0 Ao) V(S o)
= —ag(p" (%, A0), $(X, A0)) x=r
= —ag(p" (%, A0), S(x, Ao)) x=0 = ;.

Similarly one can derive the second relation of the lemma. a

2.2. In this subsection we obtain asymptotics for the spectral data.

Denote p := VA, Rep =20, 7:=Imp, G5 = {p: |[p—k| =8,k =0,1,2,...}, 5 > 0. By the
standard way (see [3, Sec. 1.1]) one can obtain the estimate

AA) = (=psinpm)™ + O(lp|™ L exp(ml|t|m)) = (—psin pm)™ + (—psin pm) ™ 1 O(exp(|7|7))
+...+ (—=psinpm)O(exp((m — 1)|7|m)) + O(exp(m|t|m)), |p|— 0. (7)

Proof of Lemma 1. 1) Consider the contour I'y = {1: |A| = (N + 1/2)?}. By virtue of (7)
AV =fM)+gA), f)=(-psinpm)™, [gA)| = ClpI™ ' exp(mlz|n).

If A € T’y for sufficiently large NV, we have |f(1)| > |g(A1)|. Then by Rouche’s theorem the num-
ber of zeros of A(A) inside I' ; coincide with the number of zeros of f (1) (counting with their
multiplicities), i.e. it equals (N + 1)m. Thus, in the circle |A| < (N +1/2)? there are exactly

(N +1)m eigenvalues of L: {Ang}, 575 ,=Tim-

Applying Rouche’s theorem to the circle y,(0) = {p: |p — n| < §}, we conclude that for
sufficiently large n there are exactly m zeros of A(p?) lying inside y, (), namely {p natg=Tm-
Since 6 > 0 is arbitrary, it follows that

Png=N+Eng, Eng=o0(), n—oo. (8)
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Using (7) for p = ppq, we get
(=PngsinPugm)" + (=png sinpnqn)m_lO(l) +...+ (=Pppgsinp,gm)O1) +0(1) =0, n— oco.
Denote $pq := [0 ng Sin ppg7l, and rewrite the obtained estimate in the form
Sty < C0+C1s,,q+...+Cm_1s;"q‘1. )

It follows from (9) that s;, < max{l,ka:_Ol Ci}. Otherwise we arrive at a contradiction:
m—1 . m—1 %
Sng> D CiSp - = Y CicSpg.
k=0 k=0
Hence, |04 8in puq7| < C. Using (8) we get

Sin P g7 = SiN€pqmcos N = omn™h, Eng = on™YH, n—oo.

Together with (8) this yields
Png=n+ omn™), n-oo.

2) Let us derive the more precise asymptotic formula. One can easily show that
V(p)=—psinpn- I, +wcospn+x(p),

where L .
x(p) = Ef Q1) cosp(n—Zt)dt+O(E exp(lrln)).
0

Consider the linear mappings z, (p) that map the circles {p: [p — n| < C/n} (note that p 4
lie in these circles for a fixed sufficiently large C) to the circle {z: |z| < R}:

_ zn(p)
p=n+ "
For |z| < R we have
V() = (D" (@—2zn(0) Ly + & n(2,(0))). (10)

Using the representation for x(p) we get x ,(z) = 0(1), n — oo, uniformly with respect to z in
thecircle {z: |z| < R}. Moreover, for each sequence {z?,}nzo c{z: |z| < R} we have {”Kn(Z2) I} =0 €
lrand Y [lx,(z9)]1? < C, where C is some constant. Consequently,

n=0

A(P*) = £ f (2, (0)) + gn(zn(0)),

where f(z) = det(w — zI,), gn(2) = 0(1), n — oo (uniformly with respect to z € {z: |z| < R}),

and the choice of sign + depends only on n. Fix0 <6 < 1/2 lmir; lwg — w;| and introduce
q,l: wg#w;
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the contours y, = {z: |z— wy| = 6}. Clearly, the inequality |f(z)| > |g»(2)| holds on y for all
sufficiently large 1, and by Rouche’s theorem two analytic functions A(p?(z)) and f(z) have
an equal number of zeros inside y, (here p, is the inverse mapping to z,). Thus, we have

Wq  Kng
pnq=n+5+7, anZO(l),n—’OO, q=1,m.

Substituting this formula into (10) we get
Vip) = -D"(w- (Uqlm - nanIm + Kn(zn(,onq)))-
Since {lx (2, (0ng)) I} € l2, one can easily prove that {k 4} € I>. O

Proof of Lemma 2. 1) Let M () be the Weyl matrix for the problem L(Q, h, H), such that Q(x) =
2w, h=H=0,.Thena® =219, s=T,p.
Consider the contours 'Y = {A: |A—(n?+ 209 =R}, R=1 lmigS lwg —wl. Using the
q,l: wgFw;
residue theorem and taking Lemma 1 into account, we deduce

1 B M1 —1 M1 —1 2
—,f@ (M) -MA)dA= Y, ap,— Y @ =ay =1 n=n"s=1p.
271 Jy s q=m q=m; b4
. Ajr(N)
One can easily show that M;(A) = ——;-, where

A]k(/’t) = dEt[V((Pl)» ceey V((Pj—l)» V(Sk)) V((pj+1)) ceey V((Pm)] .
Using this representation, we arrive at

AMA () = A je(MAQ)
AM)AL)

M;i(A) - Mjr(A) = . Jk=1,m. 11

Let us use the mappings z, introduced in the proof of Lemma 1:

zn(p)
an

p=n+

IfAeyy, then0< 8 <|z,(0)—wyl forall g =1, m, and |z,(p) —®"*| < §,. Hence, the estimate
for A(A) obtained in the proof of Lemma 1 is valid: A(A) = +f(z,(0)) +0(1), A€y, n — oo
(uniformly with respect to A).

Similarly, we estimate

f(zn(p))
Zn(p)_wj
Ajx(V) =0(1) forj#kAeyy, n—oo, jk=1m.

n

Ajr(A) =+ +o(l) forj=k,
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Convergence of the remainders is uniform with respect to A, the choice of sign + depends
only on n. Analogous relations hold for A(1) and A (7).

Substituting these estimates into (11) and taking into account that C; < |f(z,(p))| < Co

for L ey, we arrive at

Mk =MD = o)), jk=T,m, Aeyl,

1 . 2
%fym (MA) - M) dA = 0(1), a¥ = ;1(5) +19 09 =01), n-oo.

(2) Below one and the same symbol {x,} denotes various matrix sequences such that
{llix I} € Io. Using the standard asymptotics
*sinp(x —21)
2p

(p(X,A) = COspx.[m_'_Ql(x)SlI;px +f
0

Q(t)dt+0(eXp|T|x),

ol =00, x€[0,7],

where Q; (x) =h+ fox Q(t) dt, one can easily show that

T T K K
fo @ (X, Ang)p(x, App) dx = Elm + 7", Ang—Ani = 7"
Applying Lemma 5, we get

T Kn
Ang (Elm + 7) Apg=0ang, n=0, g=1,m.

Clearly, [|lan4ll = C, n =0, g =1, m. Consequently, %aflq = apg+ %” Similarly we derive

anqanl = K_rfr ms = qus ms+1 - ]-r q # lr S:m- Thus;

2
Mgy —1 Mgy —1 Mgy —1
b4 T TE & K & K K
2 _ / _ I \2 n_ / n_ (s n
“(@Wyr== E a == E (@) +—= E Apgt+—=a,; +—.
2" 2\ S M 2 S M no g "M on " on

Substitute the result of point 1 into this equality:

7 (2 z2 2 K
(20, (s)) _ 210 gy Kn
(G190 en) =219 g9 2

n

T K
(Im_ZI(S))T](yf) — E(T](r\li))Z_i_ 7

Consequently, n = Xz O

n
2.3. Proof of Theorem 1 (necessity). The first two conditions are fulfilled by Lemmas 1, 2, 4,
5.

Let y(A) be a function described in condition 3. Recall that

V(p(x, Ang))@ng = 0.
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Since
rank V(p(x, Ang)) + rank apg = m

and y(Apg)ang =0, we get y(Ang) = Cng V(@(x, Ang)), i. €. the row y(A,4) is a linear combina-
tion of the rows of the matrix V(¢(x,1,4) (here Cy, is a row of coefficients). Consider

f) =YWV (@, D)
The matrix-function (V (¢(x, 1))) ! has simple poles in A = Ang, therefore, we calculate
Res f(A) = y(Ang) ARes (Vipx, )"

/1:1"[, :Anq
= Cpq lim V(p(x,A)) lim (/1—/lnq)(V(qo(x,)L)))‘1 =0.
A_'Anq /1_”1”‘]

Hence, f(A) is entire. It is easy to show that

I(V(p(x, )l < Cslpl ' exp(~ItIn), pe€Gs,

where Gs = {p: lp—kl =6,k =0,1,2,...}, > 0. From this we conclude that || f(1)|| < % in
Gs. By the maximum principle this estimate is valid in the whole A-plane. Using Liouville‘s

theorem, we obtain f(1) = 0. Consequently, y(1) = 0. g

Note that in the scalar case condition 3 follows from the first two conditions of Theorem 1.
Indeed, in the scalar case, we have y(1,)a, =0, n = 0, where a, are positive real numbers.
Hence, y(A1,) = 0. Having the spectrum {1,},>¢ we can construct the characteristic function
(see [3, Theorem 1.1.4]):

© 1,-1
A =m(A-A0) [ =5,
n=1 n

and using asymptotics (3) for the eigenvalues we get the estimate

AN = Cslplexp(lTin), p € Gs.

Then we introduce f (1) = % and follow the proof of necessity in Theorem 1.

In the general case, condition 3 is essential and cannot be omitted, that is shown by the
following example.

Example 1. Let m =2, g1 # Aoz, Ap1 = Ao = n%, n=1,

1
7 0 ,n=1.

Qo1 = Xp2 = y Opl =0p2 =

S e
Sy O

The data {14, anq} satisfy conditions 1-2 of Theorem 1. Let us show that they do not satisfy
condition 3, and consequently, they cannot be spectral data of L. The relations y(A,4) a4 =0,
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n =0, g = 1,m for this example can be rewritten in the form y(A) = [y1(1),y2(A)], y1(Ao1) =

sinpm

¥1(Ao2) = y1(n?) =0, y2(n?) =0, n = 1. Clearly, if we put y;, (1) =0, y2(1) = , We arrive at a

o
contradiction with condition 3.
Below we investigate condition 3 in some special cases.
Example 2 (full multiplicities). Let A,,; = A2 =... = Ay =: A, forall n = 0. Then rank a4 =

m, and each of the linear systems y(A,,4) @4 = 0 has the unique solution y(1,) = 0. We get the
situation similar to the scalar case, because in view of asymptotics (3), {1,},=0 can be treated
as eigenvalues of some scalar problem. Therefore, condition 3 holds automatically.

We will say that the relations y(A,4)@ng = 0, g = 1, m are separated for some fixed n, if
they yield y4(Anq) = 0 for all g = 1, m. For example, they are separated in the case of full
multiplicities, or when the matrices a,, have a proper diagonal form.

Example 3. Let the relations y(A,4) a4 = 0 be separated for all n > ny. Then each component
Y4(A) has zeros {A,g}n>n,. If y(A) is the function from condition 3, each y,4(1) cannot have
more than nj additional zeros (counting with their multiplicities). Otherwise we consider its
zeros as the eigenvalues of a scalar problem and prove that y,(1) =0.

If y(A) is entire, and y (1) = O(exp(/Im VAIT), |Al — oo, its order is not greater than 1/2.
Therefore, by Hadamard's factorization theorem y (A1) can be presented in the form

Yq) = (Cqo+ Cu A+ CpA* +...+ Cq g A")Pg(N), Py =[] (1 - %) ,
n>ny nq
We substitute this factorization into y(Ang)@pg =0, n < ng, g = 1, m, and obtain the system of
linear equations with respect to Cyo, Cq1, ..., Cqny» 4 = 1,m.

More precisely, let A4, ..., Ay be the first N = (ng + 1) m eigenvalues, and let ay, ..., ay be
the corresponding residue-matrices. For each j = 1, N, we choose a non-zero column v j of
;. In case of a group of multiple values among 1;, j = 1, N, they have a common matrix a I
and its rank equals their multiplicity, and we choose linearly independent columns. Consider
N x N matrix P with the columns

[vj1P1(A)), vj1AjP1(A)),..., Vj1/1;~l°P1 Aj)see s VimPmA ), VjmAjPp(A)),..., ijﬂ;-lOPm(/lj)],

j =1,N. Clearly, that the condition y(Ang)@ng = 0, n < ng, g = 1, m is equivalent to the lin-
ear system with the matrix P. Each solution of this system corresponds to y(A), satisfying
condition 3 of Theorem 1. Thus, the condition 3 is fulfilled iff the determinant of P is not zero.



318 N. BONDARENKO

3. Solution of Inverse Problem 1

3.1. Let the spectral data A of the boundary value problem L € A(w), w € D, be given.

Denote _
(@™ (x, ), p(x, 1))

A=p

We choose an arbitrary model boundary value problem L = L(Q(x), h, H) € A(w) (for ex-

ample, one can take Q(x) = —w h=0,, H=0,,). We agree that if a certain symbol y denotes

an object related to L, then the corresponding symbol ¥ with tilde denotes the analogous ob-
ject related to L. Put

D(x,A, ) =

- fo 0" (1, D(x, V) dt. (12)

msi—1 Mg —1

fn—ZIpm; pnq|+Z Y lpng- pnmSI+Z Y Png- pnmSI+ZIIa —-a|.

s=1 q=m; s=1 q=ms

Accordlng to Lemmas 1 and 2,

00 1/2 fos)
=(Z((n+l)5n)2) <oo, ) &u<oo.
n=0 n=0

Denote

Ango =Angs  Angt =Angy  Pngo =Png»  Pnagl = Png> a/nqo = a/nq’ a/nql Inq'

(ani(x) :(P(xyﬁnqi)» (Z’nql(x) :¢(X)Anqi)y
Frtjngi (X) = @y ;DX Angi, Aki)y Fiifongi (0) = &y ;D0 Angiy Aki),
n,k=0, ql=1,m, i,j=0,1.

By the standard way (see [3, Lemma 1.6.2]), using Schwarz’s lemma, we get

Lemma 6. The following estimates are valid for x € [0,7], n,k=0,1,s=1,m, m; < q < My,
ms<Il<mgs,i,j=0,1:

”(ani(x) Il<C, ||(an,0(x) - (anrl(x) | <Cé¢p,

l0ngi (X) = @nm,i (O < C¢p, I Frijngi (0N <

In—kl+1’
Ms1—1 Cér
F x)—F X)) £ ———,
l:Z,:nx ( klO,nm,l( ) kll,nm,l( ) |I’l — k| i1
Frr:os Fur: . Fur: For: < Cén
” kl]'nql(x) - kl],nmrl(x)”» ” kl],ner(x)_ kl]ynmrl(x)” - m’
! Cénék
Y (Frn, nqi (X) = Fx10,nm, i (X) = Fx11,nqi (X) + Fxiy,nm, i (X)) || £ ————
I=m; In—k|+1’
el Cénér
Z (Fklﬂ,nmro(x) - FklO,nm,l (x) - Fkll,nmro(x) + Fkll,nm,l x| = —s
l:ms |7l - kl + 1

The analogous estimates are also valid for ¢4 (x), Fi jngi (X).
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The lemma similar to the following one has been proved in [7] by the contour integral
method.

Lemma 7. The following relations hold
oo m _ _
P, M) = p(x, 1) + kZ lZ (@k10(X) @y D(x, A, Aggo) = @i (D D, A, Agn)) - (13)
=01=1

oo m
D, A, ) = D(x, A, ) = ) Y (D(x, Ago, D (x, A, Ako) = D(x, Ay, WD (x, A, Agepy).
k=01=1

Both series converge absolutely and uniformly with respect to x € [0,7] and A, i on compact

sets.
Analogously one can obtain the following relation
((P,tlj(x)@(x, )

oco m 1 .
D, ) =0, D)+ ) Y Y (D gpjxay,; . (14)
k=01=1j=0 A= Akij

(=}
—

It follows from Lemma 7 that

oo m
Pngi (%) = Pngi () + Y Y (Pk10Fri0,nqi (X) — @i Fri ngi (X)), (15)

k=01[=1
ﬁnpw,nqi (x) - anw,nqi (x) = kz IX: (anw klo (X)FklO nqi (x) - npw kil (x)Fkll nqi (x)) (16)
0l=1
forn,n=0,q,p=1,m,i,w=0,1.
Denote
fW= Y D pu@al o0, @) =265, (17)

kL jeV
Using (5) and Lemma 6 one can easily check that the series in (17) converges absolutely and
uniformly on [0, ], and the function £((x) is absolutely continuous, and the components of
&(x) belong to L, (0, ).

Lemma 8. The following relations hold

Q) =Q) +e(x), h=h-g0), H=H+e(m), (18)

Proof. Differentiating (13) twice with respect to x and using (12) and (17) we get

1
@'(x, M) =0 (0)P(x,A) = @' (x, 1) + > (-1 00 D, A, Ak,

j=0

18

k

Ms EMS

1
120( 1 [0 ;D A, Ak)
]:

18

@"(x,A) =" (x, 1) +

=~
I

0!
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+2<p’k,j(x)a’k,j<p,’;,j(x)¢(x, A) +(pklj(x)alklj (@1 (0P (x, A1

We replace here the second derivatives, using equation (1), and then replace ¢(x, 1), using
(13). This yields

oco m 1 .
Qup(x, 1) = QP M)+ 3 3 Y (=1 [prrj (0 a) (@ (%), Pl )
k=01=1j=0

+20071 (0 Qg ;P P A) + @iy (O (P iy ; ()P (x, ).

Cancelling terms with ¢'(x, 1) we arrive at Q(x) = Q(x) + £(x).

Further,

P'0,0)—(h+e0)PO)=U(@)+ Y Y

2 (=D U(@r1j)y1; DO, A, Agrj) = 0.

1
=0

J

(=]
—

Since ¢(0,A) = I,,,, ¢'(0,A) = h, we obtain h = /1 — £(0).

Similarly, using (14) one can get

3 oom 1 AP0, @0 ) =n
O (1, )+ (H =0 mO, ) = V@) + 3 3 3 (-1 Vigrpay,; )
k=01=1j=0 — Akl

For j =0 we have V((pklo)a;do =0,,.Forj=1
(@rn (0, DA jx=r = V* (@1)) D, 1) = §y (D V(D).

Recall that V(®) = 0,,, V(®) = 0, and a}, ), V* (¢ ;) = 0. Consequently, we arrive at &' (7, 1) +
(H —go(m))®(, 1) = 0,,. Together with V(®) = 0,,, this yields H = H + £(r). O

For each fixed x € [0, 7], the relation (15) can be considered as a system of linear equa-
tions with respect to ¢,4;(x), =0, g = 1,m, i = 0,1. But the series in (15) converges only
“with brackets”. Therefore, it is not convenient to use (15) as a main equation of the inverse
problem. Below we will transfer (15) to a linear equation in a corresponding Banach space of

sequences.

3.2. Denote y;, := f;l for &, #0 and y, =0 for {,, = 0. Let V be a set of indices u = (n, g, 1),

n=0,qg=1,m,i=0,1. For each fixed x € [0, ], we define the row-vector W (x) = [, (X)] yev
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and the matrix R(x) = [Ry,,(X)],uev, v = (k, 1, j), u = (n, q,i), by the formulae

Vms0(X) = Xn(@nm,0(X) = Q@um (X)), Ypm1(X) = Qum,1(X),
Wngi (X) = Xn(@ngi (X) — @pm,i (X)),

ms+l_1
Ricm,0,nm,0(X) = Ank lZ (Fk10,nm,0(X) — Fi10,nm,1(x)),
=my
Mgy1—1
kaXO,nmrl(x) =Cr X FklO,nm,l(x);

I= s
Mgy1—1 "
Ricmy0,nqi (X) = Xnk lZ (Fr10,nqi () = Fi10,nm,i (),
=my
Ri1j,nm,0(X) = (—l)jxnfk(Fklj,nm,o(X) — Fkij,nm,1(X)),
Rictjnm,1(0) = (1) Sk Frerj,m,1 (), 3 (19)
Ri1j,ngi () = (1 X0k (Frijongi (X) = Frijnm, i (X)),

Msp1—1

kaxl,nmro(x) =Xn IZ (Fklo,nmro(x) - FklO,nm,l(x)
=m;

—Fki11,nm,0(X) + Fi11,nm,1(x)),

Mgy1—1
Rim1,ngi(X) =Xn X (Frio,nqi () = Fr10,nm, i () = Fri1,nqi (X) + Fri1,nm, i (X)),

I=my
Msi1—1
Rimg1,nm,1(x) = lz (Fr10,nm,1(X) = Fii1,nm,1 (X)),
=my

n,k=0, rs=1,p, mg<l<mgi, mr<q<mpy.

Analogously we define /(x), R(x) by replacing in the previous definitions ¢,4; (x) by @i (x)
and Fiyj ngi (X) by Fiij ngi ().

We will also use a shorter notation. Consider the row vectors with matrix components

@n(X) = [Pn10(X), Pu11(X), Pr20(X), Q121 (X), ..o, Qrmo (X), Prm1 (X)],
Yn(X) = [Wn10(X), W11 (%), Winoo (X), W21 (X, oo, Wimo (X), W1 (X)], n=0,

and defined analogously 2mx2m matrices F,_ (x), R »(x), n,k =0, F_ (x) = (—l)kalj,nqi(x).

kljnqi
Then definitions (19) of ¥ ,,4; (x) and Ry n4i(x) can be rewritten in the form

Yn=¢nXn, Rin=Xg Fg,Xn nkz0. (20)

where X, is a 2m x 2m matrix with components determined from (19). Analogously we define
Pn(x), Un(x) and F | (x), Ry n(x). Now we can rewrite (15) and (16) in the form

o0
$n=Qn+ ) ocF,, n=0, 21)
k=0

o0
Eyp=Fpy= kZoF_’ wFrn (22)
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By virtue of Lemma 6

1% ngi O, ¥ ngi ()|l < C,
Céx

R 2
lIn—kl+1 23)

I R1j,nqi (X, 1 Rk1j,ngi (X <

where C does not depend on x,n,q,1,k, 1, j

Let a,, u € V, be m x m matrices. Consider the Banach space B of bounded sequences

a = [ay] ey with the norm ||allg = sup [la,|l. It follows from (23) that for each fixed x € [0, 7],
ueV

the operators I + R(x) and I — R (here I is the identity operator), acting from B to B, are linear
bounded operators.

Theorem 2. For each fixed x € (0, ], the vector y(x) € B satisfies the equation
¥ (x) =y (x) I +R(x)) (24)

in Banach space B. Moreover, the operator I + R(x) has a bounded inverse operator, i. e. equa-
tion (24) is uniquely solvable.

Proof. Using (20) we get
Pn=YnX,', Fp,=XcRinX,',

Substituting these relations into (21), we derive
- 1 1, v ly B 1 1, v 5 1
TnXy' =yn Xy + ) YiX XeRin Xy =y X, + ) yiRenX,' n=0.
k=0 k=0
Multiplying the result by X,,, we arrive at (24).
Similarly we get from (22) that

o0
Ryn—Ryn=)_ RyiRin.
k=0

This yields R(x) — R(x) — R(x)R(x) = 0, i.e. (I - R(x))(I + R(x)) = I. Symmetrically, one gets
(I+ R(x))(I-R(x)) = I. Hence the operator (I + R(x))~! exists, and it is a linear bounded
operator. O

Equation (24) is called the main equation of the inverse problem. Solving (24) we find the
vector ¥ (x), and consequently, the functions ¢,4; (x) by formulae

Onma (X) = Vuma(X),  @umo(X) = Quma(x) + fn'(,”nmso (x),
Pnqi (X) = Qum,i(x) + fnilfnqi (x), (25)
n=0,s=1,p, mg<q<mgy1,i=0,1.
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Then we construct the potential Q(x) and the coefficients of the boundary conditions /# and
H via (18). Thus, we obtain the following algorithm for the solution of Inverse Problem 1.

Algorithm 1. Given the data A.

(1) Choose L € A(w), and calculate(x) and R(x).

(2) Find vy (x) by solving equation (24), and calculate ¢, 4; (x).
(3) Construct Q(x), h and H by (18).

4. Sufficiency

4.1. Letdata {14, ang} +— € Sp satisfying the conditions of Theorem 1 be given. Choose

n=0,q=1,m
L€ A(w), construct (x), R(x), and consider the equation (24).

Lemma 9. For each fixed x € [0,7], the operator I + R(x), acting from B to B, has a bounded
inverse operator, and the main equation (24) has a unique solutiony(x) € B.

Proof. It is sufficient to prove that the homogeneous equation
BT +R(x)) =0, (26)

where B(x) = [B,(X)]uev, Bu(x) are m x m matrices, has only the zero solution. Let f(x) € B
be a solution of (26), i.e.

Brgi)+ Y Brij ) Ritjngi () = Om.
(kL pev

Denote

Ynm1(X) = ﬁnmsl (%), Yum0(X) =Ynma (x) + fnﬁnmso (x),
Ynqi(X) = Ynmgi(X) +SnPngi (%),

n=0,s=1,p, mg<q<mgy1,i=0,1.

Then y,4; (x) satisfy the relations
oo m _ _
Yngi )+ Y Y k10X Ereio,ngi () = Yiern (0 Fit,ngi () =0, 120, 27)
k=01=1
and the following estimates are valid

||Ynmxo(x) _Ynmsl(x) Il ||ani(x) _Ynmsi(x) | <C(x)¢n, (28)
s=1,p, mg< g <ms.




324 N. BONDARENKO

Construct the matrix-functions y(x, 1), I'(x, 1) and B(x, A) by the formulas

(Prip®), Plx, D)) L A@h (), P(x, )
y(x,A) = kzmzl[nlo(x)aklo A= Akio —Yin(xXag, pE - ]
(@7 10(x), P(x, 1)) @ (0, D(x, M)
I'(x,A) = kZOlZi[Yklo(x)aklo A= e —Yrn(X)ag, A ]

B(x,A) = y* (x, UT(x, A).

(29)

(30)

In view of (12), the matrix-function y(x, 1) is entire in A for each fixed x. The func-

tions T'(x,A) and B(x,A) are meromorphic in A with simple poles A,4;. According to (29),

Y (X, Angi) = Yngqi(x). We calculate residues of B(x, 1) (for simplicity we assume that {140} N

{Anql} =Q):
Res B(x,A) = 7" (X, 1nq0)Y (X, Ango)@ngo, ~ Res B(x,1) =0p,
=Anqo =Angl
Consider the integral

1
IN()C) = 3 B(x» /’L) d/’L)
27wi Jry

where I'y = {A: |A| = (N + 1/2)?}. Let us show that for each fixed x € [0, 7]
1\1]1120 In(x) =0y

Indeed, it follows from (12) and (29) that

P ms1—1

-y(x,A) = Z > > [Yklo(X)akloD(x,fl Ak10) = Yikn (0 @y D(x, A, Agrn)
k=0s=1 I=my

M1 —1

= Z Z [mm 0(0) = Ykm1 () Y. @hpo DA Ago) + Yiema (D (D(x, A, Agm,0)

k=0s= l=m;

=D, A, A, 1)) + Y iem1 (@) = @) D(x, A, A1)

ms1—1 1 ~
Y ema () Y Y @y (DA, Ag) = D(x, A, Agm )
I=mg j=0
Msy1— 11
£ 3 Y 0k = Ve, j )y Dl A A )
I=m; j=0

By virtue of Lemma 6, (5) and (28), we get

Sk

———, Rep=0.
o—kl+ ep

ly(x, Dl < C(x) exp(|7]x) Z

Similarly, using (30) we obtain for sufficiently large p* > 0:

C(x (o)
10 1 = S22 exp(-r10) 5 _'kal

T Rep =0, |p|=p*, p€Gs.
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Then )
C(x)
= )
lpl®

1Bx, ) < <Y (Z Sk LeTn.

lpl \izolp—kl+1

This estimate yields lim In(x) = 0,,.
N—o0

On the other hand, calculating the integral Iy (x) by the residue theorem, we arrive at
oo m

kzo Zlyltlo(x)Yklo(x)a'klo =0p.
=0g=

Since akio = ay,, =0, we get

Y10 Ykio (X)&kio = Opm,

Y, Ak0)kio =0m, k=0, [=1,
Since y(x, A) is entire in A, and
y(x,A) = O(exp(|7|x))

for each fixed x € [0, 7], according to condition 3 of Theorem 1, we get y(x, 1) = 0;,. Therefore
Yngi(x) =0p foralln=0, g =1,m, i =0,1, i.e. the homogeneous equation (26) has only the
zero solution. O

4.2. Further, we provide the general strategy of the proof of sufficiency in Theorem 1. The
proofs of Lemmas 10—12 are similar to ones described in [3, Sec. 1.6.2].

Let w(x) = [y, (x)] 4ev be the solution of the main equation (24).
Lemma 10. Forn=0, q=1,m,i=0,1, the following relations hold

Wngi() €C'0,7], Ny} I <Cn+1)Y, v=0,1 xe[07],

19ngi () =Wngi O < CONpy - 17,0 = (0 < CQ, x€ (0,7,

where
) 1

= ,;0 k+ D2(n—kl+ 12|

Construct matrix-functions ¢,4; (x) by formulae (25). By virtue of Lemma 10, we have

lph (I <C+1)¥, v=0,1,
19ngi (X) = Prgi D) < CQNY, N9, (0 =@, (DI <CQ, g=1,m, 31

9 nm0(X) = @uma (X1, ||(ani(x) —Pum,i ()] = Cén, s :m; ms < g <mngyy.
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Further, we construct the matrix-functions ¢(x, 1) and ®(x, 1) by the formulas

(@10, @x, )

PN =px - Y D orj0al,; :
k1, eV PR A= A

(@ (), B(x, 1)

O, ) =0 - Y, D puiway; :
(kL )eV A= Akij

and the boundary value problem L(Q(x), i, H) via (18). Clearly, ¢(x, Angi) = Qngi ().

Using estimates (31) one can show that the components of €y (x) are absolutely continu-
ous and the components of £(x) belong to L, (0, 7). Consequently, we get
Lemma 11. Qjx(x) € L2(0, ), j,k=1m.

Lemma 12. The following relations hold

In order to finish the proof of Theorem 1 it remains to show that the given data {14, @nq}
coincide with the spectral data of the constructed boundary value problem L(Q, &, H). In view
of Lemma 12, the matrix-function ®(x, A) is the Weyl solution of L. Let us get the representa-
tion for the Weyl matrix:

(@71 (), D(x, D)= o

MQ) =00, =M - Y @0«
(k,1, eV ! ki A=Ak

o m( qf a
k10 kil
+§ E - )
k=0l:1(/1_/1k11 /I—Akll)

Using the equality (see [4])

kZOIXi/l Ak’

we arrive at

M(/l) kl()
kz OIZM Akio’

Consequently, {10} are simple poles of the Weyl matrix M(A), and {akj} are residues
at the poles. Note that the multiplicities of the eigenvalues coincide with the numbers of
equal values among {10}, because they both coincide with the ranks of {a;o}. Theorem 1 is
proved. O
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