TAMKANG JOURNAL OF MATHEMATICS
Volume 42, Number 3, 265-274, Autumn 2011
doi:10.5556/].tkjm.42.2011.265-274

Available online at http://journals.math.tku.edu.tw,

ON THE MULTIPLICITY OF THE EIGENVALUES OF THE
VECTORIAL STURM-LIOUVILLE EQUATION

CHIEN-WEN LIN

Abstract. Let Q(x) be a continuous m x m real symmetric matrix-valued function defined
on [0, 1], and denote the Sturm-Liouville operator —dd—; + Q(x) as Lo with Q(x) as its po-
tential function. In this paper we prove that for each Dirichlet eigenvalue A, of Lg, the
geometric multiplicity of 1. is equal to its algebraic multiplicity. Applying this result, we
get a necessary and sufficiently condition such that each Dirichlet eigenvalue of L is of
multiplicity m.

1. Introduction

In this paper we shall study some problems related to the multiplicity of the eigenvalue
of the following vectorial Sturm-Liouville equation:

{ Y"'(%) + Al — Q(x)y(x) =0, 0

y(0)=y(@) =0,

where I, is the identity operator on R, Q(x) is an m x m real symmetric matrix-valued con-
tinuous function, and y(x) is an R"”-valued function. Denote Lo = —dd—; + Q(x) and call it
the Sturm-Liouville operator with the potential function Q(x). We say that a number A is
a Dirichlet eigenvalue of L if and only if the equation (1) has a nontrivial solution. Such
a solution is called a Dirichlet eigenfunction of Ly correponding to the eigenvalue A.. Let
mg(A.) denote the geometric multiplicity of the eigenvalue A, which is the dimension of the
subspace of eigenfunctions corresponding to .. The collection of all Dirichlet eigenvalues
of Lq is called the Dirichlet spectrum of Lo, and denoted by op(Lg). According to the self-
adjointness of Q(x), we know that all Dirichlet eigenvalues are real. Counting the geometric
multiplicity of the eigenvalues, we arrange the Dirichlet eigenvalues of L in ascending order
as:
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In order to study the Sturm-Liouville eigenvalue problem, we introduce the following
initial value problem:
Y"(x)+ ALy — Q1) Y (X) = 0,
{ Y(0)=0,, Y'0)=I,,
and denote its solution by Y (x;A). Then A, is a Dirichlet eigenvalue of L if and only if
det Y(1;1.) =0, and mg(A.) = dim(ker Y (1;A.)). Let m,4(A.) denote the algebraic multiplicity
of the eigenvalue 1., which is determined by the following equality:

mg(Ay) =maxine Z* | (A—A,) "detY (1;A) is analytic at A, }.

Itis known that for each A. € op(Lg), mg(A.) < m4(A). With the help of a homotopy method
motivated by the approach of L. Bers in his paper [2], we prove the following theorem:

Theorem 2. Suppose that Q(x) € C([0,1]; Z[®R™)), and Q(x) = Q(x)* for all x € [0,1]. Then
Mmq(As) = mg(Ay) forany A, € op(Lg).

On the other hand, for the Dirichlet eigenvalues of L, it is known that mg(1.) < m for
each 1, € op(Lg). In the works of C-L. Shen [7, 8] about the inverse eigenvalue problems re-
lated to equation (1), it was shown that if Q(x) is an even function, and mg(A.) = m for each
A« € op(Lg), then Q(x) is a diagonal matrix-valued function. Note that mg(A.) = m if and
only if Y(1;1.) = 0,,. Therefore it is interesting to find a spectral condition, only depending
on the eigenvalues of equation (1), to tell whether all Dirichlet eigenvalues of L are of multi-
plicity m. We use a homotopy method to study this problem. Denote Y (x; A; t) as the solution
of the following initial value problem:

Y'(x)+ AT -tQx)Y(x)=0, Y(©0)=0, Y'(0)=1I,

where € [0,1]. Then for sufficiently large / € N we know that Y (1; (I + 3)?7%; ) is an invertible
matrix for all ¢ € [0, 1]. Thus the following contour integral makes sense:

M;(f) = —
1o detY (1; 1; 1)

1 yg ZdetY(1; ;1)
27t A=+

Since M(t) is a continuous positive integer-valued function on [0, 1], then M;(1) = M;(0) =
Im. Thus there are Im Dirichlet eigenvalues (counting multiplicity) smaller than (/ + %)znz.
According to these argument, we obtain a necessary and sufficiently condition which implies
all Dirichlet eigenvalues of Lg are of multiplicity m.

Theorem 4. Suppose that Q(x) € C([0,1]; L ([R™)), and Q(x) = Q(x)* for all x € [0,1]. Then all
Dirichlet eigenvalues of Lo are of multiplicity m if and only if

op(Lg) = n’n?+1,| {Tn)52, is a bounded sequence}.
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Furthermore, {1,153, is a convergent sequence, and

1
f Qndt={lim 7,}1,,.
0 n—o0

2. Preliminary

In order to study the Sturm-Liouville eigenvalue problem with the selfadjoint m x m
matrix-valued potential Q(x), we consider the following initial value problems:

{ Y"(x;0) + A — Q) Y (15 A) = Oy, o

Y(0;A) =0y, Y,(O; A =1y,

where 0,,, is the m x m zero matrix. We have that

sin v Ax *sinvVA(x—1)
Y(x;A) = Iy +f — QWY dt, (3)
I i e
furthermore,
sinvA cosVA [1 exp (| QlloolSVAD
Y(1; ) = I, - f Wt +0( : ) 4)
VA 20 Jo Q Ik

where [|Qlloo = sup{llQ(xX)lLwm | x € [0;1]}, and we have that as a function of A, Y(x;A) is a
matrix-valued entire function. It is well known that 1. € op(Lg), if and only if Y (1;1,) has a
nontrivial kernel, thus det Y (1;1,) = 0.

To analyze the distribution of the zeros of det Y (1; 1) is helpful for our study of the struc-
ture of op(Lg). Now we introduce a Rouché’s theorem for analytic matrix valued-functions
(see [G2, Ch.XI Thm. 9.2]). Let ®(A) be an analytic matrix-valued function defined on an open
connected region Q c C. Define

mg(Ao; ®) = dim ker®(Ao),
Mg(Ao; ®) =maxin e Z* | (A — Ay) "det®(A) is analytic at Ao},

where mg(Ag; @) and m,(Ag; @) are geometric and algebraic multiplicity of Ay corresponding
to ®(A), respectively. Let I be a Cauchy contour in Q with inner domain A < Q. We say that
®(A) is normal with respect to I if ®(A) is invertible for all A € T'. Applying the analyticity of
®(1), we have that det ®(A) is also analytic on Q, thus there are only finitely many 1. € A,
such that ®(A.) is noninvertible. Then we may define the following quantities:

mg([[;0) = Y mg(L;®), ma(;®) = Y ma(A;®).
AEA AEA

If ®(A.) is selfadjoint, then we know m,(A.;®) = mg(A,;®). But for nonselfadjoint ®(A)
we only have that m,(A;®) = mg(A.;®). Gohberg and his coworkers proved the following
Rouché’s theorem for analytic matrix valued-functions (see [G2, Ch.XI Thm. 9.2]).
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Theorem 1. Let ®(A), ¥ (1) : Q € € — ZL(R") be analytic matrix valued-functions, and assume
that ® is normal with respect to the Cauchy contourT € Q. If

IO 'YWl g@n <1, forallAeT,
then the function V(1) = ®(1) + ¥ (A) is also normal with respect toT', and m4(T; ®) = m,(T; V).

In the remaining part of this section we shall analyze the distribution of Dirichlet eigen-
values of L. Applying the selfadjointness of Q(x), we have that there exist an m x m unitary
matrix P, such that

1 0 q2 0
P*(f eQwdnprP= . . |
0 oL el

where {g;}]" are eigenvalues of the constant matrix fol Q(t)dt,and q; < g2 < -+ < g Apply-
ing (4), we have that

iny/2 A0 0
P*Y(I;A)P:sm\/_lm—cos\/_ 2
IVA
+O(exp(||Q||o<;|o\/_|)).
A2
Denote
; 0 . 0
q)(/l):sm\/zlm_cosx/z qe ’
Y (A) =PY(L;1)P —D(A).
Since

m sinyA  cosvVA
det®d(A) = | [ ( - i)
] v

Let t;m+i be the (Im + i)-th zero of det®(1). Applying the Rouché’s theorem, we find that

Uim+; satisfies

1
Pimei— I+ 1202 = q; + 0(9)-
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On the other hand, for sufficient large /, denote

Yi= A eClIA— pimeil =€},

where 55 is a suitable number, such that det® (A1) # 0 for all A inside yf except Uim+i, and
lim ef =0,
l—o00

and @A) 'W(A)|| o @m < 1 forany A € y;'. According to Theorem 1, we know that

Ma(y};®) = ma(yh; @ +¥) = ma(y} Y (1) = ma(Wims i3 @). 5)
This shows that the eigenvalues of the equation (1) appear near (I + 1)272 + g; for sufficient
large [.
3. On the analysis of the structure of o p (L()

The purpose in this section is to prove that m,(1.; Y (1;14)) = mg(A.; Y (1;A)) for all A, €
op(Lg), where Q(x) € Z(R"). Before we begin to prove our assertion, we need some notation.
Consider the following auxiliary eigenvalue problem:

V'(x)+ Al — tQ(x)y(x) =0, ©)
y0) =y =0,
and the following initial value problem:
Y'(xX)+ Al — tQ(x)Y(x) =0, Y(©0)=0, Y'(0)=1I, (7

where ¢ € [0,1]. Denote Y (x;A; t) the solution of the equation (7), and let A8 (¢) denote the n-th
eigenvalue (counting geometric multiplicity) of (6). Then detY (1;A8 (£); £) = 0 for all n € N. Let
A4(1) be the n-th zero (counting algebraic multiplicity) of detY (1;A; £). Then kerY (1; 1% (¢)) #
{0}. Thus for any A (1), there exists k,, such that Azn (£) = A% (¢), and for any 1% (z), there exists
jn, such that Afn(t) = 14(8).

Theorem 2. Suppose that Q(x) € C([0,1]; Z[®R™)), and Q(x) = Q(x)* for all x € [0,1]. Then
mg(As) = mg(Ay) forany A, € op(Lg).

Proof. To prove our theorem, we have to prove that mg(1.; Y (1;1)) = ms(As; Y (1; 1)), where
A« € op(Lg). If we can prove that A5 (1) = 14(¢) for all 7 € [0,1], and n € N, then mg(A%(1);
Y(1;A;0) = ma(/li(t); Y (1;A; ). Since Y (1;1) = Y(1;A;1), then our assertion holds. Accord-
ing to the definition of A%(¢), AS () and the continuity of Y (1; A; £) corresponding to ¢-para-
meter, we know that {1},(1)}%>, and {Aﬁ(t)}‘,’lo: , are two increasing sequences of continuous
functions, and A%(£) < AS () forall £ € [0,1], n € N.
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Suppose that there exists j € N, tj € [0, 1], such that it;?(to) < A}g(to). Denote
N ={te]0,1] | There exist j;, such that /l;’t(t) < Ai(t)}.

Since fy € A, then & is a nonempty subset of [0,1]. On the other hand, for any ¢, € A4,
according to the continuity of A;’t* () and /li* (1), there exists an open neighborhood .#;, of ¢,
such that for all € .%; , we have that /1;?[* (1< /li* (7). This implies that .#; < 4/, thus A is an
relatively open subset of [0, 1]. Furthermore, for any ¢ € A, applying (5) we have that

A5 (0 - 24(t
limsupM > 1.
n—o00 2nm

8)

Let t. be an accumulation point of A/, but . ¢ 4. Then there exist {#,}}, <4, such that 7,
converges to t, as n tends to infinite. In the previous argument we know that
a
A Im+

1
() = AL, () = (tn = £:)qi + O(7). 9)

Denote y,(x; t) the n-th eigenfunction of (6), such that fol Il yn(x;)1?dt = 1. Then applying
the variational principle (see [4]), we have that

AS(1) Sfol Iy, (x5 t*)llzdx+f01<tQ(x)yn(x; £, yn(x; 1)) dt
=f01 llyy, (x; t*)IIZdX+f01<t*Q(x)yn(x; 1), Yn(X; t))dt
+ (- t*)f()l<Q(x)yn(x; t), yn(x; L)) dt
= A5 () + (1 - t*)fO1<Q(x)yn(x; 1), Yn(X; L)) d e,
and
A () sfol 17 (65 t)||2dx+f01<r*Q(x)yn(x; 1), yn(x; 1)) dt
=f01 llyy, (x; t)llzdx+f01<tQ(x)yn(x; 1), yn(x; 1) dt
+ (L — t)f()1<Q(x)yn(x; 0, yn(x;0))dt
= A5(0) + (1 — t)f()1<Q(x)yn(x; 0, yn(x;0)dt.
Following the previous two inequalities and applying Holder inequality, we find that

|AS() = AS(t) I<] t = L] - [ Qlloo- (10)
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Since t, ¢ ./, then A%(t,) = A5 (z,) for all n € N. According to (9) and (10), we have that
A () = A (8) <IAG(8) = A (8 |+ [ A (8) = Afy(2) |

1)
(217

m

<|f;j—t.|{ max ¢;}+O( t;—t.]) + O(
i=1,,m

This is a contradiction to the inequality (8). Thus ¢, € ./, and we find that ./ is a rela-
tively closed subset of [0, 1]. By the connectedness of [0, 1], and the assumption of ./ being
nonempty, we conclude that 4" = [0, 1]. But Y (1;1;0) = Sh\l/_f I, this shows that 1%(0) = A5 (0)
forall n €N, 0 ¢ .4, which is absurd. Thus .4 is empty. Hence A$ () = A%(¢) forallneN. O

Remark. If we consider the Neumann eigenvalue problem of L as follows:

Z"(x)+ (AL, — Q(x)z(x) =0,
Z'(0)=2'(1) =0,

and denote Z(x; 1) the solution of the following initial value problem:

Z" A + Ay — Q) Z(x4) =0y,
ZO; M) =1, Z'O;1)=0,,.

Then we know that p, is in the Neumann spectrum o n(Lg) of Lo or a Neumann eigenvalue
of L, if and only if det Z'(1; u,) = 0. Applying the similar argument in the proof of Theorem
2, we get that mg(u) = mg(u) for all u € on(Lg). Thus for any Neumann eigenvalue of L its
geometric multiplicity are equal to its algebraic multiplicity.

Denote y; = {A € C:| A - I?7%| = (I - })w?}, | € N. According to the identity (5), there exists
a positive integer Mg, such that

A=m, 11

1 f L detY (1;1)
2mi Jy, detY(1;4)

for any I = Mg, I € N. Applying Theorem 2, we have that there are m Dirichlet eigenvalues of
Lq which are contained inside y;. On the other hand, according to (4), we have that

G VO S
I+Hm " I+ 138

1
Y(1; 0+ 5)2”2; e ),
where ¢ € [0,1]. Thus for sufficiently large / we know that Y (1; (I + %)2712; t) is invertible for
any t € [0,1], then detY (1;(I + 3)*7%; 1) # 0 for all £ € [0, 1]. Thus we can define the following
integral
1 ZdetY (L;4;0)
M;(t) = — —_——
27 JiA=+ 1y2n? detY (1;A;1)
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According to (4), we have that

sin\/ZIm_ tcosx/_f 0w+ 10( XpIIQIIOOL%\/XI)'
VA VA2

Then the family {detY (1;A; ©)}sc(0,1) is @ continuous family with parameter . On the other
hand, we know that % detY(1;A; 1) are sum of terms with multiplication of entries of Y (1; A; 1)
and % Y (1;A; t). Denote Y (x;A; 1) = a 7Y (x;A;1). Then Yy (1; A; 1) satisfies the following equa-
tion:

YA =

V(A0 + ALy — 1QU)) YA (x4 ) = Q)Y (x5 4; 1),
{ Y1 (0;4; 1) = Y (0;4; 1) = Oy

According to the continuity of Y (x; A; t) on ¢ variable, we know that {Y; (1;1; )} ¢[0,1) is a con-
tinuous family with parameter ¢. Then {0% detY (1;A; 1)} seqo,1) is also a continuous family with
parameter t. Thus M;(¢) is a continuous function on [0, 1] with positive integer value, this
shows that M;(¢) is a constant function, M;(t) = M;(0) = Im. From our argument of the dis-
tribution of the zeros of Y (1;1), we find that L has exactly /m Dirichlet eigenvalues inside
{IAl = (1 + $)?7%}. The above argument implies the following corollary:

Corollary 3. For Q(x) € C([0,1]; Z[®R™)), Q(x) = Q(x)* for all x € [0,1]. Let A, be the n-th
Dirichlet eigenvalue of Lg, then

1
lim Z(Alm“ —(l+D?%nH = tmce{f Q(ndt}.
0

l—o0;

Proof. In the previous argument we find that there are /m Dirichlet eigenvalues of Ly which
are contained in{fA e C: A< (I + %)27:2}. According to the identities (5) and (11), we find that

1
AMimai = U+ 1?1+ q; + o),
fori=1,2,---,m. Thus
= 2 20 1
Y Aimei—(I+D*7%) =) gi +0(3).

i=1 i=1
Then our assertion holds. O

From the previous argument for the multiplicity and the distribution of the Dirichlet
eigenvalues of L, we obtain the following theorem.

Theorem 4. Suppose that Q(x) € C([0,1]; L([R™)), and Q(x) = Q(x)* for all x € [0,1]. Then all
Dirichlet eigenvalues of Lo are of multiplicity m, if and only if there exists a bounded sequence
(TS, such that

op(Lg) = {n*n*+1, | neN.

Furthermore, {1 ,}};., is a convergent sequence, and

f Qdt={1lim 7,}1,,.
0 n—oo
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Proof. Suppose that mg(A.;Y (1;1)) = mfor all 1. € 0p(Lg). According to the identities (5)
and (11), we find that

Aim+1 = Aima2 == Aimam.

But Ay = I+ 1)?1% + q;+ O(3), thus g1 = g = --- = g and 7, = gy + O(3). This implies that
{Tn}$, is a convergent sequence which converges to g1, and

1
fo Qdt=qi 1.
Conversely, assume that there exists a bounded sequence {7,}_,, such that
op(Lg) = {n*n* +1,| neN}.

In the identity (24) we find that if n > My, then mg(nzn2 +7T,;Y(1;A)) = m. DenoteI'; = {1 €
C:|Al = (I+ 3)*n?}, the previous argument implies that m,(I'; Y (1;A)) = Im = mg(T; Y (1; 1))
for sufficient large /. From the distribution of o p(Lg), we find that there only [ eigenvalues
inside I';. Thus each eigenvalue inside I'; is of multiplicity m. This implies that all Dirichlet
eigenvalues of L are of multiplicity m. O

Remark. Denote the n-th Neumann eigenvalue of Ly as uy, then applying the argument
similar to those argument in the proof of Corollary 3. and Theorem 4, we have that

1
Wimsi = P+ q; + 0(7)-

Furthermore, we also get that all Neumann eigenvalue of L are of multiplicity m, if and only
if

on(LQ) ={n*n°+e, | neZy},

where {€,,}} is a bounded sequence. Applying these result, we can simplify the vectorial V.A.
Ambarzumyan theorem (see [3]) as the followings:

Corollary5. LetQ(x) be a continuous mx m selfadjoint matrix-valued function, then o n(Lq) =
{n?n?| nez}, ifand only if Q(x) = 0,, for all x € [0,1].

From [Sh2] we know that if Q(x) € C([0, 1]; £(R™)), and Q(x) = Q(x)*, Q(x) = Q(1 — x) for
all x € [0,1], and all eigenvalues of the equation (1) are of multiplicity m, then Q(x) = g(x) I ,5;,
where g(x) is a scalar continuous function defined in [0, 1], and g (x) = g(1—x) for all x € [0, 1].
According to Theorem 4, we obtain the following result which is an extension of the previous
inverse spectral theorem that we just mentioned.
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Corollary 6. Suppose that Q(x) € C([0,1]; Z([R™)), and Q(x) = Q(x)*, Q(x) = Q(1 — x) for all
x €[0,1]. Then the Dirichlet spectrum o p(Lq) of Lq is of the form

op(Lg) = P’ +1, | neN},

where {1 ,},_, is a bounded sequence, if and only if Q(x) = q(x) I, where q(x) is a scalar con-
tinuous function defined in [0, 1], and q(x) = q(1 — x) for all x € [0, 1].
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