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Abstract. The main purpose of this paper is to present a number of new integral

representations for the familiar Mathieu series S
(α,β)
µ (r; {ak}

∞

k=1)(r ∈ R, α, β, µ,

{ak}
∞

k=1 ∈ R+) [12] as well as for its alternating version [8, 16] when ak = {kp}∞k=1,

ak = {(k!)p}∞k=1, ak = {(ln k!)p}∞k=1 with p = γ, γ(µα − β) > 1 and p = q

α
,

µ − β

α
> q−1, q ∈ N .

1. Introduction

The following familiar infinite series

S(r) =

∞∑

n=1

2n

(n2 + r2)2
(r ∈ R) (1.1)

is named after Emile Leonard Mathieu (1835-1890), who investigated it in his 1890 work
[7] on elasticity of solid bodies. A remarkably useful integral representation for S(r) in
the elegant form

S(r) =
1

r

∫ ∞

0

t sin(rt)

et − 1
dt (1.2)

was given by Emersleben [5]. An alternating version of (1.1)

S̃(r) =

∞∑

n=1

(−1)n−1 2n

(n2 + r2)2
(r ∈ R) (1.3)

was recently introduced by Pogany et al. in [8].
In [8] it was given the following relationship between S(r) and S̃(r):

S̃(r) = S(r) −
1

4
S

(r
2

)
. (1.4)
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Let F be a Laplace transform of f , i.e.

F (p) = Lp(f(x)). (1.5)

Using the relations (see [9]), p.651)

∞∑

n=1

F (n) =

∫ ∞

0

f(x)

ex − 1
dx (1.6)

∞∑

n=1

(−1)n−1F (n) =

∫ ∞

0

f(x)

ex + 1
dx (1.7)

Pogany et al. [8] gave an integral representation for S̃(r):

S̃(r) =
1

r

∫ ∞

0

t sin(rt)

et + 1
dt. (1.8)

Choi and Srivastava (see [2], Theorem 1) presented a relationship between the Mathieu
series S(r) and certain series involving the Riemann Zeta function. Pogany et al. (see
[8], Proposition 1) gave a relationship between the alternating Mathieu series S̃(r) and
certain series involving the Dirichlet Eta function. By means of these relationships Choi
and Srivastava (see [2]) presented various integral representations of S(r) and S̃(r), in
terms of the Trigamma function ψ′(z) or (equivalently) the Hurwitz (or generalized) Zeta
function ζ(s, a).

Several interesting problems and solutions dealing with integral representations and
bounds for the following slight generalization of the Mathieu series with a fractional
power

Sµ(r) =

∞∑

n=1

2n

(n2 + r2)µ
(r ∈ R;µ > 1) (1.9)

can be found in the works by Diananda [3], Tomovski and Trencevski [14], Cerone and
Lenard [1] and Choi and Srivastava [2]. Namely, Tomovski and Trencevski [14] presented
a relationship (integral representation) of (1.9) in terms of the Polygamma function
ψ(µ)(z), µ = 2, 3, 4, . . .:

Sµ+1(r) =
2

µ!(2r)µ
Re[eiµπ/2ψ(µ)(1 + ir)]

+

µ∑

k=1

2(1 −K)

(2r)2µ−k+1k!(µ−k+1)

(
−(µ+1)

µ−k

)
Re[ei(2µ−k+1)π/2ψ(µ)(1+ir)] (µ∈N). (1.10)

Choi and Srivastava [2] presented two relationships (integral representations) for the
series S3(r) when 0 < |r| < 1 and Re(r) > 0:

S3(r)=
i

8r3
[ψ′(1 + ir) − ψ′(1 − ir)] +

1

8r3
[ψ′′(1 + ir) + ψ′′(1 − ir)]

=
i

8r3
[ζ′(2, 1+ir)−ζ′(2, 1−ir)]−

1

4r2
[ζ(3, 1+ir)+ζ(3, 1−ir)] (0< |r|<1), (1.11)

S3(r)=
3 + r2

2(1 + r2)3
+

1

4r3

∫ ∞

0

( 1

et − 1
−

1

t
+

1

2

)
te−t[sin(rt) − rt cos(rt)] (Re(r) > 0).
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Motivated essentially by the works of Cerone and Lenard [1] (and Qi [10]) the five-

parameter family of generalized Mathieu series

S(α,β)
µ (r; a) = S(α,β)

µ (r; {ak}
∞
k=1) =

∞∑

k=1

2aβ
k

(aα
k + r2)µ

(r ∈ R,α, β, µ ∈ R+) (1.12)

was defined in [12], where it is tacitly assumed that the positive sequence

a = {an}
∞
k=1 = {a1, a2, a3, . . .} ( lim

k→∞
ak = ∞)

is so chosen that the infinite series in definition (1.12) converges, that is, that the following

auxiliary series
∞∑

k=1

1

aµα−β
k

is convergent. Comparing the definitions (1.1), (1.9) and (1.12), we see that S2(r) = S(r)

and Sµ(r) = S
(2,1)
µ (r, {k}∞k=1). Furthermore, the special cases S

(2,1)
2 (r; {ak}

∞
k=1), Sµ(r) =

S
(2,1)
µ (r; {k}∞k=1), S

(2,1)
µ (r; {kγ}∞k=1) and S

(α,α/2)
µ (r; {k}∞k=1) were investigated by Qi [10];

Diananda [3]; Tomovski [15] and Cerone-Lenard [1]. Let (see [8, 16])

S̃(α,β)
µ (r; a) = S̃(α,β)

µ (r; {ak}
∞
k=1) =

∞∑

k=1

(−1)k−1 2aβ
k

(aα
k + r2)µ

(r ∈ R,α, β, µ ∈ R+)

(1.13)

be an alternating variant of (1.12), where the positive sequence {ak}
∞
k=1 satisfies the

same conditions of the definition (1.12). In [4, 8, 12, 16] several integral representations

for (1.12) and their alternating variants (1.13) were presented in terms of the generalized

hypergeometric functions, the Bessel function of first kind and the generalized Mittag-

Leffler functions.

The generalized hypergeometric function pFq with p numerator and q denominator

parameters is defined by

pFq[(al)1,p; (bj)1,q;x] =

∞∑

m=0

p∏

l=1

(al)m

q∏

j=1

(bj)m

xm

m!
(1.14)

where (δ)m is the Pochhammer symbol, defined by

(δ)0 = 1, (δm) = δ(δ + 1) · · · (δ +m− 1) =
Γ(δ +m)

Γ(δ)
(m ∈ N).
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The Fox-Wright generalization pΨq of the hypergeometric pFq function is defined by

pΨq(x) = pΨq[(al, αl)1,p; (bj , βj)1,q;x] =

∞∑

k=0

p∏

l=1

(al + αlk)

q∏

j=1

(bj + βjk)

xk

k!

(
al, bj, αl, βj ∈ R; l = 1, 2, . . . , p, j = 1, 2, . . . , q; 1+

q∑

j=1

βj−

p∑

l=1

αl > 0
)

(1.15)

so that, obviously

pΨq[(al, 1)1,p; (bj , 1)1,q;x] =

p∏

l=1

Γ(al)

q∏

j=1

Γ(bj)

pFq[(al)1,p; (bj)1,q;x] (al > 0, bj 6∈ Z−
0 ). (1.16)

2. Integral Representations for S̃
(α,β)
µ (r; a)

In this section we present some new integral representations for generalized alternating
Mathieu series (1.13) by using some recent investigated integral representations for (1.12).

Theorem 2.1. For the alternating Mathieu series S̃(r) and its generalizations S̃
(α,β)
µ (r;

{kγ}), S̃
(α,β)
µ (r; {kq/α}) the following integral representations hold:

S̃(r) = S̃
(2,1)
2 (r; {k}) =

1

r

∫ ∞

0

t

et − 1

[
sin(tr) −

1

2
sin(

tr

2
)
]
dt (r ∈ R), (2.1)

S̃(α,β)
µ (r; {kγ}) =

2

Γ(µ)

∫ ∞

0

tγ(µα−β)−1

et − 1

{
1Ψ1

[
(µ, 1), (γ(µα− β), γα);−r2tγα]

−
(1

2

)γ(µα−β)−1

1Ψ1

[
(µ, 1), (γ(µα− β), γα);−r2

( t
2

)γα]}
dt

(r ∈ R,α, β, γ ∈ R+, γ(µα− β) > 1), (2.2)

S̃(α,β)
µ (r; {kq/α}) =

2

Γ
(
q
(
µ− β

α

))
∫ ∞

0

tq(µ−β/α)−1

et − 1

{
1Fq

[
µ,∆

(
q; q

(
µ−

β

α

))
;−r2

( t
q

)q]

−
(1

2

)q(µ−β/(α))

1F1

[
µ,∆

(
q; q

(
µ−

β

α

))
;−r2

( t

2q

)q]}
dt

(r ∈ R,α, β, γ ∈ R+, µ−
β

α
> q−1, q belong to N), (2.3)

where ∆(q;λ) is the q-tuple
(

λ
q ,

λ+1
q , . . . , λ+q−1

q

)
.
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Proof. Using the relation (1.4) and integral representation (1.2) we get

S̃(r) = S(r) −
1

4
S

(r
2

)
=

1

r

∫ ∞

0

t sin(tr)

et − 1
dt−

1

2r

∫ ∞

0

t sin( tr
2 )

et − 1
dt

=
1

r

∫ ∞

0

t

et − 1

[
sin(tr) −

1

2
sin

( tr
2

)]
dt.

In [12] the following two integral representations were proved:

S(α,β)
µ (r; {nγ})=

2

Γ(µ)

∫ ∞

0

xγ(µα−β)−1

ex − 1
1Ψ1[(µ, 1), (γ(µα− β), γα);−r2xγα]dt

(r ∈ R,α, β, γ ∈ R+, γ(µα− β) > 1) (2.4)

S(α,β)
µ (r; {nq/α})=

2

Γ
(
q
[
µ− β

α

])
∫ ∞

0

xq[µ−β
α

]−1

et − 1
1Fq

[
µ; ∆[q; q[µ−β/α]);−r2

(x
q

)q]
dx

(r ∈ R,α, β ∈ R+, µ−
β

α
> q−1; q ∈ N). (2.5)

Substituting the last two integral representations in the following two relationships

S̃(α,β)
µ (r; {nγ}) = S(α,β)

µ (r; {nγ}) −
1

2γ(µα−β)−1
S(α,β)

µ

(
r

2
γα
2

; {nγ}

)
, (2.6)

S̃(α,β)
µ (r; {nq/α}) = S(α,β)

µ (r; {nq/α}) −
1

2q(µ−β/α)−1
S(α,β)

µ

(
r

2
q
2

; {nq/α}

)
, (2.7)

we obtain (2.2) and (2.3) respectively. �

3. Integral representations for S
(α,β)
µ (r; a) and S̃

(α,β)
µ (r; a) with ak = {(k!)p}∞k=1

and ak = {(ln k!)p}∞k=1

The positive sequences {(k!)∞k=1} and {(ln k!)∞k=1} tends to infinity and the auxiliary
series

∑∞

k=1
1

(k!)p and
∑∞

k=2
1

(ln k!)p are convergent for any p > 1. Hence we can con-

sider the following special cases of (1.12): S
(α,β)
µ (r; {(k!)γ}∞k=1), S

(α,β)
µ (r; {(k!)q/α}∞k=1),

S
(α,β)
µ (r; {(ln k!)γ}∞k=2), S

(α,β)
µ (r; {(ln k!)q/α}∞k=2), as well as their alternating variants as

special cases of (1.13). To express their integral representations we need the following
Lemmas.

Lemma 3.1. The following two integral representations are valid

∞∑

k=1

F (k!) =

∫ ∞

0

f(y)Dk!(y)dy (3.1)

∞∑

k=1

(−1)k−1F (k!) =

∫ ∞

0

f(y)D̃k!(y)dy (3.2)

where Dk!(y) =
∑∞

k=1
1

eyk! and D̃lnk!(y) =
∑∞

k=1
(−1)k−1

eyk! are Dirichlet series.
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Proof. It is sufficient to proof the first equality since the second can be proved analo-
gously.

∞∑

k=1

F (k!) =

∞∑

k=1

∫ ∞

0

e−yk!f(y)dy =

∫ ∞

0

f(y)
( ∞∑

k=1

1

eyk!

)
dy =

∫ ∞

0

f(y)Dk!(y)dy. �

Lemma 3.2. The following two integral representations are valid

∞∑

k=1

F (ln k!) =

∫ ∞

0

f(y)Dlnk!(y)dy (3.3)

∞∑

k=1

(−1)k−1F (ln k!) =

∫ ∞

0

f(y)D̃lnk!(y)dy (3.4)

where Dlnk!(y) =
∑∞

k=1
1

(k!)y and D̃ln k!(y) =
∑∞

k=1
(−1)k−1

(k!)y are Dirichlet series.

Proof. It is sufficient to proof the first equality, since the second can be proved analo-
gously. Indeed we have

∞∑

k=1

F (ln k!) =
∞∑

k=1

∫ ∞

0

e−y ln k!f(y)dy =

∫ ∞

0

f(y)
( ∞∑

k=1

1

(k!)y

)
dy =

∫ ∞

0

f(y)Dlnk!(y)dy.

Throughout next Lemmas, we also find it to be useful to consider the function ax = a(x)
such that

ax = a(x)
∣∣∣
x∈N

= a

a and ⌊a−1(x)⌋ denotes the integer part of the inverse of the function a(x). �

Lemma 3.3. For Dirichlet series Dk!(y) and D̃k!(y) the following integral representa-

tions hold:

Dk!(y) = y

∫ ∞

0

e−yt([Γ−1(t)] − 1)dt (3.5)

D̃k!(y) = y

∫ ∞

0

e−yt cos2
(π

2
[Γ−1(t)]

)
dt (3.6)

where Γ−1(x) is the inverse function of Gamma function.

Proof. When a = {an}
∞
n=1 is monotone increasing to infinity then (see [8], [16])

Da(y) =

∞∑

k=1

e−aky = y

∫ ∞

0

e−ytA(t)dt (3.7)

D̃a(y) =

∞∑

k=1

(−1)k−1e−aky = y

∫ ∞

0

e−ytÃ(t)dt (3.8)
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where the so-called countining functions A(t) and Ã(t) has been found easily in the
following manners:

A(t) =
∑

k:ak≤t

1 = [a−1(t)] (3.9)

Ã(t) =
∑

k:ak≤t

(−1)k−1 =
1 − (−1)[a

−1(t)]

2
= sin2

(π
2

[a−1(t)]
)
. (3.10)

Since

A(t) =
∑

k:k!≤t

1 =

k!≤t∑

k=1

1 =

Γ(k+1)≤t∑

k=1

1 =

[Γ−1(t)]−1∑

k=1

1 = [Γ−1(t)] − 1, (3.11)

Ã(t) =
∑

k:k!≤t

(−1)k−1 = sin2
(π

2
[Γ−1(t)] −

π

2

)
= cos2

(π
2

[Γ−1(t)]
)

(3.12)

applying the integral representations (3.7) and (3.8) with (3.11) and (3.12) respectively
to Dk!(y) and D̃k!(y) we get (3.5) and (3.6). �

Lemma 3.4. For Dirichlet series Dlnk!(y) and D̃ln k!(y) the following integral represen-

tations hold:

Dlnk!(y) = y

∫ ∞

1

x−y−1([Γ−1(t)] − 1)dt (3.13)

D̃lnk!(y) = y

∫ ∞

1

x−y−1 cos2
(π

2
[Γ−1(x)]

)
dx (3.14)

where Γ−1(x) is the inverse function of Gamma function.

Proof. Since

A(t) =
∑

k:ln k!≤t

1 =

ln k!≤t∑

k=1

1 =

[Γ−1(et)]−1∑

k=1

1 = [Γ−1(et)] − 1 (3.15)

Ã(t) =
∑

k:ln k!≤t

(−1)k−1 = sin2
(π

2
[Γ−1(et)] −

π

2

)
= cos2

(π
2

[Γ−1(et)]
)

(3.16)

applying the integral representations (3.7) and (3.8) respectively to Dln k!(y) and D̃ln k!(y)
after substitution x = et we get (3.13) and (3.14). �

Substituting (3.5) and (3.6) in (3.1) and (3.2) respectively, we obtain the following
Theorem.

Theorem 3.5. The following two integral representations are valid

∞∑

k=1

F (k!) =

∫ ∞

0

∫ ∞

0

yf(y)e−yt([Γ−1(t)] − 1)dtdy, (3.17)

∞∑

k=1

(−1)k−1F (k!) =

∫ ∞

0

∫ ∞

0

yf(y)e−yt cos2
(π

2
[Γ−1(t)]

)
dtdy. (3.18)
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Comparing (1.6) and (1.7) with integral representations (2.4) and (2.5) and applying the
last two equations with

f(y) =
2

Γ(µ)
yγ(µα−β)−1

1Ψ1[(µ, 1); (γ(µα− β, γα));−r2yγα] (3.19)

and

f(y) =
2

Γ
(
q
[
µ− β

α

])yq[µ− β
α

]−1
1Fq

[
µ; ∆

(
q; q

[
µ−

β

α

])
;−r2

(y
q

)q]
(3.20)

we get the following results.

Theorem 3.6. For the generalized Mathieu series the following integral representations

hold:

S(α,β)
µ

(
r; {(k!)γ}∞k=1

)
=

2

Γ(µ)

∫ ∞

0

∫ ∞

0

yγ(µα−β)e−yx
1Ψ1[(µ, 1); (γ(µα− β), γα));−r2yγα]

×
([

Γ−1(x)
]
− 1

)
dxdy, (3.21)

S̃(α,β)
µ

(
r; {(k!)γ}∞k=1

)
=

2

Γ(µ)

∫ ∞

0

∫ ∞

0

yγ(µα−β)e−yx
1Ψ1[(µ, 1); (γ(µα− β), γα));−r2yγα]

× cos2
(π

2

[
Γ−1(x)

])
dxdy,

(r ∈ R,α, β, γ ∈ R+, γ(µα− β) > 1); (3.22)

S(α,β)
µ

(
r; {(k!)q/α}∞k=1

)
=

2

Γ
(
q
[
µ− β

α

])
∫ ∞

0

∫ ∞

0

yq[µ− β
α

]e−yx

1Fq

[
µ; ∆

(
q; q

[
µ−

β

α

])
;−r2

(y
q

)q]([
Γ−1(x)

]
− 1

)
dxdy, (3.23)

S̃(α,β)
µ

(
r; {(k!)q/α}∞k=1

)
=

2

Γ
(
q
[
µ− β

α

])
∫ ∞

0

∫ ∞

0

yq[µ− β
α

]e−yx

1Fq

[
µ; ∆

(
q; q

[
µ−

β

α

])
;−r2

(y
q

)q]
cos2

(π
2

[
Γ−1(x)

])
dxdy,

(r ∈ R,α, β ∈ R+, µ−
β

α
> q−1; q ∈ N). (3.24)

Now substituting (3.13) and (3.14) in (3.1) and (3.2) respectively, we obtain the
following Theorem.

Theorem 3.7. The following two integral representations are valid

∞∑

k=1

F (ln k!) =

∫ ∞

0

∫ ∞

1

yf(y)x−y−1([Γ−1(x)] − 1)dxdy, (3.25)

∞∑

k=1

(−1)k−1F (ln k!) =

∫ ∞

0

∫ ∞

1

yf(y)x−y−1 cos2
(π

2
[Γ−1(x)]

)
dxdy. (3.26)
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Comparing (1.6) and (1.7) with integral representations (2.4) and (2.5) and applying

(3.25) and (3.26) with (3.19) and (3.20) we get the following results.

Theorem 3.8. For the generalized Mathieu series the following integral representations

hold:

S(α,β)
µ

(
r; {(ln k!)γ}∞k=2

)
=

2

Γ(µ)

∫ ∞

0

∫ ∞

1

yγ(µα−β)
1Ψ1[(µ, 1); (γ(µα− β), γα));−r2yγα]

×x−y−1
([

Γ−1(x)
]
− 1

)
dxdy, (3.27)

S̃(α,β)
µ

(
r; {(ln k!)γ}∞k=2

)
=

2

Γ(µ)

∫ ∞

0

∫ ∞

1

yγ(µα−β)
1Ψ1[(µ, 1); (γ(µα− β), γα));−r2yγα]

×x−y−1 cos2
(π

2

[
Γ−1(x)

])
dxdy,

(r ∈ R,α, β, γ ∈ R+, γ(µα− β) > 1); (3.28)

S(α,β)
µ

(
r; {(ln k!)q/α}∞k=2

)
=

2

Γ
(
q
[
µ− β

α

])
∫ ∞

0

∫ ∞

1

yq[µ− β
α

]
1Fq

[
µ; ∆

(
q; q

[
µ−

β

α

])
;

−r2
(y
q

)q]
x−y−1

([
Γ−1(x)

]
− 1

)
dxdy, (3.29)

S̃(α,β)
µ

(
r; {(ln k!)q/α}∞k=2

)
=

2

Γ
(
q
[
µ− β

α

])
∫ ∞

0

∫ ∞

1

yq[µ− β
α

]
1Fq

[
µ; ∆

(
q; q

[
µ−

β

α

])
;

−r2
(y
q

)q]
x−y−1 cos2

(π
2

[
Γ−1(x)

])
dxdy

(r ∈ R,α, β ∈ R+, µ−
β

α
> q−1; q ∈ N). (3.30)
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