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RECONSTRUCTION OF THE STURM-LIOUVILLE OPERATORS ON
A GRAPH WITH 6, COUPLINGS

CHUAN-FU YANG

Abstract. Inverse nodal problems consist in constructing operators from the given zeros
of their eigenfunctions. In this work, we deal with the inverse nodal problems of recon-
structing the Sturm-Liouville operator on a star graph with §’, couplings at the central
vertex. The uniqueness theorem is proved and a constructive procedure for the solution
is provided from a dense subset of zeros of the eigenfunctions for the problem as a data.

1. Introduction

In 1988, the inverse nodal problem was posed and solved for Sturm-Liouville problems
by J. R. McLaughlin [30], who showed that knowledge of a dense subset of nodal points of the
eigenfunctions alone can determine the potential function of the Sturm-Liouville problem
up to a constant. Some numerical schemes were provided by O. H. Hald and J. R. McLaugh-
lin for the reconstruction of the potential [14]. From the physical point of view this corre-
sponds to finding, e.g., the density of a string or a beam from the zero-amplitude positions of
their eigenvibrations. Recently, some authors have reconstructed the potential function for
generalizations of the Sturm-Liouville problem from the nodal points (for example, refer to
[3,5,7,10, 11, 14, 19, 24, 25, 26, 30, 33, 34, 35, 37, 41, 42]).

Quantum graphs became in the last decade a useful and versatile tool to describe several
classes of physical systems, in particular, various combinations of quantum wires. There are
numerous papers devoted to the subject and we restrict ourselves to mentioning the bibliog-
raphy given in [17, 20], where also basic concepts of theory are discussed. In [17, 20], all sym-
metrical vertex matching conditions are described (something more general than standard
boundary conditions). For example, so-called Kirchhoff boundary conditions as the most
common case of the standard & couplings; a kind of &', couplings similar to § couplings, just
with roles of the function and its derivative exchanged. For Kirchhoff boundary conditions,
its important applications are clear, i.e., in electrical circuits, it expresses Kirchhoff’s law; in
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elastic string network, it expresses the balance of tension, and so on. A graph with §’; cou-
plings was introduced and investigated by Peter Exner, and Peter Kuchment, and so on. A
graph with &', couplings has important applications in lattice Kronig-Penney models, and the
&' couplings at a d adge vertex can be approximated by means of d + 1 couplings of the §-type
[9]. The question of physical meaning of such a coupling on graphs was addressed and a pair
of simple nontrivial examples of the so-called &', couplings was presented in [12, 13].

Recently, the spectral problems of quantum graphs have become a rapidly-developing
field of mathematics and mathematical physics, and spectral properties of quantum graphs
and different inverse problems have been studied in both forward [20, 21, 22, 31, 39] and
inverse [4, 23, 32, 38, 40, 41, 42], etc. Nowadays there are only a number of papers devoted to
inverse nodal problems for differential operators on graphs (for example, refer to [8, 11, 41,
42]).

In this work we concern ourselves with reconstructing Sturm-Liouville operators on a star
graph with &', couplings from nodal data. We prove the corresponding uniqueness theorem
and provide a constructive procedure for the solution. For the Sturm-Liouville operators on
a graph with &', couplings, the uniqueness theorem and recovery algorithm for the potential
obtained in this work are new. We also show connections of these problems with inverse
spectral problems of Sturm-Liouville operators on a star graph with &, couplings at the central

vertex.

2. Preliminary

In this work, we consider the following boundary value problem for the Sturm-Liouville
operator on a star-shaped graph consisting of d segments of equal length:

— V() +q;(0y;0) =y, xe O,m), j=1,d;d 22, 2.1

which are subject to the boundary conditions

yj®=0, j=1d 2.2)
or
Yj0=0, j=1.4d, 2.3)
at the pendant vertices 0, and
Vi) = yy(m) = = yly(m), 2.4)

d
Y yjm =0, (2.5)
j=1
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at the central vertex 7. In the equation (2.1), g; € clio,n], j=1,2,...,d, are real-valued func-
tions. The boundary conditions (2.4) and (2.5) are the so-called a &', couplings.

For convenience, we denote by A;, A the operator acting in Hilbert space ij [0, 7] =:
69?:1 L2[0, 7] for the problem (2.1), (2.2), (2.4) and (2.5) or (2.1), (2.3), (2.4) and (2.5), respec-
tively.

In [39], regularized trace formulae for the operators A; and A, are calculated with some
techniques in classical analysis; next, these trace formulae are used to obtain a result of in-
verse problem in the spirit of Ambarzumyan; finally we give the asymptotic expressions of
eigenvalues for the operators A; and Ay, and show that there are d sequences of eigenval-
ues which one sequence is simple while the others might not be (see Lemmas 2.1 and 2.2 in
this paper). Let {Afi P j= I,—d}‘,’l": , be the sequence of the eigenvalues for the operator A; and

{)L],;[ It j= I,_d}‘;fzo be the sequence of eigenvalues for the operator Ay, and denote

"—Lfn i(x)dx '—Ei (2.6)
qj_ZT[ 0 qi ' _d =1 '

Lemma 2.1 (see [39]). For sufficiently large n, the eigenvalues of the operator A, possess the
following asymptotic expression

1
0 —) , (2.7)

1 Cio 1
JAP =p——+ L +0(—) j=1,d-1 2.8)
n,] _l ) ) )
2 n 3 n

wherecjo, 1< j <d -1, are the solutions of the equation for ¢

and

d
Z H (c—G)=0. 2.9)

1j#le{l1,2,...,d}

Remark 1. Define f(x)= l'[;.i:1 (x—q;), then f'(x) =Z?:1Hj¢l:L—d(x - q) is a polynomial with
order d — 1 and its zeros are identified with all solutions to the equation (2.9). By the Rolle
Theorem, it follows that all solutions to the equation (2.9) are real.

Lemma 2.2 (see [39]). For sufficiently large n, the eigenvalues of the operator A, possess the
following asymptotic expression

1. G2 1
N _
,/An'd_(n—£)+n_%+o(;), (2.10)

C‘,()
AN =n+ L2410
n,j n

and

1 -
—), j=1d-1, (2.11)
n

wherecjg, 1< j <d -1, are the solutions of the equation (2.9).
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3. Inverse nodal problems
Denote by ¢;(A,x), j = 1,d, the solutions of (2.1) satisfying the initial conditions
®j(1,0=0, (1,00 =1, 3.1)

then, we have [28]

sin(ﬂx) B cos(ﬂx)
N A

where both of the first partial derivatives K ]’ L(x, 1) and K ]’ [, D) of Kj(x, 1), j=1,2,...,d, exist
and K] (x,") € L*(0,7] and K] ,(x,) € L*[0, 7].

@iA,x)= Kj(x,x)+%f K]’-t(x, ) cos(VAr)drt, (3.2)
e

Similarly, denote by v (A, x), j = 1,d, the solutions of (2.1) satisfying the initial conditions

¥;(4,0 =1, ¥;(1,00=0, (3.3)
then, we get [28]
¥;(A,x) = cos(VAx) + &\/\?mi&ju, X) - \/LI fo K} ,(x, nsin(VAndt, (3.4)

where K i (x, 1) has the same properties as K;(x, t) and
~ 1 [*
Kj(x,x)=Kj(x,x)=Ef0 qjtdt. (3.5)

For definiteness, we take 1, = Alrf 4, and study the zeros of eigenfunctions corresponding
to the eigenvalue A, for the operator A; in more details.

Using (3.2), we get the asymptotics for the components ¢ ;(1,, x) of eigenfunctions, for
n — oo uniformly in x € [0, 7]:

n K )
Pn@ Ay, x) = sin(p,x) - cos(pn ) K;(%, X) +0(l)

Pn
“q:(x)—gx 1
= sin(nx) — fol/h;# cos(nx) + o(;), Pn:=VAn.

n

For a fixed n and j, we estimate the nodal point x’rj i of the eigenfunction ¢ ; (A5, x). From

0 =sin(nx) — M cos(nx)+o (l) ,
2n n
we obtain . )
2n n
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Using Taylor’s expansion for the arctangent, we obtain the following asymptotic formulae for

of)

nodal points, as 7 — oo uniformly in k € N:

1 2y -
nx’,jyj:kn+§ fo qj(ndt-qxy ;

which implies

k

kn 1 Xnj 1
ko _ L. _Gxk -
x”'f_7+2n2 fo qjt)dt Gxp, ;| +o nz)
_km, fk_ (di-g= +o(1) 3.7)
n 2n2|Jo 9 T nz) '
The equality (3.7) gives
kel kogk T o),
Xpj = Xny == | oo

uniformly with respect to k. For k=0, 1,..., n, the formula (3.7) gives

1 T 1
0 _ — 1 _ 7 _
xn'j—O(nz), xn'j—n+O nz),...,
n-1_ (n—=Dm 1 no_ 1
Xp i = - +0 3 ,xn’j—n+O ol

For a fixed j € {1,2,...,d}, there exists Ny such that for all n > Ny the function ¢ ;(1,, x) has
exactly n— 1 simple zeros inside the interval (0,7), namely: 0 < x} j<e< x;"jl < 7. The
points X ]1 = {x’lj j} are called nodal points on the edge e; related to the eigenvalues {1,}.

Thus, according to the order of x’,;, P for large n, the components ¢ ;(1,, x) of eigenfunc-
k=1,n-1.

tions has exactly n — 1 nodes in the interval (0, 7), i.e., x’lj i

In the above results, the order estimate is independent of k. As a result,
b4 1
lk.:—+0(—). (3.8)

Corollary 1. The sets X} = {x’rj j} is dense in [0, 7], where x* i is defined by (3.7).

n,
We consider the following inverse problem.

Problem. Given nodal points set X} or its subset X}’O which is dense in (0, ), how to find the

potential g;(x) on the edge e;.

Using (3.7) we arrive at the following assertions.
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Theorem 1. Fix j € {1,2,...,d} and x € [0,7]. Let {x’n“j} c X} be dense in (0,7) so that there

exists k = k(n) such thatlim,_. x’;(;l) = x. Then the following finite limit exists and the corre-
sponding equality holds.
Tim 2n | nxk ;- kx| 1= g (x), (3.9)
and
gi(x) = [y gj(vdt—gx. (3.10)

Remark 2. In the proof of Theorem 1, we use the nodal data corresponding to the eigenvalue
of the form as in (2.7) to derive the reconstruction formula (3.9). If the eigenvalues of the form

as in (2.8) are chosen, a similar formula still holds. We take , //lfl’ o=

1 o 1y
”_§+,ZTO%+0(E)' jo€
{1,2,...,d — 1} and obtain the zeros of eigenfunctions corresponding to the eigenvalue /lfl’ io for
the operator A;:

kn
k _ k= 1 n km
xto = —=— (Ddt—2cj,0—"
nj " n-3 " 2(n-1)y Jo" a;® Jjo0p-1

Thus, the formula (3.9) has the following form

im 2(n-3)
lim2|n——
2

n—o0

I\ &
(n—E)xn’j—kn

= ]’lj (x)
and

hi(x) = [y qj(©)dt—2cj,ox.
And the reconstruction formula (3.11) has the following form

1 [* hj(m)
qj(x)—;fo qj(t)dtzh}(x)— -

Let us now formulate a uniqueness theorem and provide a constructive procedure for the
solution of the inverse nodal problem.

Theorem 2. Fix j €{1,2,...,d} and x € [0,7]. Let X}’O c X} be a subset of nodal points which

is dense in (0,7). Let {x’rj j} c X}’O be dense in (0,7) so that there exists k = k(n) such that

k(n)

lim;, .o Xy i

= X. Then, the specification of X ;'0 uniquely determines the potential q;(x) — q in
(0, 7). The potential q;(x) — g can be constructed via the following algorithm:

(1) for each x € [0, ] choose a sequence {x’,; j} c X}’O such that x’rgj — X asn— oo;

(2) find the function g;(x) via (3.9) and from (3.10) calculate

q;(x) - g = g;(x). (3.11)
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Similarly, we take A, = Aﬁ:{ 4 and study the operator Aj.

Using (3.4), we get the asymptotics for the components ¥ (A,, x) of eigenfunctions, for
n — oo uniformly in x € [0, 7]:
¥j(An, X) = cos(ppx) + W +o(2)

Y q;(x)—-qx .
=cos(n—1)x+ f"q’zinqsm(n— Dx+o(L), pni=v2n

For a fixed n and j, we estimate the nodal point x’nc i of the eigenfunction v (A, x). From

)
n )

1)er Jo aj(x)—qgx

1
0=cos(n—— sin(m—=)x+o
2 2n 2

we obtain

M(l) (3.12)

1
cot(n—=)x=
2 2n n

Using Taylor’s expansions, we obtain the following asymptotic formulae for nodal points, as
n — oo uniformly in k € N:
1 k
by = L L qyodn- gt |+ o)
(k+dm % _(k+Dm 1 3.13)
:—1+W fO q](t)dt—qu% +0(?).

2

n,j n—

1
2

n

The equality (3.13) gives
k1 _ k. gk _ T =

Xpj =Xy = ln’j = +0(1), n — oo,

uniformly with respect to k. For k=0, 1,..., n, the formula (3.7) gives

0 _ 37 1 1 3n 1
xn,]‘_n_%‘f‘O(?), xn,j_nT%—'—O(?)""’
_1 1
x:ll,—jl — (n nz)” +O(#), _)CZ'] — (I’H—nz)?'[ —}—O(#).

Forafixed j€{1,2,...,d}. The points ij. = {x’,; j} are called nodal points on the edge e; related
to the eigenvalues {1,}. Thus, according to the order of x’rj P for large n, the components

¢ j(An, x) of eigenfunctions has exactly n nodes in the interval (0, 7), i.e., x’,; P k=1,n.

Corollary 2. The sets ij. = {x’lj j} is dense in [0, ], where x’rjj is defined by (3.13).

Using (3.13) we arrive at the following assertions.



336 C.EYANG

Theorem 3. Fix j € {1,2,...,d} and x € [0,7]. Let {x’n“j} c ij. be dense in (0,7) so that there

exists k = k(n) such thatlim,_. x’;(;l) = x. Then the following finite limit exists and the corre-
sponding equality holds.
lim 2 Lk ks S| o= g 3.14
Jim 2n | (n = 2)xy, ;= (k+ 2)m| 2= fj(x), (3.14)
and
fix) = [y gjdt—gx. (3.15)

Theorem 4. Fix je{1,2,...,d} and x € [0,7]. Let X]?'O c ij. be a subset of nodal points which

is dense in (0,7). Let {x’,;j} c ijfo be dense in (0,7) so that there exists k = k(n) such that
k(n)

lim;, .o X i

= X. Then, the specification of X ?'0 uniquely determines the potential q;(x) — q in

(0, 7). The potential q;(x) — g can be constructed via the following algorithm:
(1) for each x € [0, ] choose a sequence {x’nc j} c ijfo such that x’rj]. — X asn— oo;

(2) find the function f;(x) via (3.14) and from (3.15) calculate

q;(x) =G = fj(x). (3.16)

4. Incomplete inverse problems

Together with A; we consider a boundary value problem A; of the same form (2.1)-(2.5)
with the potential functions 4 (x),..., §4(x). We agree that if a certain symbol § denotes an

object related to A;, then & will denote an analogous object related to A;.

Now we give the following incomplete inverse spectral problem. Suppose that g (x) are
known a priori for k € {1,2,...,d} \ {j}, x € (0,7). Moreover, suppose that g;(x) is known on
a part of the interval, namely, for x € (b,7). The inverse problem is to construct g;(x) for
x € (0, b) from a part of the spectrum for the operator A;. Denote by 0;; (i =1,2) the spectrum

of the boundary value problem
— Y + @) ye () = Aye(x), yEP0) =0 = yj(m).

Theorem 5. Fix j€{1,2,...,d} andbe (0,%). Let qx(x) are known a priori for k € {1,2,...,d} \
{j}, x € (0,m) and q(x) = 4;(x) on (b,m). Let A =N be a subset of positive integer numbers,
and suppose Q) := {A,}nen is a part of the spectrum for the operator A; such thm‘a;C NQ=9,ke
{1,2,...,d}\{j} and the system of the functions {cos 2\/ A, X} ne is completein L*(0,b). IfQ = Q,
then qj(x) = q;(x) on (0, 7).
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Proof. Here we only need prove that Theorem 5 is true for the operator A;. Since

—¢i (L) +q;()e;A,x) = Ag;(A,X),
—(p] (A, x) +q](x)<p](7t x) = A9, x),

from the boundary conditions (2.2) it follows that

f Qi(p;A0)P; (A, x)dx = ¢4, mP;A,m) - ;A MP; (A7), (4.1)
0
where Q;(x) = q;(x) — 4;(x). Moreover,

@i, x) = PrA, x), (A, x) = (A, x), ke {1,2,...,d}\ {j}, (4.2)

since for k € {1,2,...,d} \ {j}, qx(x) = Gi(x) on (0,7). Clearly, ¢} (An,7) = @} (An,7) # 0 for
kef{l,2,...,d}\{j} since ai NQ = @. Using the boundary conditions (2.4) and (2.5) we obtain

()Lnrn) (An,ﬂ)

<Pk (Pk
=0, 0. 4.3

From (4.2) and (4.3) it follows that(in details, refer (3.12)—(3.15) in [38])

@j(An, ) _ @j(ﬂn;ﬂ)

=— , AneQ. (4.4)
@A)~ @ Anm) "
Using (4.1) and g(x) = g(x) on (b, ) we obtain
b
fo Qi)Y X)Pj(Ap, x)dx=0, A,eQ. (4.5)

Since ¢ (A, x) is the solution of the equation (2.1) satisfying the initial conditions ¢;(4,0) =0
and (p’j (1,0) =1, there exists a bounded function K (x, r) (independent of 1) such that [15]

cos(2px) — f K;(x,t)cos(2pr)dt, (4.6)

11
2 ~

(A, Ax)==—-=
P @A, )9 (A, x) 573

where p? = ). Substituting (4.6) into (4.5) and using the Riemann-Lebesgue Lemma, we ob-
tain

b
f Qj(x)dx=0
0

and

b b
f [Qj(x)+f Kj(x,)Q;(t)dt]cos2y/Apxdx =0, An€Q, 4.7)
0 X
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and consequently,

b
Qj(x)+fx Kj(x,0)Q;(t)dt =0 a.e. on (0, b). (4.8)

But this homogeneous Volterra integral equation has only the trivial solution it follows that
Qj(x)=0a.e. on (0,b),i.e., qj(x) = 4;(x) on x € [0, b]. The proof is finished. O

For X ;’0 cX ]l:, the set X]l:’o is called twin if together with each of its point x’rj P the set X]l:’o
contains at least one of adjacent nodal x’rjjfl or/and x’rj;l. For X ;’0 c X]’f we denote A yio 1=
’ i

{m(n): 3k, x”;(n) j€ X;'O}, where m(n) is a sequence of natural numbers.

Theorem 6. Fix j€{1,2,...,d} andbe (0,%). Let qr.(x) = Gr(x) on x € (0,7) forke{1,2,...,d}\
{j}. Let X]l:’o c X]’: N(b, 1) be a dense on (b, ) twin subset of nodal points such that

O';C N {Am(n)}m(n)eAX,;o = ¢r k € {1; 2r---;d} \ {J}
J

. . . 0 _ 30,0
and the system of the functions {cos(2+\/Amn) X)}m(n)eAX;YO is complete in L*(0, b). IfX]’. = X]l.

andq =g, then q;(x) = G;(x) on (0,7).

O o

Proof. To prove this theorem we need a result [10, 37, 41]: Fix n, j, k, let Xy i nj» X,

741, and ¢;(0) = ;00 on (£, xE*1). Then A, = 1.

Since X]l:’o = )~(]’:'0, it follows from Theorems 2 and 4 that g;(x) = g;(x) or f;(x) = fj(x) for
x € (b,m). Using (3.11) and (3.16) we obtain g;(x) = g;(x) on (b,m). Thus, we have A, =

Am(n) for m(n) € A yio. Applying Theorem 5 we conclude that g;(x) = ¢;(x) on (0, 7). a
J

Theorem 7. Fix j€{1,2,...,d} andbe (0,%). Let qr.(x) = Gr(x) on x € (0,7) forke{1,2,...,d}\
{j}. Let X]l:’o c X; (b, 1) be a dense on (b, ) twin subset of nodal points such that

TN b mimen o = @ K€ L2,, dI\ ()
i
and m(n) be a sequence of natural numbers such that

n
mn)=—0+e€,),0<0<1,¢,—0. 4.9)
o

IfX]’:'O =X, q=qando>%, then q;(x) = G;(x) on (0,m).

Proof. Here we only need prove that Theorem 5 is true for the operator A;. First, by the
assumption X]’:’O = X;’O and Theorem 2 we obtain

q;j(x) = q;j(x) on (b, m).
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Together with a result [10, 37, 41](see the proof of Theorem 6), we have A,y = Ay for

m(n) € AXz:,o.
J
Since
—¢ {4, x) + ()94, ) = Ap;(A, x),
¢@;j(4,0)=¢;(4,0) =0, (p'j(/l,O) = (ﬁ’j(/l,O) =1,
it follows that

b
G(p) :=f0 Qi(X)2¢;(A, x)p;(A, x)dx

= @A MP;Am) - AmP;A,1), p= V24, (4.10)

where Q;(x) = g;(x) — 4;(x). Using the method in the proof of Theorem 5, from (4.10) we

G(Smm) =0, Smmn) = \/ Am(n)- (4.11)

Next, we will show that G(p) = 0 on the whole p-plane.

obtain

From (4.6) we see that the entire function G(p) is a function of exponential type < 2b.
One has

|G(p)| < Ce?brisinf! 4.12)

for some positive constant C, p = VA = re?.

Define an indicator of the function G(p) by

h(0) =limsup

r—00

i0
—lan(:e )l. (4.13)

Since [ImV/A| = r|sin@)|, 8 = arg VA, from (4.12) and (4.13) one obtains the following estimate
h(0) <2b|sin0)|. (4.14)

It is known [27] that for any entire function G(p) of exponential type, not identically zero, one
has

27
liminf@ < zi h(6)do, (4.15)

r—co 1 7 Jo

where n(r) is the number of zeros of G(p) in the disk |p| < r. By (4.14),

1 2n 2n 4
— h(0)do < Bf |sinf|dO = —b (4.16)
21 Jo T Jo Y
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From the known asymptotic expression (2.7) of the eigenvalues 1,,, for the number of zeros of
G(p) in the disk |p| < r we have the estimate

n(r)=2 Z 1=20r[1+0(1)], r — oco. (4.17)

2(1+o(1)<r
. 2b
Since o0 > —, we get
b4

4 1 27
fim 22 5005220 L (7 6)a0. (4.18)
n—oo r b4 27 Jo

Thus, inequalities (4.15) and (4.18) imply that G(p) = 0 on the whole p-plane.

Repeating the proof of Theorem 5, we have
Qj(x) =0, x€[0,b],

ie,
qj(x) =q;(x) on x€[0,b].

The proof is completed. O
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