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FIXED POINT AND COINCIDENCE POINT THEOREMS

ARJAMAND BANO AND SAIMA NAHEED

Abstract. In this paper, we present a generalization of some fixed point and coincidence
point theorems using the notion of a w — distance on a complete metric space. Conse-
quently, we improve and generalize various results existing in the literature.

1. Introduction and Preliminaries

In 1969, Nadler [4] extended the well known Banach contraction principle [1], which as-
serts that “each single-valued contraction self map on a complete metric space has a unique
fixed point.”, to multi-valued mapping using the concept of Hausdorff metric. In [3], Kada
et al. introduced a notion of w-distance on a metric space and improved several results re-
placing the involved metric by a generalized distance. In this paper, using the concept of a
w-distance, we give a generalization of Nadler’s fixed point theorem and coincidence point
results in complete metric space.

Let (E,d) be a complete metric space and let CB (E) be the collection of all nonempty
closed bounded subsets of E. For A, B € CB(E) and p € E, define

D(p,A) =inf{d(p,a) : ac A}
and

H(A, B) = max{sup D(a, B),sup D(b, A)}
acA beB

where H is the Hausdorff metric induced by d.

One can easly prove that (CB(E), H) is a complete metric space, whenever (E, d) is a com-
plete metric space ( see e.g. Lemma 8.1.4, of [8]).

Definition 1. An element p € E is said to be a fixed point of a multi-valued mapping T': E —
CB(E),if pe T(p).

Definition 2. Let C(f, T) be the set of coincidence points of f and T

ie. C(f,T)={peE: fpe Tp}.
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Definition 3. A map ¢ : E — R is called lower semi-continuous if for any sequence {p,} c E

with p,, — p € E implies ¢(p) < liminf,,_.o, @ (pn).

Definition 4. A function w: E x E — [0,00)is called a w — distance on E if it satisfies the fol-

lowing for any py, p2, p3 € E such that

L. w(p1, p3) = w(py, p2) + w(p2, p3);
2. amap w(p,.): E — [0,00) is lower semi-continuous:

3. forany ¢ > 0, there exists § > 0 such that w (ps, p1) <6 and w (ps, p2) <8 imply d (p1, p2) <
€.

The metric d is a w-distance onE. Note that, in general for py, p2 € E, w (p1, p2) # w(p2, p1)-
Define w(p, A) =inf{lw(p,a) : a € A} and

Hy, (A, B) = max{sup w(a, B),sup w(b, A)}.
acA beB

It is easy to see that H,, is a metric on CB(E). Hy, is called the Hausdorff metric induced by

w.

Lemma 1. Let E be a metric space andA, B € CB(E). Then for each a € A and € > 0 there exists
an b € B such that
w(a,b)=H, (A B)+e¢.

2. Main Results

Theorem 1. Let (E,d) be a complete metric space and let T : E — CB (E) be a mapping such
that Hy (T p1, Tp2) < aw(py, p2) + lw(pr, Tp) + w(pz, Tp2)l +yw(pr, Tp2) + w(pz, Tp1)]
forall p1, p» € E,wherea, 8,y 20 and a + 2 +2y < 1. Then T has a fixed point.

a+p+y
1-(B+y)°

Now, assume that /2 > 0. Then it follows from Lemma 1 that

Proof. Let pg € E, p; € Tpp and define h = If i = 0 then proof is trivial.

Apr € Tpy; w(p1,p2) < Hy(Tpo, Tp1) +h
Apz € Tpy; w(p2, p3) < Hy(Tpy, Tp2) + b2,

Apn+1 € Tpn; wW(Pn Pns1) < Hy(Tpu-1, Tpp) + h".
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Hence, we have

w(Pn, Pn+1) < Hy(Tpp-1, Tpy) + A"
< aw(pp-1,pn) + Plw(pn, Tpy) + w(pn-1, Tpn-1)]
+Y[Ww(pn, TPn-1) + W(pp-1, Tpp)l + h"
< aw(pn-1,Pn) + Blw(pn, pn+1) + W(pn-1, pn)]
+y[w(pn-1, pn) + W(Pn, pns)l + A"

for all n € N. It follows that

n

w(pn, )Shw(pp-1,pn) + —————
Pn»Pn+1 Pn-1,Pn 1_(,B+Y)

for all n € N. It can be conclude that

w( )<hnw( )+n—h"
PnyPn+1) = Po, P1 1—(ﬁ+')/)

W(Pn, Pn+1) < co. It follows that {p,} is a Cauchy

[e.e]

for all n € N. Now, since h <1, then }.77

sequence in E. By completeness of E, there exists p* € E such that r}im pn=p*. Now we shall
—00
show that p* is a fixed point of T. We have

w(p*, Tp*) < wp”*,pns1) + WPn+1, Tp™) < w(p*, pn+1) + Hy(Tpp, Tp™)
s w(p®, pp+1) +aw(pn, p*) + Blw(pn, Tpn) + w(p*, Tp™)]
+yYlw(pn, Tp*) + w(p™, Tpy)

for all n € N. Therefore,

w(p*, Tp*) < w(p*, pp+1) + aw(py, p*) + Blw(pn, pn+1) + wip™, Tp™))
+yY[w(pn, Tp*) + w(pn+1,p™)]

for all n € N. As n — oo, we have
wp*, Tp*) < B+ wp*, Tp").
Since f+7v <1, then w(p*, Tp*) = 0. It follows that p* € Tp*.

Theorem 2. Let (E,d) be a complete metric space and let T : E— CB(E) and f : E — E, [ is
continuous mapping which commute with T and T (E) < f(E). Suppose there exists h € (0,1)
such that

w(Tp, Tp)) <aw(fpr, fp)+Blw(fpr, Tp)+w(fp2, Tp)l+ylw(fpr, Tp2)+w(fp2, Tpi)l

forall py,ps € E, wherea, 8,y 20 and a + 2+ 2y < 1. Then fand T have a coincidence point.
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Proof. Let py be an arbitrary but fixed element of E and let p; € E be a point such that fp; €
T po . Using the definition of the Hausdorff metric and the fact that f(E) < T(E),

we may choose p; € E such that fp, € Tp; and
w(fpa, fp1) < Hy(Tp1, Tpo) + h°.

Inductively after p, has been determined, we choose p;+1 € E, so that fp,+1 € Tp, and

w(fpn fPn+1) < Hy(Tpy—1,Tpn) + h"

Then

w(fpn fPn+1) < Hy(Tpp-1, Tpp) + h"
< aw(fpn-1,fpn) + Blw(fpn, TPr) + w(f pn-1,TPn-1)]
+Y[w(f pp, TPn-1) + W(f pr-1, Tpp)l + A"
<aw(fpn-1, fpn) + Blw(fpn, fPn+1) + W(f Pr-1, f Pr)]
+Y[w(fpn, fPus1) + W(f pu-1, fpa)] + A"

for all n € N. It follows that

n

w(fpn, fPn+1) Shw(fpp-1, fpn) + 1-(B+7)

for all n € N. It can be conclude that

" nh"
w(fpn fpns1) =h " w(fpo, fp1)+ m

forall n e N. Now, since h < 1, then Y 5% ; w(f pn, f Pn+1) < co. It follows that { f p, } is a Cauchy
sequence in E. Since E is complete metric space, there exists a u € E and fu = u. By definition
4 we have

w(Tu, fu) < w(Tu, fpps1) + w(f prsr, f10)
< Hy(Tu, Tpp) + w(f pp+1, f10)
<saw(fu, fpn)+Plw(fu, Tu)+w(fpn Tpn)l
+ylw(fu, Tpp) + w(f pn, T+ w(f pps1, f10).

for all n € N. Therefore,
w(Tu, fu) < aw(fu, fpy) +Plw(fu, Tw) + w(fpn, fPn+)]
+ylw(fu, fpne1) + w(f pp, TWl + w(fppsr, fu)
For all n € N. Taking the limit as 7 — oo, we have
w(Tu, fu) < (B+y)w(fu, Tu).

Since f+7v < 1, then w(Tu, fu) = 0. It follows that fu € Tu.
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Corollary 1 ([2]). Let E be complete metric space and let T : E — E such that
w(Tp1, Tp2) = aw(py, p2) + lw(pr, Tp) + w(pz, Tpa)l +ylw(pr, Tp2) + w(pz, Tp1)]
forallp,,p» € E wherea, B,y =0and a+26+vy <1. Then T has a fixed point.
Corollary 2. Let E be complete metric space and let T : E — CB(E) satisfies
Hy(Tp1, Tp2) = aw(p1, p2)
forall p1, p2 € E, where0 < a < 1. Then T has a fixed point.
Corollary 3 ([5, 6, 7]). Let E be a complete metric space and let T : E — CB(E) satisfy
Hy,,(Tpy, Tpo) < Blwpy, Tp1) + w(pz, Tp2)l
forall p, p2 € E, where € [0, %). Then T has a fixed point.
Corollary 4. Let E be complete metric space and let T : E — CB(E) satisfy
Hy(Tp1, Tp2) <ylw(py, Tp2) + w(ps, Tp1)l
forall p1, p2 € E, wherey € [0, %). Then T has a fixed point.
Corollary 5. Let E be complete metric space and let T : E — CB(E) satisfy
H,,(Tp1, Tp2) <aw(py, p2) + Blw(pr, Tp1) + wpz, Tp2)l
forall py, p» € E, wherea + 26 < 1. Then T has a fixed point.
Corollary 6. Let E be complete metric space and let T : E — CB(E) satisfy
Hy(Tp1, Tp2) < ayw(py, p2) + axw(py, Tp1) + asw(p2, Tp2) + agw(pr, Tpa) + asw(pz, T p1)

forall p1, p» € E, wherea; =0 foreachic{1,2,...,5} cmdz;r.‘:l a; < 1. Then T has a fixed point.
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