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NEW OSTROWSKI TYPE INEQUALITY FOR TRIPLE
INTEGRALS

B. G. PACHPATTE

Abstract. The main aim of this paper is to establish a new Ostrowski type inequality for triple

integrals by using a fairly elementary analysis. The discrete version of the result is also given.

1. Introduction

The well known Ostrowski’s inequality [7] can be stated as follows (see slso [6, p.469]).

Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b) whose derivative
f":(a,b) — R is bounded on (a,b) i.e., [|f'||,, = supse(ap [f' (t)| < 0o, then

’ [ row

for all x € [a,b].

In 2000, Pachpatte [8] obtained the following Ostrowski type inequality for triple
integrals.

Let A = [a, k] x [b,m] X [¢,n] for a,b,c,k,m,n in Ry and f(r,s,t) be differentiable
on A. Denote the partial derivatives by Dif (r,s,t) = gr (rys,t), Daof (r,s,t) =
%f(r,s,t), DSf (T,S,t) = %f(r,s,t) and D3D2D1f(7’,5,t) = %f(r,s,t). Let
F (A) be the class of continuous functions f : A — R for which Dy f, Do f, Dsf, D3D2D1 f
exist and are continuous on A. For f € F (A) we have

o=

b )) ] (b—a) I/l (1.1)

‘ /ak /bm /n J (r,s,0) didsdr — % (k= a) (m—=1b) (n =) [f (a,b,¢) + f (k,m,n)]
1 k

+Z (mib) (nic)/a [f(r,b,c)+f(r,m,n)+f(r,m,c)Jrf(r,b,n)]dr

1

+Z(kz—a)(n—c)/bm[f(a,s,c)—l—f(k,s,n)—i—f(a,s,n)—l—f(k,s,c)]ds
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k) (m—b)/n [f (@b, 6) + f (kym, ) + f (b, 8) + f (aym, £)] dit

4
7% (ka)/bm/cn [f(a,s,t)+f(k,s,t)]dtds
k rn
7% (mi b)/a /(, [f (Tabat) +f(7",m,t)] dtdr

—%O%ﬂﬂLkAmU%n&d+fWJﬂmdwr

k m n
< % (k—a)(m—=2>)(n— c)/a /b /C |Ds Do D1 f (r, s,t)|dtdsdr. (1.2)

In [8], the inequality (1.2) and its discrete version are established by using elementary
analysis. In [13] Sofo has given a refinement of the inequality (1.2) by using Peano kernels.
For Ostrowski type inequalities in several independent variables, we refer the interested
readers to [1-5, 9-12]. The main purpose of the present paper is to establish a new
Ostrowski type inequality involving functions of three independent variables and their
partial derivatives. The discrete version of the main result is also given.

2. Statement of Results

In what follows R denotes the set of real numbers. We use the notation H =
[al,bl] X [ag,bg] X [a3,bg] (a1 < bl,ag < bg,ag < bg) for al,a2,a3,b1,b2,bg inR. Ifth=
h(r,s,t) is a differentiable function defined on H, then its partial derivatives are de-
noted by Dih = 2h, Doh = 2Zh, Dsh = &h, DiDsh = 52-h, DoDsh = 2-h,
D3Dih = g-h, and D3DaDih = 52——h. We denote by F(H) the class of con-
tinuous functions h : H — R for which Dih, Dsh, Dsh, DyDxh, DaDsh , DsD1h,
D3DoD1h exist and are continuous on H. Let N denote the set of natural num-
bers, A = {1,2,...,a+1}, B = {1,2,...,b+1}, C = {1,2,...,¢+ 1} for a,b,c in
N and E = A x B x C. For a function h = h(z,y,2) : N> — R we define the dif-
ference operators Ajh = h(z+1,y,2) — h(z,y,2), Ash = h(z,y+1,2) — h(z,y,2),
A3h =h (:L',y,Z + ].) —h (:E,y,z) , A1A2h = A1 (Agh), A2A3h = AQ (A3h), A3A1h =
As (A1h), AsAsA1h = Az (AzA1h). We denote by G(E) the class of functions h =
h(z,y,2): E — R for which Ai1h, Agh, Agh, A1 Agh, Ao Agh, AsA1h, AsAsAqh exist on
E. We assume that h(z,y,z) = 0 for (z,y,2) ¢ E and also use the usual convention
that, empty sum is taken to be 0.

Our main result is given in the following theorem.
Theorem 1. Let f € F(H). Then

1 b1 b2
f(ryy,2)dr+

T,Y,2) — xT,s,z)ds
feva - [ [ ey RS
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1 b

f(x Y, )dt}

bs — az
b2

b1
[(blfal b27a2/ f(r,s,z)dsdr

az

bl b3
r,y,t) dtdr
(b1*al 3*03 /a1 f Y )

as

bo b3
+ / f(x,s,t) dtds}

(by — az) (bs — as)

1 by bo b3
_ r, s,t) dtdsdr
(bl 7a1)(b27a2) (b37a3) /a1 /(12 as f( )
1
(b1 —a1) (ba — a2) (b3 — a3)

/b1 /b2 /b3 / / / D3 Dy D f (u, v, w) dwdvdu

for all (z,y,2) € H.
The following Corollary holds.

dtdsdr, (2.1)

Corollary. Let f be as in Theorem 1. Then

a1+b1 as + by az+bs 1 b az +ba az+b3
f 9 - |: f 7“, 9 dT
2 2 b1 — a1 a1 2 2

1 b a1 + by as + bs 1 b a1 +b1 as+ by
d t)dt
+bg—a2/ f< 2 5 2 S+bg—a3/a3f 2 ’ 2 ’ }
b
! a3+b3
dsd
[(b1—a1 b2—a2/ / ( > o
/bl/ ( a2+b2 >dtd7’
(51—a1 (bs —as) J,
ba b3
a1+b1
t ) dtd
(52—a2 53—a3 / / ( ’> S}

by b2 pbs
(bl —ay) (b2 — a2) (b — a3) / / f(r,s,t)dtdsdr

by — by — b
Ol a e (22)
64
where
HD3D2D1fHOO = sup |D3D2D1f (u,v,w)| < 0.
(u,v,w)EH
By taking x = '“;'bl,y = ‘“;}’2,2 = a3'2H’3 in (2.1) and simple computation, we get

the desired inequality in (2.2).
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The discrete version of Theorem 1 is embodied in the following theorem.

Theorem 2. Let f € G(E). Then

‘fkmn [Zfrmn bek:sn—l—itz_;f(km,t)}

a

b a c b c
1 1 1
SEP B IR 9 SITETEES w orf et
r=1s=1 r=1t=1 s=1t=1
1 a b c
_% Z f (T7 57t) ‘
r=1s=1t=1
1 a b c |k—1m—1n—1
< e Z AsAo A f (u,v,w)|,
ave r=1s=1t=1 |lu=r v=s w=t

for all (k,m,n) € E.

3. Proof of Theorem 1
The proof is based on the following identity

I:f(:c,y,z)f[f(r,y,z)+f(:c,s,z)+f(:c,y,t)]
+[f (rys,2) + f(r,y, t) + f(z,5,0)] = f(r,s,1),

for (z,y,2),(r,s,t) € H, where

T pry pz
I= / / / D3Ds D1 f (u, v, w) dwdvdu.
T s t

From (3.2) it is easy to observe that
x Yy z Y
I:/ / DyD; f (u,v,2) dvdu—/ / D3D; f (u,v,t) dvdu

=1 — L.

By simple computation we have

Il—/ / DyD; f (u,v, z) dvdu

/leuy, du—/ Dif (u,s,2)d

:f(zaya ) f(rayv ) f(x,8,2)+f(T,S,Z).

Similarly, we have

I :f(ac,y,t)—f(r,y,t)—f(ac,s,t)—i—f(r,s,t).
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Using (3.4) and (3.5) in (3.3) we get (3.1).
Integrating both sides of (3.1) with respect to (r, s,t) over H and rewriting we get
1 b1 b2

r,y,z)dr +
o ). fry,2) T—

f (x,y,t) dt]

P - | f (@,5,2) ds

1 bs
+

bs — az

r, s, z)dsdr
|:(b1a1 bgfag/a a2 f )

dtd
(b17a1 b37a3/a fryv) r

b b3
+ / f(x,s,t)dtds

(bg — ag) b3 — a3

1 bl b2 bd
- t) dtdsd
(b1 — a1) (ba — az) (bs — as) / / |, Jmet)dids }
1
bl—al bg—a2 bS_a?)

CELTU T ownstmmsass, oo

for (z,y,z) € H. From (3.6) and using the properties of modulus and integrals, we get
the desired inequality in (2.1). The proof is complete.

4. Proof of Theorem 2

We first prove the following identity
S = f (kaman) - [f (Tvmvn) + f (kasan) + f (kamat)]
+ [f (Tv San) + f (Tvmvt) + f (ka Sat)] - f (Tv Sat) ) (41)
for (k,m,n), (r,s,t) € E, where

k—1m—1n—1

S=3 "33 AsAAf (u,v,w). (4.2)

u=r v=s w=t
From (4.2), by simple calculation we have

k—1m—1 [n—1

S = ZZ Z{Ag 1f (u,v,w+1) — AgAy f (u,v,w)}

u=r v=s
k—1m-—1 k—1m-—1

= Z Z AoA; f (u,v,n) — Z Z Ao Ay f (u,v,1)

U=T V=S8 U=T V=S8
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=51 — Ss. (4.3)

By simple calculation we have

k—1m—1

Sl = Z Z AQAlf (u,v,n)

U=T V=S

k—1 [m—1

= Z Z {Alf (U,U + 1,71) - Alf (u,v,n)}

U=r V=8

k—1 k—1
= ZAlf(u,m,n) —ZAJ(%SJL)

k—1 k—1
:Z{f(u+1aman)_f(uaman)}_Z{f(u+1a3an)_f(u757n)}
:f(kaman)if(raman) *f(k,S,Tl)*Ff(T’,S,n). (44)

Similarly, we have
S2 - f (kamat) - f (T7m7t) - f (ka Sat) + f (T7S7t) . (45)
Using (4.4) and (4.5) in (4.3) we get (4.1).

Summing both sides of (4.1) first with respect to ¢ from 1 to ¢, then with respect to
s from 1 to b and finally with respect to r from 1 to a and rewriting we have

f(k,m,n) — l%Zf(r,m,n)—l—%Zf(k,s,n)—i—%z:f(kz,m,t)]

s=1
a b a c b ¢
+ %ZZf(r,s,n) + iZZf(r,m,t) +i22f(k,s,t)]
r=1s=1 r=11=1 po
1 a b c
—@;Sz:;;f(ﬁ&t)

1 a b c k—1m—-1n-—1
— %ZZZ { A3A2A1f(u,v,w)}, (46)

for all (k,m,n) € E. From (4.6) and using the properties of modulus and sums we get
the required inequality in (2.3). The proof is complete.
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