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FIBONACCI-TRIPLE SEQUENCES AND SOME
FUNDAMENTAL PROPERTIES

BIJENDRA SINGH AND OMPRAKASH SIKHWAL

Abstract. Fibonacci sequence stands as a kind of super sequence with fabulous
properties. This note presents Fibonacci-Triple sequences that may also be called 3-
F sequences. This is the explosive development in the region of Fibonacci sequence.
Our purpose of this paper is to demonstrate fundamental properties of Fibonacci-
Triple sequence.

1. Introduction

The Fibonacci-Triple sequence is a new direction in generalization of coupled Fi-
bonacci sequences. Much work has been done to study on Fibonacci-Triple sequence.
The concept of Fibonacci-Triple sequence was first introduced by J. Z. Lee and J. S. Lee
[1]. He described specific scheme and derived recurrent formula. K. T. Atanassov [2],
[3] described new ideas for Fibonacci-Triple sequences and called 3-Fibonacci sequences
or 3-F sequences. The Fibonacci-Triple sequence involves three sequences of integers in
which the elements of one sequence are part of the generalization of the other, and vice
versa.

In this paper we present basic concepts that will be used to construct Fibonacci-Triple
sequences of second order with fascinating properties. At present, we shall describe two
specific schemes for 3-F sequence and fundamental properties with proof.

2. Fibonacci-triple sequence of second order

Fibonacci-Triple sequence is the explosive development in the region of Fibonacci
sequence. Let {a;}52, {01520, and {7 }$2,, be three infinite sequences and six arbitrary
real numbers a, b, ¢, d, e and f be given. Then J. Z. Lee and J. S. Lee [1] defined following
specific scheme for three sequences and derived recurrent formula:
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First Scheme:

K. Atanassov [3] considers the following specific scheme:

Second Scheme:

BIJENDRA SINGH AND OMPRAKASH SIKHWAL

ag=a, Bo=0b, o=c, a1 =d, fr=e, 1= f

Qp42 = ﬁn-{-l + Yns
6n+2 = Yn+1 + (o790

Tn+2 = On+1 + 6717

n>0
n>0
n>0

Qo = a, 60:b7 Yo = G, alzda 61267 ’Yl:f

Op42 = Yn41 + 6717
6n+2 = Op+41 + (o790

Yn+2 = ﬁn-{-l + Ay,

n>0
n>0
n > 0.

(2)

K. T. Atanassov [2], [3] notified 36 different schemes of 3-F sequences. There are ten
schemes are trivial 3-F sequences because they having at least one resulting sequence same
as Fibonacci sequence. The twenty six remaining schemes are essential generalization of
the Fibonacci sequence. These sequences have arranged in seven groups and called as
basic 3-F sequences.

3. Properties of first scheme

First few terms of First scheme (1) are as under:

n Qp Bn TIn

0 a b c

1 d e f

2 c+e a+ f b+d
3 a+2f b+2d c+2e

4 20+ 3d 2c+ 3e 2a+ 3f
5 3c+ be 3a+5f 3b+ 5d
6 S5a +8f 5b + 8d dc+ 8e
7 8b + 13d 8c+ 13e 8a+13f
8 13c+ 21e 13a+21f 13b + 21d
9 2la+ 34f 21b + 34d 21c+ 34e
10 34b + 55d 34c + 5be 34a+55f

If weset a =b = cand d = e = f, then the sequences {a;}2,, {8:i}2, and {v;}52,. Will
be coincide with each other and with the sequence {F;}72,, which is called a generalized
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Fibonacci sequence, where
Fy(a,d) = a, Fi(a,d) =d, Fhi2(a,d) = Fyy1(a,d) + Fy(a,d).
Now we present fundamental properties of First scheme.
Theorem 1. For every integer n > 0,
(a') Ont6 = 4an+3 + ap,
(b) Bnte = 4Bn+3 + Bn,
(€) Ynt6 = 4Yn+3 + Yn-
Proof. (a) To prove this, we shall use induction method. If n = 0 then
ag=Pfs+mu=mtaztv=2vu+as (by First scheme 1)
=2a3+28+a3=3as+ P2+ +ap (by First scheme 1)
=3as + a3z + ap (by First scheme 1)
= 4&3 + (7))
Thus the result is true for n = 0.
Let us assume that the result is true for some integer n > 1. then
Ant7 = Bnt6 + Ynts
= Ynt5 + Wnpa + Qpsa + Brts = Ynts + 20nta + Bnts  (by First scheme)
= Qpaa + Bnas + 20n1a + Bnas = 3Qnia + 20013 (by First scheme)
= 3ania+2Vni2+ 2011 = 3anta+ Yo+ i + B+ 204 (by First scheme)
=3ap44 + Bnis + On + 2041 (by First scheme)
= 3anta + Bnas + Ynao + any1 (by First scheme)
=dap 14+ apyr (by First scheme)

Hence the result is true for all integers n > 0.
Similar proofs can be given for remaining parts (b) and (c).

Theorem 2. For every integer n > 0,

F._1a+ F,f,if n = 0(mod 3)
(a) ap =< Fn_1b+ Fod, if n = 1(mod 3),
F,_1c+ Fye, if n = 2(mod 3)
F,_1b+ F,d, if n = 0(mod 3)
(b) Bn =1 Fh_1c+ Fpe, if n = 1(mod 3),
F,_1a+ F,f,if n = 2(mod 3)
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F,_1c+ Fye, if n = 0(mod 3)
(¢) ap, =< Fp_1a+ F,f,if n=1(mod3).
F,_1b+ F,d, if n = 2(mod 3)

Proof. (a) By Theorem (1), we have
Qi = 4o i3 + anp, for n > 0. (3)
When n = 0(mod 3), assume n = 3m, we have
a3(m42) = 4Q3(m+1) + Q3m, with ag = a, az = a+ 2f. (4)
Let G,, = azm, we have
Gmio =4G 11 + Gy, with Gg =a, G =a+ 2f,
Therefore, we get

= OVt 2 o oy WO - Va2

21/5 2v/5
/5 3m—1 — /5y 3m—1 V5 3m — /5\3m
- AT )T A - ()Y
(since (1 12\/5)3 =2+/5)
= n,1a+an

ie,a,=F, 1a+ F,f.
F._1a+ F,f,if n=0(mod3)

Using same process to get: a, = F,_1b+ F,d, if n = 1(mod 3),

F,_1c+ Fye, if n = 2(mod 3)
Similar proofs can be given for remaining parts (b) and (c).

Theorem 3. For every integer n > 0,
an + Bn + Y0 = Fn-1(ao + Bo +70) + Fu(or + B + 7).
Proof follows from Theorem 2.

Theorem 4. For every integer n > 0,

Z(ak + B + ) = Fagi(ao + Bo + ) + (Fugz — 1) (a1 + B1 + 7).
k=0
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Proof. (a) To prove this, we shall use induction method.
If n = 0 the result is obviously true, since

ao + Bo +v0 = Fi(ao + fo +v) + (F2 — 1)(cr + B1 +71)-

Let us assume that the result is true for some integer n > 1, then

n+1

Z(Oék + Bk + )

k=0

= (an-i-l + 6n+1 + '7n+1) + Z(ak + ﬁk + 'WC)
k=0

= (nt1 + Bnt1 + nt1) + Fupr(oo + Bo +70) + (Fagz2 — 1) (o + 51 +m1)

(by induction hypothesis)

=F, (o + Bo +70) + Frg1(on + 1 +71) + Fut1(ao + Bo + )
+(Fnyo — (o1 + 1 +7) (by Theorem 3)
= Fyyo(ao + o+ ) + (Frys — 1) + 61+ 1)

Hence the result is true for all integers n > 0.

Theorem 5. For every integer n > 0,

(omt2 + Brsz + Ynr2) = D _(ak + Bk + ) + (a1 + B + ).
k=0

Proof can be given by induction method.

Theorem 6. For every integer n > 0,

(a) @3nt6 — 203n43 = oLzni2 + 71 L3nys,
(b) aznt7 — 2a3n44 = BoLants + a1L3n 4,
(¢) asn+s — 2a3n+5 = Y0Lan+a + B1Lanys,
(d) Ban+6 — 2B3n+3 = BoLan+2 + a1Llznys,
(€) B3n+7 — 203044 = YoLznt3 + B1L3na,
(f) Bants — 203n45 = @oLanta + 71 L3nys,
(g)
(h)

(1) Y3n+8 = 2V3n+5 = BoLanta + a1L3nys.

e

V3n+6 = 273n+3 = YoLsnt2 + B1L3nys,
V3nt7 — 273n+4 = Qo L3ni3 +v1L3n14,

Proof. (a) We know that by Theorem 2,

a3n43 = 0o L340 + 71 F3,43.
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Also
L35 =2F3,15+ F3,12 and L3,y6 = 2L3n16 + F3n13. (6)
If n =0 then
ag — 203 = dag + ag — 203 (by Theorem 1)

=2a3 + ag

=2Fa0 + 2F371 + g (by equation (5))

= (2F2 + 1)0&0 + 2F3’}/1

= Loag + L3vi.

Thus the result is true for n = 0.
Let us assume that the result is true for some integer n > 1, then

A3n=9 — 20316 = 4Q3n+6 + A3n+3 — 2003116 (by Theorem 1)
= 2a3n46 + Q3n+3
= 2(F3p4500 + Faniem1) + (F3nt200 + F3nt371)  (by Equation (5))
= (2Fs3n+5 + Fani2)ao + (2F3n46 + Fani3)n
= aoLsn+s + 71 Lsn+e (by Equation (6))

Hence the result is true for all integers n > 0.
Similar proofs can be given for remaining parts (b) to (i).

Theorem 7. For every integer n > 0,

(a)

n
(Vakta + Qskys) = Y Bakrs,
k=0

(b)

n
(344 + B3rt3) = Z V3k+5,
k=0

1= 11 I0-

(€) Y (Bsksa+Vskys) = Y Qakys,
k=0

>
Il
o

Proofs can be given by induction method.
Now we present fundamental properties of second scheme (2).

4. Properties Of Second Scheme

First few terms of second scheme (2) are as under:
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n An Bn Tn

0 a b c

1 d e f

2 b+ f c+d a+e

3 a—+ 2e b+2f c+2d
4 2c+ 3d 2a + 3e 2b+3f
5 3b+5f 3c+ 5d 3a + be
6 5a + 8e 5b+8f 5c+ 8d
7 8c+ 13d 8a + 13e 8b+13f
8 13b+21f 13c+ 21d 13a + 21e
9 21a + 34e 21b+ 34f 21c+ 34d
10 34bc + 55d 34a + 5be 34b+55f

Theorem 8. For every integer n > 0,

(a) anye = daniz + an,
(b) Bnte = 4Bn+3 + B,
(€) Ynt6 = 4Yny3 + n-

Theorem 9. For every integer n > 0,

F,_1a+ Fye,if n = 0(mod 3)
(a) ap =< Fh_1c+ Fod, if n = 1(mod 3),
F,_1b+ F,f, if n = 2(mod 3)
F,_1b+ F,f, if n = 0(mod 3)
(b) Bn =< Fh_1a+ Fye,if n = 1(mod3), ,
F,_1c+ F,d, if n = 2(mod 3)
F,_1c+ F,d, if n = 0(mod 3)
(¢) an =% Fh_1b+ F,f,if n = 1(mod 3).
F,_1a+ Fye, if n = 2(mod 3)

Theorem 10. For every integer n > 0,

O‘n"’ﬁn""yn:anl(a0+60+70)+Fn(al+61+'71)

Theorem 11. For every integer n > 0,

n

> (o + B+ 7k) = Fara(ao + Bo + ) + (Fayz — 1)(a1 + B +m)

k=0

Theorem 12. For every integer n > 0,

n

(@2 + Bovz + nr) = D (ak + B + ) + (a1 + B+ m)

k=0
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Theorem 13. For every integer n > 0,

(a) asn+6 — 203n+3 = aoLsnt2 + P1Lsnys,
(b) azni7 — 2a3n+4 = YoLan+s + @1lanta,
(¢) aznts — 2a3n+5 = PoLanta + 71 Lanys,
(d) Ban+6 — 203n+3 = BoLan+2 +71Lan+3,
(€) Bant7 — 203n+4 = aoLants + B1Lsanta,
(f) Ban+s — 2B3n+5 = YoLan+a + a1 Lanys,
(8) Y3n+6 — 273n+3 = YoLan+2 + a1 Lanys,
(h) Yan+7 = 2¥3n44 = BoLan+s + 71 Lan+4,
(1) V3n+8 = 293n+5 = aoLsnta + P1Lanys.

Theorem 14. For every integer n > 0,
n

(a) Z(a3k+3 + Bsk+a) = Z V3k+5)
= k=0

(b) > (yskrs + asera) = Y Bakys,
k=0

=
[}

~
Il
o

NE

(c) (B3k+3 + V3hta) = Z Q3k45-
k=0

E
Il
=]

The proofs of the above fundamental properties of second scheme (2) are similar to those
in first scheme (1).

5. Conclusion

This paper describes Fibonacci-Triple sequences of second order. We have stated and
derived many fundamental properties in this paper. The concept of such generalization
can be implemented over classical recurrent sequences. The idea can be extended for
higher order Fibonacci-Triple sequences and similar properties can be produced in case
of higher order Fibonacci-Triple sequences. By varying the pattern, it is easy to establish
surprising results in lucid manner.
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