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EXISTENCE OF COMMON FIXED POINTS VIA
MODIFIED MANN ITERATION IN CONVEX METRIC SPACES AND
AN INVARIANT APPROXIMATION RESULT

G. V. R. BABU AND G. N. ALEMAYEHU

Abstract. We prove the existence of common fixed points for two selfmaps 7" and
f of a convex metric space X via the convergence of modified Mann iteration where
T is a nonlinear f-weakly contractive selfmap of X and range of f is complete. An
invariant approximation result is also proved.

1. Introduction

In 1970, Takahashi [9] introduced a notion of convex metric space and studied the
existence of fixed points of nonexpansive maps.

Definition 1.1. (Takahashi [9]). Let (X, d) be a metric space. A mapping W : X x
X x[0,1] — X is said to be a convex structure on X if for each (z,y,A) € X x X x I,
I =10,1] and for all u € X,

d(u, W(z,y,\)) < Md(u,z) + (1 — N)d(u,y).

A metric space X together with the convex structure W on X is called a convex
metric space.

For z,y € X, W(x,y,0) =y and W(z,y,1) = .

Let X be a convex metric space with convex structure W. A nonempty subset M of X
is said to be convex if W(x,y,A) € M whenever (z,y,\) € X x X x I.

All normed spaces and their convex subsets are convex metric spaces. But there are

many examples of convex metric spaces which are not embedded in any normed spaces
(Takahashi [9]).
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As an important extension of the class of contractive mappings, namely the class
of weakly contractive mappings was introduced by Alber and Guerre-Delabriere [1] and
proved some existence of fixed point results in Hilbert spaces.

In 2001, Rhoades extended this concept to maps defined on Banach spaces as follows:

Definition 1.2. (Rhoades [7]). Let (X, d) be a convex metric space.
A mapping T : X — X is said to be weakly contractive if
d(Tz, Ty) < d(x,y) — (d(z,y)), (1.2.1)

for all z,y € X, where ¢ : Ry — Ry, where R, = [0, 00) satisfying

¢ is continuous; (1.2.2)

 is monotone increasing; (1.2.3)

0(0) = 0; (1.2.4)

o(t) >0 for t > 0; (1.2.5)
and

tlggo o(t) = oo. (1.2.6)

It is evident that T is contractive if it is weakly contractive.

Definition 1.3. (Mann [6]). The Mann iteration is defined as follows: For K a convex
subset of a Banach space X, and T': K — K, the sequence {z,,}22, in K is defined by

zo € K,
Tnt1 = (L —cp)en +cnTa,, n=0,1,2,..., (1.3.1)

where {¢, }52 satisfies: 0 < ¢, <1 for all n and > ¢, = cc.
n=0

In 2001, Rhoades [7] proved that every weakly contractive map has a unique fixed
point in complete metric space and established the following convergence result in Banach
spaces.

Theorem 1.4. (Rhoades [7]). Let K be a subset of a Banach space X and T be a
weakly contractive selfmap of K. Then, for vo € K, the Mann iteration defined by
(1.3.1), converges to the unique fized point p of T.

Definition 1.5. (Jungck [4]). Two mappings A and T of a metric space (X,d) are
compatible if lim d(ATxz,,TAx,) = 0 whenever {z,} is a sequence in X such that

lim Az, = lim Tz, =t for some t € X.

n—oo n—oo
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Definition 1.6. (Jungck and Rhoades [5]). Two selfmaps A and T of a metric space
(X, d) are called weakly compatible if they commute at their coincidence point. That is,
for x € X, if Ax =Tz then ATx =T Ax.

We observe that every compatible pair of selfmaps is weakly compatible but every
weakly compatible pair of selfmaps need not be compatible (Singh and Meade [8]).

Definition 1.7. (Beg and Abbas [3]). Let (X,d) be a metric space. A mapping T :
X — X is said to be weakly contractive with respect to f: X — X if

d(Tx,Ty) < d(fx, fy) — e(d(fz, fy)), (1.7.1)

for all z,y € X, where ¢ : Ry — Ry satisfying (1.2.2), (1.2.3), (1.2.4), (1.2.5) and
(1.2.6).

In 2006, Beg and Abbas [3] established the following common fixed point theorem in
metric spaces.

Theorem 1.8. (Beg and Abbas [3]). Let (X,d) be a metric space and T : X — X
be a weakly contractive with respect to f : X — X. If T and [ are weakly compatible,
T(X) C f(X) and f(X) is a complete subspace of X, then f and T have a unique

common fized point in X.

Definition 1.9. (modified Mann iteration). Let (X, d) be a convex metric space with
convex structure W. Let T and f be selfmaps on X. Assume that T(X) C f(X) and
f(X) is a convex subset of X. For zy € X, we define a sequence {fx,} in f(X) by

fang1 =W(Txy, fen,, ), n=0,1,2,..., (1.9.1)

where 0 < a,, < 1 for each n and we call the sequence {fx,} a modified Mann iteration.

In 2008, Azam and Shakeel [2] established the convergence of modified Mann iteration
in convex metric spaces to a common fixed point of f and T', with the help of the existence
of the common fixed point that is guaranteed in Theorem 1.8. If Theorem 1.8 is proved in
convex metric spaces, then we can apply Theorem 1.8 directly to prove the convergence
of modified Mann iteration to the common fixed point of f and 7. Now the following
question is natural.

QUESTION: “Is Theorem 1.8 true in convex metric spaces?”
In this paper we answer this question affirmatively.

Beg and Abbas [3] proved the following convergence theorem in normed linear spaces.
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Theorem 1.10. (Beg and Abbas [3], Theorem 2.6). Let X be a normed space and T
and f be selfmaps of X. Let T be a weakly contractive mapping with respect to f. If f
and T are weakly compatible, T(X) C f(X) and f(X) is a complete subspace of X, then
for xo € X, the sequence {y,} in f(X) defined by

Yn = font1 = (1 —an) f(zn) + anT(zy), n >0, (1.10.1)

o]
where 0 < a, < 1 for each n with > o, = oo converges to a common fized point of f

n=1
and T'.

Throughout this paper, we denote R4 = [0, 00) and
® = {plg: Ry — R, satisfies (1.2.2), (1.2.3), (1.2.4), (1.2.5), (1.2.6)

and t — o(t) is monotonically increasing on R4 }.

We define p : Ry — Ry by p(t) = f—jt,t > 0. Then clearly ¢ € ® so that ® # ().

The aim of this paper is to prove the existence of common fixed points for two selfmaps
T and f of a convex metric space X via the convergence of modified Mann iteration,
where 7" is a nonlinear f-weakly contractive selfmap of X and range of f is complete
(Theorem 2.1). This theorem answers the question stated above affirmatively. Theorem
1.10 follows as a corollary to Theorem 2.1. In Section 3, an invariant approximation
result is proved.

2. Main results

The following is the main result of this paper.

Theorem 2.1. Let (X,d) be a convex metric space with convex structure W. Let T, f :
X — X be selfmaps. Assume that there exists a ¢ € ® such that

d(Tx,Ty) < d(fx, fy) — e(d(fz, fy)), (2.1.1)

for all x;y € X. If f(X) is complete, then for zo € X, the modified Mann iteration
{fxn} defined by (1.9.1) is Cauchy provided 0 < o, < 1 for each n = 0,1,2,... and
oo o an = 00. Suppose that {fx,} converges to z (say) in X. Further, if T and f are
weakly compatible, then z is the unique common fixed point of f and T.

Proof. For each positive integer n, define

An = {fzi}iio U {Twi}io-
Write a, = diam (A,,). (2.1.3)

If a,, = 0 for some n, then fz; = T'z; for all 0 < 4,5 < n and hence fxg =Txg =2
(say).
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Since the pair of mappings (T, f) is weakly compatible, fTxzy = T fxo and hence

fz=Tz.

We now claim that Tz = z. Suppose Tz # z.
Consider

d(Tz,2) = d(Tz, Tao) < d(f2, fao) — p(d(f2, fx0))

=d(Tz,z) — p(d(Tz, z)),
a contradiction. Hence, Tz = z.
Hence, fz=Tz=z.
Since fx, = fxo for all n, we have nlingo frn = frog=2.

Hence, without loss of generality, we assume a,, > 0 for all n.

Write b, = Sup{d(fzo,Tz;): 0 <i<n}.

We claim that a,, = b,, for all n.

(2.1.4)

Clearly b,, < a,, for all n. To show that a,, < b,,, we consider the following three cases.

Case (i). a, = d(Tx;, Tx;) for some 0 < i,j <mn.

Now,

an = d(Tz;, Txj) < d(fz;, fz;) — p(d(fzs, fz;))

S An — @(an)v

a contradiction.

Hence, a,, # d(Tx;, Tz ) for all 0 <4, j < n.

Case (ii). a, = d(fxz;, Tx;) for some 0 < i,j < n.
If i = 0, then a, = d(fzo,Tx;) <b, for all n > 0.
If i # 0, then

an =d(fa;, Ta;) =dW(Tzi—1, fri—1,ai—1), Txj)

S Ozifld(TCCifl, T.IJ) + (1 — Oéifl)d(fzifl,TIj).

If ;—1 =1, we get a,, = d(Tx;—1,Tx;) which does not hold by case (i).

If a;—1 € (0,1), from (2.1.5),

an < aj—1an + (1 —ai—1)d(frio1, Txy)

(2.1.5)
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which implies that
an < d(frio1,Trj) < ap

and hence a,, = d(fx;—1,Tz;).
Repeating this procedure, we obtain a,, = d(fzo,Tz;) < b, for all n > 0.
Hence, a, < b, for all n > 0.
Case (iii). a, = d(fxz;, fx;) for some 0 < i < j < n.
Now,
an = d(fx;, fx;) =d(fae;, W(Txj_1, fri—1,a;-1))
< ajo1d(fri, Txj—1) + (1 — aj_1)d(fxi, fxj—1).

If j—1 =1, we get a,, = d(fx;, Tx;—1) which is discussed in case (ii).
If a;—1 € (0,1), we get a, = d(fxz;, frj_1).

Repeating this procedure, we obtain a,, = d(fx;, Tx;) = 0, a contradiction.
Hence from all the three cases, we have a,, < b,, for all n.
Thus, a, = b, for all n.

Next we claim that the sequences {fz,} and {Tz,} are bounded. For this purpose, we
show that {a,} is bounded.

Suppose that {a,} is not bounded. Then there exists a subsequence {a,, } of {a,} such
that limy_.o ap, = 0.

Then, for 0 < k < ng, we have

d(fxo, Txy) < d(fxo, Txo) + d(Txo, Tay)
<+ d(fxo, fxr) — p(d(fzo, fr1))
<7+ Ay — (p(ank)

so that
bnk = Sup{d(fanTxk) 0<k < nk} <7+ QAn,;, — <P(ank)a
and hence
an, <+ an, — ¢lan,), wherey = d(fzo,Tzo).

This shows that ¢(an, ) <~

and hence
lim p(an,) <7,

k—o0

a contradiction, since limy_,oo ¢(an, ) = 00.
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Hence, {a,} is bounded.
Next we claim that {fz,} is Cauchy.
Write F,, = {fo}ZZH U {sz}zZn and

en = diam(Ey,). (2.1.6)

Now write
Bn = Sup{d(fx,,Tz;):j>n} for each n. (2.1.7)
We claim that e, = 3,, for all n.
Clearly 3, < e, for all n.
We now show that e, < 3, for all n.
Case (i). e, = d(T'z;,Tz;) for some i, j > n.
Now,
en = d(Txi, Txj) < d(fxi, fr;) — e(d(fzi, f25))
S €n — @(en)a

a contradiction.
Hence, e, # d(T'z;, Tx;) for all i,j > n.
Case (ii). e, = d(fz;, Tz;) for some i, j > n.
Ifi=n, e, =d(fz,, Tx;) <3, for alln > 0.
If ¢ #£ n, then

en =d(fxi, Tw;) = dW(Txi—1, fri—1,0i-1), Tx;)
S Oél',ld(TIifl,TIj) + (1 - ozi,l)d(fxifl, T.IJ) (218)

If j—1 =1, we get e, = d(T'x;—1,Tx;) which does not hold by case (i).
If ;1 € (0,1), from (2.1.8), we have

en < aj—1en+ (1 —a;1)d(fri—1,Txj)

which implies that
en < d(fri—1,Tz;) <e,

and hence e, = d(fx;—1,Tx;).
Repeating this procedure, we obtain e,, = d(fxn,Tz;) < 8, for all n > 0.

Hence, e, < (3, for all n > 0.
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Case (iii). e, = d(fx;, fz;) for some j > i > n.
Now

)

en =d(fx;, fr;) = d(fri, W(Tzj-1, frj-1,0j-1))
<ojid(frg, Taj—1) + (1 — aj_1)d(f, frj—1).

If ;-1 =1, we get e, = d(fx;, Txj_1) which is discussed in case (ii).
If a;—1 € (0,1), we get e, = d(fx;, fxj—1) for all n > 0.
Repeating this procedure, we obtain e, = d(fx;, fx;) = 0, a contradiction.
From the above three cases, we have e, < 3, for all n.
Hence, e, = (3, for all n > 0.

Since {e,} is a decreasing sequence of non-negative reals, it converges to a limit a (say).
Suppose a > 0.

Since a < e, for all n, p(a) < ¢(a,) for all n.
Now consider
d(f'r’n.v TIJ) - d(W(TInfla fxnfla o‘nfl)) T‘rj)

< ap_1d(Txp—1,Tz;) + (1 — ap_1)d(frn_1,Tx;)
<apald(frona, fzy) —p(d(frn-1, f25)] + (1 = an_1)d(frn_1,Tx))
<ap—ifen—1—w(en—1)] + (I —an_1)en—1

so that

671 = Sup{d(fxna T'rj) : .] > n} <eép-1-— an71<ﬂ(en71)7

and hence

en <en—1— an_1p(€n—1).
This implies that

n—1¢(€n_1) < ep_1— ep. (2.1.9)
Adding the first N terms in both sides of (2.1.9), we get

N
D an_1p(en-1) < e —en.

n=1
But ¢(a) < ¢(e,) for alln =0,1,2,....

Hence,

N
o(a) Z ap_1 <eg—en <eg. (2.1.10)
n=1
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(o]
Letting N — oo, in (2.1.10), we get a contradiction, since Y a, = 0o .
n=0

Hence a = 0.

From the definition of the sequence {e,, }, we have { fz,,} and {Tz,, } are Cauchy sequences
and that

lim d(fx,,Tz,)=0. (2.1.11)
Since f(X) is complete,
lim fz, = fu, for some u € X. (2.1.12)

n—oo

From (2.1.11) using (2.1.12), we get

lim Tz, = fu (2.1.13)
Now consider,
d(Txy, Tu) < d(fxn, fu) — e(d(fan, fu)) (2.1.14)

Letting n — oo, from (2.1.14) using (2.1.12), (2.1.13) and the continuity of ¢, we get
d(fu, Tu) < d(fu, fu) — (d(fu, fu)) = 0.

Hence, Tu = fu = z (say).

Since the pair of maps (f,T) is weakly compatible, we have T fu = fTwu and hence
Tz= fz.

Now we claim that Tz = z. Suppose Tz # z.
Consider

d(Tz,2) =d(Tz,Tu) < d(fz, fu) —o(d(fz, fu))
=d(Tz,z)— p(d(Tz, 2)),

a contradiction. Hence, Tz = z.
Hence, fz =Tz = z.

The uniqueness of z follows from the inequality (2.1.1).
Hence, the theorem follows.

Corollary 2.2. Let (X,d) be a complete convex metric space with convexr structure W
and T : X — X be a selfmap. Assume that there exists a ¢ € ® such that

for all z,y € X. Then, for xo € X, the modified Mann iteration {x,} defined by
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Tpp1 = W(Txp, Xn, ), n=0,1,2,...,

o0
where 0 < o, < 1 for each n, is Cauchy provided 3 oy = 00, and {x,} converges to z
n=0

(say) in X and z is the unique fized point of T

Proof. Follows from Theorem 2.1 by choosing f to be the identity mapping on X.

The following is an example in support of Theorem 2.1.

Example 2.3. Let X = (0,1) with the usual metric d. Let I = [0,1]. We define
W:XxXxI— Xby W,y,A\) = A+ (1 — Ny for all z,y € X and for all A € I.
Then W is a convex structure on X so that X is a convex metric space with convex
structure W. We define mappings 7, f : X — X by

1 . 2
_ 5 Zf0<$<§
T {1—§mf§§x<L
fx_{é
3

Here we observe that f(X) = [%, 2] is a convex and complete subset of X and T'(X) =
[1,2] C f(X). Also the selfmaps f and T are weakly compatible on X and satisfy the
weakly contractive condition (2.1.1) with ¢ : Ry — R, defined by ¢(t) = 2t. Thus f

-2
and T satisfy all the hypotheses of Theorem 2.1.

and
if0<az<?
xif%§x<1.

| Wl

Next we show that for any xy € X, the modified Mann iteration defined by (1.9.1)
converges to the unique common fixed point of f and T, which is the conclusion of
Theorem 2.1.

Let zg € X and 0 < o; < 1forall j =0,1,2,..., with > a; = occ.
3=0

We have the following two cases.
Case (i). zo € (0, 3).

In this case, fzg = % and Txg = % Now

fry =W (T, fro,0) = anTmo + (1 — ) fro = 2 — 2(1 — ).
This implies that fz1 € (3, 3] so that 2
21 =2+ 3(1—3ap) <1. Hence Tzy = 2 — £(1 — 1)
fro =W (Txy, frr,0n) = anTay + (1 —on) foy = 3 — (1 — 3a0)(1 — 51).
On continuing this process, inductively we obtain a sequence {z,} in X such that
fTnar = % - % 0(1—%%), n=0,1,2,.... Hence, fx, — % as n — 00.

J:

Case (ii). o € [3,1).
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Now, fxg= % — 20 and Tag =1 — %ZC().
Again,

2 2 1

= — (@ - 3)(1 - 5a0)

far = W(Txo, fro, ) = aTxo + (1 — ) fao = 3

This implies that fz1 € (1, 2] so that 21 = 2 — (z¢ — 2)(1 — o) and hence Tz =

2 _ 1 2 1 23 s
z—3(@o — g)(l — 500). Again,
2 2 1 1
fro=W(Tzy, frr,01) = anTey + (1 —on) fog = 37 (zo — g)(l - 5040)(1 - 5041)-
On continuing this process, inductively we obtain a sequence {x,} in X such that
fxni1 = % — (20— %) 1_[0(1 - %aj), n=0,1,2,.... Hence, fx, — % as n — 00.
J:

In both the cases, for any z¢ € X, the modified Mann iteration {fz,} converges to
% and % is the unique common fixed point of f and T.

We observe that f and T are not compatible on X; for, we choose
T, = %—l—%, n=4,5,.... Then f:En:%—%, and Txnzg—%,nzél,&.... We note

that fx, — % as n — oo and Tz, — % as n — oo. Now fTx, = % and T fx, = % for

all n =4,5,...so0 that lim d(fTz,, T fz,) = % £ 0.

3. An invariant approximation result

Definition 3.1. Let (X,d) be a metric space and let E be a subset of X.
The set Pg(u) = {x € E : d(z,u) = dist(u, E)} is called the set of best approzimants to
u in X out of E, where

dist(u, E) = inf{d(y,u) : y € E}.

Theorem 3.2. Let E be a non-empty compact and convexr subset of a convex metric
space X and T,f : E — E be selfmaps such that u € F(T) N F(f) for some u € X.
Assume that T(OENE) C E and f(Pg(u)) = Pg(u). Further assume that there exists a
w € ® and for each x,y € Pr(u)U{u},

d(Tz,Ty) < § d(fu, fy) = p(d(fu, [y)) if ©=u (3.2.1)

If the pair of maps (T, f) is weakly compatible, then Pg(u) N F(f)NF(T) # (.

Proof. Since F is compact, Pg(u) # 0. Clearly Pg(u) is closed and hence compact,
being a closed subset of a compact set E, so that f(Pg(u)) is compact. Hence, f(Pg(u))
is complete.



346 G. V. R. BABU AND G. N. ALEMAYEHU

Now we claim that Pg(u) is convex.
Let z,y € Pg(u) and A € I = [0,1]. Then d(x,u) = dist(u, E) = dist(y,u). Since E is
convex, W(z,y,A) € E and hence d(W (z,y, \),u) > dist(u, E). But

AW (z,y,\),u) < (1 = Nd(x,u) + Ad(y,u) = dist(u, E).
This implies that d(W (z,y, A),u) = dist(u, E) and hence W (x,y, \) € Pg(u).
Hence, Pg(u) is convex subset of X.

Now let « € Pg(u). From the definition of W we get,
AW (z,u, A),u) < (1= N)d(z,u). (3.2.2)
Clearly,
d(u, ) = d(u, W(z,u,\) + d(W (z,u, \), x). (3.2.3)
Now from (3.2.2) and (3.2.3) we get,
d(u, ) = d(u, W(z,u, X)) + d(W(x,u, A), x)
< d(u, W(z,u,\)) + Md(z,u).

This implies that
(1 =XNd(z,u) < d(u, W(x,u,\)). (3.2.4)

From (3.2.2) and (3.2.4), we obtain

AW (z,u, A),u) = (1 = N)d(z, u). (3.2.5)

We observe from (3.2.5) that W (z,u,0) = 2 and W(x,u,1) = u. Also, it follows from
(3.2.5) that, if A =0, then clearly x € 9FE N E and hence the set

{W(z,u,\): 0 <A< 1}NE=0.

Hence, x € OE N E and hence Pg(u) C OENE.
Thus, T(Pg(u)) C T(OENE) C E.
Therefore, Tx € E and also fa € Pg(u) for all z € Pg(u).
Now consider
d(Tw,u) = d(Tz,Tu) < d(fz, fu) — p(d(fz, fu))

< d(fz,u)
<d(u, E).

This implies that d(Tz,u) < dist(u, F). But Tz € E.
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Hence, d(Tz,u) = dist(u, E), that is, Tz € Pg(u).
Therefore, T'(Pg(u)) C Pr(u) = f(Pr(u)).
Hence all the hypotheses of Theorem 2.1 are satisfied. Hence by

Theorem 2.1, there exists z € Pg(u) such that fz =Tz = z.

1]

2]

8]

[4]
[5]

(6]
(7]

8]

[9]

Hence, Pr(u) N F(f)NF(T) # 0.
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