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NONLOCAL CAUCHY PROBLEM FOR NONLINEAR MIXED
INTEGRODIFFERENTIAL EQUATIONS

H. L. TIDKE AND M. B. DHAKNE

Abstract. The present paper investigates the existence and uniqueness of mild and
strong solutions of a nonlinear mixed Volterra-Fredholm integrodifferential equation
with nonlocal condition. The results obtained by using Schauder fixed point theo-
rem and the theory of semigroups.

1. Introduction

Let X be a Banach space with norm || - ||. Let B = C([to, to + 5], X) be the Banach
space of all continuous functions from [to,tg + ] into X endowed with supremum norm

2]z = sup{llz(®)[| : ¢ € [to, to + O]}

Consider the following nonlinear mixed Volterra-Fredholm integrodifferential equation of
the form:

to+0

& () + Ax(t) :f(t,x(t),/ k(t,s,x(s))ds,/ h(t,s,x(s))ds), t € [to,to + ] (1.1)

t() tO

x(to) + g(t1,ta, ..., tp,x(+)) = =0, (1.2)

where 0 < tg < t1 < tp < -+ < t, < to+ B, —A is the infinitesimal generator of a
compact Cy semigroup T'(t), t > 0, in a Banach space X and the nonlinear functions
f: [to,to—l—ﬂ] XXXxXxX—-X, g€ C([to,to-i-ﬁ]pXX;X), k, h: [to,to—Fﬂ] X [to,t0+
B] x X — X and z is a given element of X. The symbol g(t1, %2, ..., tp, x(-)) is used in
the sense that in the place of ‘-’ we can substitute only elements of the set {¢1,t2,...¢p}.
For example g(t1,%2,...,tp, z(-)) may be given by

P

g(tl,tg,...7tp,$(')) = ZCi:v(ti), (13)

i=1
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where Cy, (i = 1,2,...,p) are constants. In this case, (1.3) allows the measurements
at t = tg,t1,...,tp, rather that just at ¢ = 5. So more information is available. This
equations (1.1)—(1.3) can be applied in physics with better effect than equation (1.1)
with classical initial condition.

The nonlocal condition, which is a generalization of the classical initial condition,
was motivated by physical problems. The problem of existence of solutions of evolution
equation with nonlocal conditions in Banach space was first studied by [6] and he investi-
gated the existence and uniqueness of mild, strong and classical solutions of the nonlocal
Cauchy problem. The study of differential and integrodifferential equations in abstract
spaces with nonlocal condition has received much attention in recent years. We refer to
the papers of Byszewski [6, 8, 9], Byszewski and V. Lakshmikantham [5], Balachandran
and Tlamaran [2], K. Balachandran|3] and Xingmei Xue [16].

The objective of the present paper is to generalize the results of [3, 4, 6, 7, 10, 11, 12,
13, 14]. Here, we investigate the existence of mild and strong solutions of the problem
(1.1)—(1.2). The main tool employed in our analysis is based on the Schauder fixed point
theorem and semigroups theory.

The paper is organized as follows. In section 2, we present the preliminaries and the
main results. Section 3 deals with proofs of the theorems. Finally in section 4 we give
an example to illustrate the application of our results.

2. Preliminaries and main results

Before proceeding to the statement of our main results, we shall setforth some pre-
liminaries and hypotheses that will be used in our subsequent discussion.

Definition 2.1. Let {T'(t)};>0 be a Cy semigroup of operators on X. A Cj semigroup
{T(t)}+>0 is said to be a compact Cj semigroup of operators on X if T'(¢) is a compact
operator for every ¢ > 0.

In this paper we assume that —A is the infinitesimal generator of a compact Cy
semigroup {T'(t)}+>0 of operators on X, D(A) is the domain of A, ¢y > 0. We will need
the following sets:

B, ={xeX, |z[|<r} and E,={z€B, |zlls<r},
where r > 0.
Definition 2.2. A continuous solution x of the integral equation
z(t) =T(t —to)xo — T(t —to)g(t1, ta, ..., tp, z(-))

+/tT(t—s)f(s,x(s),/sk(s,T,x(T))dT, /ttOJrff(s,T,x(r))dr)ds, t € [to, to+ 5] (2.1)

to to 0

is said to be a mild solution of problem (1.1)—(1.2) on [t,tg + S].
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Definition 2.3. A function z is said to be a strong solution of problem (1.1)—(1.2) on
[to,to+ O] if @ is differentiable almost everywhere on [to, to+ 3], 2’ € L'([to,to+ 3], X)
and satisfying (1.1)—(1.2) a.e. on [to, o + 5]

We need the following theorem for further discussion:

Theorem 2.4. (Schauder fixed point theorem [15], p-37) Let S be a bounded, closed
and convex subset of a Banach space X. If f € C(S,S), where C(S,S) is the set of all
compact maps from S into S, then f has at least one fixed point.

We list the following hypotheses for our convenience.

(Hy) There exists a constant G; > 0 such that

G = wné%an ||g(t17t27 s 7tpax('))||'

(Hz) —A is the infinitesimal generator of a compact Cjy semigroup T'(t), ¢t > 0 in X such
that
1T <M,

for some M > 1.
(H3) There are constants L1, K1 and H; such that
Ly=, max [£(4,0,0,0)],

to<t<to+
Ki= e It s, O
Hy = max ||h(t,s,0)].
to<s<t<to+0

With these preparations, we are now in a position to state our main results to be
proved in the present paper.

Theorem 2.5. Assume that
(A1) hypotheses (Hy)—(Hgs) hold,
(A2) f € C([to,to+ 8] x X x X x X; X) and there exists a constant L > 0 such that
(& w1, y1,21) = [t 22,52, 22) || < Lllen — @2l + [lyr — w2ll + l21 — 22])),
for xi,yi,zi € X, i =1,2 and t € [to, to + f].

(A3) k, h € C([to,to+ F] X [to, to+ 8] x X; X) and there exist constants K, H > 0 such
that

k(t, s, 21) — k(t, s, 22)|| < K||z1 — 23|
and

[h(t, s, 1) — h(t, s, 2)|| < H|x1 — 22|
for zi,y; € X, i=1,2 and t,s € [to, to + B].
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(A4) The set
{z(to) : v € Er,z(to) + g(t1,t2, ..., tp,2()) = xo}

where

M{[lzol| + Gr + LKW + LIWG® + L] _
(1- ML[B + K> + Hp?)) =

with ML[B + KB3% + HB?| < 1, is precompact in X.

(A5) The function g satisfies the following property

g(tata, oty Azy + (1 = Na2) () = Ag(ta, ta, . by, 21(1) + (1 = N)g(ta, B,

forx; € E., (i=1,2), A€ (0,1).

Then problem (1.1)—(1.2) has a mild solution on [to,to + 3.

Theorem 2.6. Assume that
(B1) hypotheses (Hy)—(Hgs) hold,
(B2) X is a reflezive Banach space with norm ||.|| and xo € D(A),
(Bs) g(t1,ta,...,tp,z(.)) € D(A),
(Ba)

By) There exists a constant L > 0 such that

e ,tp,xg(')),

1 f(t1, 21,91, 21) — f(te, k2, Y2, 22)|| < L[t — ta| + ||x1 — 22|l + |ly1 — ya2ll + [|21 — 22]]),

forxiyi,zi € X, i=1,2 and t1,t2 € [to,to + 0]
(Bs) There exist constants K, H >0 such that
[k(t1, s, 21) = k(ta, s, 22)|| < K([t1 — to| 4 [lz1 — 22[))
and
[h(t1, s, 21) = h(t2, s, 22)|| < H([t1 — ta| + [[21 — 22])),
forz;y; € X, i=1,2 and t1,ts € [to,to + ().

(Bg) The set
{z(to) : v € Er,x(to) + g(t1,ta, ..., tp, () = xo}

where

M||zo|| + G1 + LK13* + LH, 5% 4+ L1 ] .
(1-ML[3+ KB%+ Hj3?)) -

with ML[3 + K32 + HB? < 1, is precompact in X .
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(B7) The function g satisfies the following property
g(t1,ta, .. tp, Az + (1 — Na2)(+))
= Ag(t1,t2, ..., tp,21(4)) + (L = Ng(t1, ta, ..., tp, z2(-)),
forxz; € E., (i=1,2), A€ (0,1).
(Bg) The problem (1.1)—(1.2) has at most one mild solution.

Then x is the unique strong solution of problem (1.1)—(1.2) on [to,to + ]

Remark 2.7. We remark that K. Balachandran and M. Chandrasekaran in [1] have
studied existence and uniqueness of local and global solutions of special forms of the
equations (1.1)—(1.2) by using Banach fixed point theorem and analytic semigroup the-
ory. Here our approach to the problem and conditions on functions are different from
those in [1].

3. Proofs of theorems

Proof of Theorem 2.5. Let
E={xeB:xzecE,, x(to)+g(ti,ta,....tp,z(-)) =0}

It is easy to see that E is a bounded closed convex subset of B. We define a mapping
F:FE— FEby

(F.I)(t) = T(t - to)IO - T(t - to)g(tl,tQ, ceey tp, I())

t s to+p

+/ Tt~ 5)f(s.(5), /k(s,T,x(T))dT,/ W(s,7,x(r))dr ) ds, L€ [to, to+5].  (3.1)
to to to

Since all the functions involved in the definition of the operator are continuous and T'(¢)

is Cp semigroup operator, the operator F' is continuous. For x € E,t € [to, to + (] and

using hypotheses (Hy) — (H3) and assumptions (Az), (As3), we have

I(F)ON < NT(E = to)zoll + [Tt = to)g(tr, bas - -, tp, 2())

+ H /t: Tt - S)f(s’x(s)’ /t: k(s, 7, x(7))dr, /to+ﬁ h(s, T, ;v(T))dT) dsH

to

< (el + 60+ [ (165060, [ st

to

to+0
[ bsmatrin) = 1(,0,0.0) + 1£(50,0,0)] s

to

< M([[zoll + G1)
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t s
+ M/ [Lr+ L/ (s, 7, 2(7)) — k(s,7,0) + k(s, 7,0)||dr
to to

to+.3
+L/ h(s, 7,2(7)) — h(s, 7,0) + (s, 7, 0)|dr + Ly|ds

to
t
< M(J|zo|| + G1) + M/ [Lr 4+ LO(Kr + K1)+ LB(Hr + Hy) + Lq]ds
to

< M||lzoll + Gy + Lr3+ LKr3* + LK, 3* + LHr? + LH13° 4 L1 3]
<. (3.2)

Thus, F maps FE into itself and consequently F' € C(FE; E).

Now, we prove that F' maps F into a precompact subset F'(F) of E. For this purpose,
we first show that the set E(t) = {(Fz)(t) : @ € E}, t € [to,to + 0] is precompact in X.
Observe that

E(to) = {(Fz)(to) : x € E}
={zg—g(t1,t2, ..., tp, (") rx € Er, x(to) +g(t1,t2,....tp, (")) = zo}.

Therefore, according to hypothesis (As), E(to) is precompact in X.
Let t > 1o be fixed. For an arbitrary 0 < € < t — ¢y, we define a mapping

(Fex)(t) = T(t - to)xo — T(t — to)g(tl, tQ, ey tp, x())

t—e to+p
+/ T(t—s) {f(s,x(s),/ k(s,T,x(T))dT,/ h(s,T,:E(T))dTﬂds.
to to to
(3.3)
Since T'(t) is compact operator for every ¢ > 0, then the set E.(t) = {(Fez)(t) : x € E} is

precompact in X for every € > 0. By using the equations (3.1), (3.3) and the hypotheses
(H2)—(Hs3) and assumptions (A4) — (As), we obtain

[(Fa)(t) — (Fex) (@)

S/tt€|T(t—S)||Hf(8,x(s),/sk(smw(ﬂ)dﬂ/

to to

’f(s, x(s), /S k(s,T,x(7))dr,

to

to+0
h(s,T,:E(T))dT) Hds

t
<M ]
t—e

to+8
/t h(s, 7, 2(7))dr) — f(s,0,0,0)H + Hf(s,(),(),())H}ds
t s

<M [ [Lr+L [ k(s a(r) = k(s,7,0) + k(s, 7,0)dr
t—e

to

to+p
+ L/ (s, 7,2(7)) = h(s,7,0) + (s, ,0) dr + L1 |ds

to
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< M/t: [LT+L/S(K||$(T) —0|| + ||k(s, 7, 0)|)dr

to

to+8
+ L/ (H||z(1) = 0[] + ||h(s, 7,0)||)dT + L1 |ds
to
t

SM [LT—FLﬂ(KT—FKl)—FLﬁ(HT—FHl)+L1]d$

t—e

< M|Lr+ LKr3+ LK1+ LHrf3 + LH13 + L1]e. (3.4)

This implies that there exist precompact sets arbitrary closed to the set E(t) = {(Fx)(t) :
x € E}. Hence, the set {(Fz)(t) : « € Ey} is precompact in X.

Next, we show that F(F) is an uniformly equicontinuous family of functions. Let
to < s <t <ty+ 3. By using hypotheses (Hs), (H3) and assumptions (Az), (43), we
have

I(Fa)(t) — (Fa)(s)]|
ST =to) = T(s = o)l (zoll + lg(trs tas - - s tp, ()]

+/j|[T<t—T>—T<s—T>]|

X Hf(T,JJ(T), /T (T, o,x(o))dm/tOJrﬁ h(r, o,x(a))do)HdT

t ’ T N to+3
+/ HT(t—T)HHf(T,JJ(T),/t k(T,U,ZC(O’))d/U,/t h(T,o,x(U))do)HdT
< NIt —to) = T(s = to)l[| ([[woll + G1) + /ts I[T(t—7)=T(s—7)]ll
X [Lr+ LKrB3+ LK 18+ LHr3+ LH13+ L1]dr

t
+M/ [Lr + LK73 + LK\8 + LHrB + LH, 3 + Lydr. (3.5)

Here we have proceeded as in the result (3.5). The right hand side of (3.5) is independent
of x € F and tends to zero as s — t as a consequence of the continuity of T'(t) in the
uniform operator topology for ¢ > 0, which follows from the compactness of T'(t), ¢t > 0.
Therefore, F/(E) is equicontinuous family of functions. Thus by Arzela-Ascoli’s theorem,
F(FE) is precompact. Hence by the Schauder fixed point theorem, F' has a fixed point in
E and any fixed point of F' is a mild solution of (1.1)—(1.2) on [to, to+f]. This completes
the proof of the Theorem 2.5. O

Proof of Theorem 2.6. All the assumptions of Theorem 2.5 are being satisfied, the
problem (1.1)—(1.2) has a mild solution « belonging to E. By the assumption (Bg), « is
the unique mild solution of the problem (1.1)—(1.2).

Now we will show that 2 is unique strong solution of problem (1.1)—(1.2) on [to, to+/0].
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Take
Lo = t,xz(t),0,0
2= 288550, 1 (00,00
Ky = k(t
2 toSSrg?S)io-i'ﬁH ( ,S,x(S))”7
Hy = toSsIgtaSXtoJrﬁ Hh(t, > I(S))H

For 0 < 0 <t —tgand t € [to,to + ], we have

x(t+0) — z(t)
= [T(t + 9 — to) — T(t — to)]xo
—[T(t+0—to) =T(t—to)lg(tr, ta, .-, tp, x("))

+ /:Jra T(t+6— S)f(S, z(s), /t: k(s,7,z(T))dr, /:Hj his, x(T))dT) ds

. /tt+0 T(t+ 6 s)f(Sa 2(s), /t: k(s,T,x(7))dr, /t:ow h(s,T, w(T))dT) ds

0o+0

. /t:T(t—S)f(S,:E(S% /t:k@m:cm)dn / :O+ﬁh<8ﬁ=$<7>>d7)d8

=T(t = to)[T(0) — I]wo — T(t — to)[T(0) — I]g(ts, ta; ..., tp, ()
+/t:0+9T(t+9—s) [f(s,x(s),/t:k(s,T,x(T))dT, /t:ﬁﬁ (s . x(7))dr
~ [(5,2(5),0,0) + f(s,2(5),0,0)] ds
+/t:T(t—s) [f(s—k@,:z:(s—|—9),/t:+9k(s—|—9,7’,x(7’))d7’,/t:0+ﬁh(s—|—9,7’,I(7’))d7’)
—f(s,x(s),/t: k(s, T, 2(r))dr, /:W h(s, 7, a(r))dr)] ds.
Using the assumptions of theorem, we have

[t +6) — ()]
< MO|| Azol| + MO|Ag(ty, ta, .., tp, x(-))|

+/t:0+0M[Hf(8=w(s),/; k(s, 7, z(7))dr,
to+03
/t h(s,T,:v(T))dT> — f(s,2(s),0,0)[| + ||f(s,x(s)7070)mds

+ /tt M [Hf(s +0,2(s+0), /t5+9 k(s+ 0,7, 2(7))dr, /ttﬁﬁ h(s+0,T, :C(T))dT)
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_ f(s,x(s),/s k(s, 7, z(T))dr, /t0+ﬁ h(s,T,:E(T))dT)mds

t() tO
to+6 s to+03
< MO|| Ao + MO||Ag(tr, ta, ..., 1y, ()| + ML K2d7+/ Hodr)ds
t t t
to+6 t ’ ’ ’
+M L2d8+/ ML{H—FHSC(S—FH)—,T(S)”
t() tO

S

+ K(ls4+0 — s|+ ||x(r) — x(7)|)dr

tUS+9 to+p3
—I—/S K2d7'+/to H(|s+0—s|+ ||z(1) — z(7)|)dr|ds
< MO||Axol| + MO||Ag(ty,ta, ... tp,x(.))|| + MLK203 + MLH>00
+ ML+ MLOS + ML/t lx(s+ 0) — z(s)||ds
t
+ MLKOB* + MLK»03 + ;\/[LHHBQ
< PO+ ML /t (s + 0) — o(s)||ds,
to

where

P = MHA,T()” + MHAg(tl,tg, N ,’E())” + MLK>B+ MLH>(
+ MLy + MLB+ MLKS3? 4+ MLHB? + MLK,(.

Thanks to Gronwall’s inequality, we get
l2(t +0) — z(t)| < POMEP for t € [to,to + f].

Therefore, z is Lipschitz continuous on [tg,to + ]. The Lipschitz continuity of z on
[to, to + (] combined with (By) and (Bs) of Theorem 2.6 gives that

t— f(t,$(t),/tt k(t,s,x(s))ds,/t

0 0

to+p
h(t,s,x(s))ds)

is Lipschitz continuous on [tg,tg + 3]. By Corollary 4.11, from Chapter 4 of [13] we
observe that the equation

to+p

y/(t) + Ay(t) = f(t,x(t),/t k(t, s,x(s))ds,/

t() tO
y(tO) =T — g(tlut27 .. wtpvx('))

h(t, s, x(s))ds), t € [to,to + O]

has a unique strong solution y(t) on [to, to + (] satisfying the equation

y(t) = T(t — to)IO — T(t — to)g(tl, tQ, e ,tp, I())



370 H. L. TIDKE AND M. B. DHAKNE

to+0

+ /tT(t — s)f(s,;v(s),/s k(s,T,:E(T))dT,/ h(s, T, 2(r))dr)ds

to to to
Z.’L'(t), te [to,to-ﬁ-ﬁ].

Consequently, x(t) is the strong solution of initial value problem (1.1)—(1.2) on [to, to+/0].
This completes the proof of Theorem 2.6. 1

4. Application

In order to illustrate the applications of some of our main results, we consider the
following nonlinear mixed Volterra- Fredholm partial integrodifferential equation of the
form

W (U, ) — Wy (u, t) = P(t,w(u,t), /Ot ki(t, s, w(u, s))ds, /05 hi(t, s, w(u, s))ds),

(4.1)
0<u<7m and 0<t<p
with initial and boundary conditions
w(0,t) =w(m,t) =0, 0<t<p, (4.2)
w(u,0) + Y wu,t;) =wo(u), 0<ty <ty < <t,<f. (4.3)

where P : [0,8] x Rx RXx R — R, k1, hy : [0,8] x [0,0] x R — R are continuous
functions. We assume that the functions P, k1 and hy in (4.1)—(4.3) satisfy the following
conditions:

1. There are constants Ly, K, H{ and G7 such that

Lj = max [P(£,0,0,0)].

0<t<p
K} = max  |ki(t, s,0)],
to<s<t<to+p
Hf = hi(t,s,0
! toSSIéltaS)io-i-Bl 1( ' )|7

P
G*{zmax{|2w(u,ti)|, 0<u<<m =x€E-}
i=1

2. —A is the infinitesimal generator of a compact Cy semigroup T'(t), ¢t > 0 in X such
that

IT®)| < M7,

for some M* > 1.
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3. PeC([0,8] x Rx R x R; R) and there exists a constant L* > 0 such that
|P(t,z1,y1,21) — P(t, 22,92, 22)| < L* (|21 — 2| + [y1 — y2| + |21 — 22]),
for x;,y:,2; € R, i =1,2.

4. k1,hy € C([0, 0] x [0, 8] X R; R) and there exist respectively constants K*, H* > 0
such that

|k1(t,s,21) — k1(t, s, 20)| < K*|x1 — x|
and

|hi(t,s,x1) — hi(t, s, x2)| < H*|x1 — 22|,
for x;,y; € R, i =1,2.

5. The set
p

{w(u,0) : x € B, w(u,0) + Zw(u,ti) = wo(u)}

1=1
where
M [Juwo(u)]| + G + LK1 8° + LHi 3 + Lif) _
(1 _M*L*[ﬁ+K*ﬁ2+H*ﬁ2]) — ’

for all u € [0, 7]; with M*L*[3+ K*3? + H*3?] < 1, is precompact in R.

First, we reduce the equations (4.1)—(4.3) into (1.1)—(1.2) by making suitable choices
of A, f,g,k and h. Let X = L2[0, n]. Define the operator A : X — X by Az = —z with
domain D(A) = {z € X : z, 2z are absolutely continuous, z~ € X and z(0) = z(r) = 0}.
Then the operator A can be written as

Az = Zn2(z,zn)zn, z € D(A)

n=1

where z,(u) = (\/2/m)sinnu, n =1,2,... is the orthogonal set of eigenvectors of A and
A is the infinitesimal generator of a compact semigroup T'(t), t > 0 and is given by

T(t)z = Z efnzt(z, Zn)Zn, 2z € X.
n=1

Define the functions f : [0,8] x X x X x X — X, k:[0,0] x[0,0] x X — X, h:
[0,5] x[0,0] x X — X and g : [0, )" x X — X as follows

~—
Il
)
—~
\.W
8
—
S
~—
=
S
—
I
S
~—
—

[t 2.y, 2)(u
k(t,s,x)(u) =k
h(t,s,z)(u) = hi(t,s,x(u)), and
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g(t1,ta, ... tp, 2(4)(u) = Z w(u, t;)

i=1

for t € [0,5], z,y,z € X and 0 < uw < 7. Then the above problem (4.1)—(4.3) can be
formulated abstractly as nonlinear mixed Volterra-Fredholm integrodifferential equation
in Banach space X:

/ t to+p
x (t)—i—A:C(t):f(t,x(t),/k(t,s,x(s))ds,/t h(t,s,x(s))ds), t € [to,to+03]  (4.4)

t() 0

x(to) + g(t1,tao, . ... tp, x(+)) = 0. (4.5)

Since all the hypotheses of the Theorem 2.5 are satisfied, the Theorem 2.5 can be applied
to guarantee the existence of a mild solution of the nonlinear mixed Volterra-Fredholm
partial integrodifferential equations (4.1)—(4.3).
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