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CERTAIN NEW CLASSES OF MEROMORPHIC FUNCTIONS
RELATED WITH A CONVOLUTION OPERATOR

SAQIB HUSSAIN, ADIL WAHID BUTT AND MUHAMMAD ZAHID

Abstract. Recently, Hussain [Hussain, Saqib (2010). Some applications of Miller-Mocanu
lemma on certain classes of meromorphic functions, "Appl. Math. Comput.”, 216(2010),
3016-3021], introduced certain new classes of meromorphic functions using newly de-
fined convolution operators. The purpose of present investigation is to extend the work
of Hussain by considering some new classes of meromorphic functions. We derive some
inclusion relationships, coefficient bound, integral representation and extreme point the-
orem.

1. Introduction

Let X denotes the class of meromorphic functions of the form
1 [e.°]
f@==+Y a2~ 1.1)
% k=0

which are analytic in the punctured open unit disc D = {z € C: 0 < |z| < 1}. Further, let Py (y)
be the class of functions p (z) analytic in E = D U {0} satisfying p (0) = 1 and

fZJI
0

where z = rei?, k = 2, 0 <y < 1. This class was introduced by Padmanabhan and Parvatham
[7]. For y = 0 we obtain the class Py defined by Pinchuk [9] and for k = 2, P»(y) = P(y) is the
class with real part greater than vy.

Rep(2) -y
-y

’d@ < km, (1.2)

Also from (1.2) it can be seen that p € Py (y) if and only if

()—(Ll) ()—(5—1) (2)
A Y L WPy el
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where p1, p2 € P(y) for z€ E.By MC(y) and M S*(y), we mean the subclasses of meromorphic
convex and meromorphic starlike functions of order y respectively. The class X is closed
under the convolution denoted and defined by

1 oo
(f*Q@ ==+ abiz",
Z k=0

where
1 =, 1 &,
fR==+) arz", gr)==+) bpz".
2 k=0 Z k=0
In [10] Yuan, et. all defined an operator I, ;, : ~ — X as follows:

Inuf(2) = fou(2) = f(2), (1.3)
where
Fnu(@) * A== za=ge "> "L#>0zeD. (1.4)
From (1.3) and (1.4), it implies that
1 & Wi+ k
I =—+ —_— , 1.5
wf () z k;) (n+ D1 e (15

where (a) is the Pochhammer symbol defined as
(@)o=1, (@r=ala+1)(a+2)---(a+k-1), keN.
From (1.5), it can be easily verified that

z2(Ins1,uf (@)= (n+ DIy f(2) — (n+2) 41, f(2),
and
Z(In,‘uf(z)),: ,UIn,y+1f(Z) - (u+ 1)In,yf(z)~ (1.6)

The operator I, ;, was extensively studied by several authors and obtained numerous results.
For details, see [1-5,7] and [9]. Furthermore, for ¢ > 0 the generalized Bernardi operator is
defined as

c Z .
hfm:ﬁfo tf(n) dr. (1.7)
From (1.7), we have
(c+DJ.f(@+z(Jcf(2) =cf(2), z€D. (1.8)

Using the operator I, , , we define some new classes of meromorphic functions as follows:

Definition 1.1. Let f(z)eZ,n>-1,u>0,A=20,0<y<1,z€ D, then f(z) € MQy(n,u,A,y) if
and only if
2(Inuf () +A2% (Inuf (2))"

A=) (Inpf @) + Az (Inuf (2)

Pr(y).
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Definition 1.2. Let f(z) € X,n>-1,4>0,0<y <1,z€ D, then f € MRi(n,u,y) ifand only if

B Z(In,yf(z))’

P .
Tonf @ € Pr(y)

Definition 1.3. Let f(2) € X,n>-1,u>0,120,0<y<1,0=06<1,m>0,z€ D, then f €
MMjp.(n,u,A,y,6) if and only if there exists g € MR, (n, u1,6) such that

m m—1

In,uf (2)
In,yg (2)

In,y+1f (2)
In,y+1g (2)

In,uf (2)
In,yg (2)

[(1—/1) € Pi(y).

Remark 1. For special values of parameters n, y, y and k, we have many known classes of

meromorphic functions, see [3, 8, 9] .

2. Preliminaries Results

Lemma 2.1 ([4]). Letu = uy+iuy andv = v1+iv, and let¥ (u, v) be a complex valued function

satisfying the conditions:

(i) W(u,v) is continuousin D c C?.
(i) (1,0) € D andRe¥(1,0) > 0.
(iii) ReW(iuyp, v1) <0 whenever (iuy, 1) € D and v; < —%(1 + u%).

If h(z) is a function analytic in E such that (h(z),zh'(z) € D and
ReV¥ (h(z),zh'(z) >0 for z€ E, thenReh(z) >0 in E.

Note: Throughout in this article, we willuse n > -1, u>0, 1 =0, 0<y<1,0<é6<1, m>0

unless otherwise stated.

3. Main Results

Theorem 3.1.
MQg(n,u+1,4,7) € MQi(n,u, A, B),

where

1
= n (3+2,u+2y)—\/(3+2,u+2y)2—8(2y+2m/+1) .

Proof. Let f(z) € MQy(n,u+1,A,y) and let

z2(Inuf () +A2% (I uf (2)"
A=) (Inuf (@) + Az (Inpuf (2))

=H(z), (3.1
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where H (z) is analytic in E and H (0) = 1. Using (1.6) and (3.1) we obtain

I, / 1 2 I, " ’
z2(Inps1 f(2)) +A2* (Inus1 f (2)) B . H'(a) Pe(y). (3.2)
(1= A) (Inps1 f () + Az (In s f (2) —H(2)+(u+1)
Let
D,(z) = —_— —+ kzk
K k= o H +1 kZO
then
H(z) * z® (z):H(z)+Ll(z) (3.3)
H ~H(z)+(u+1) '
Let r K
H(z)= (4 2)hl(Z) (Z_E)hZ(z) (3.4)

From (3.1), (3.3) and (3.4), we have

[ _2Unun f @) +22% (Inpn f (2)”
A=) (Inp+1f () + Az (Lnpir (D)

k. zh| (2) k zhy (2)
){h1(Z) 1—} ( ){hz( )+ 2—} (3.9)
12 —h1(2)+(p+1) 4 2 —hy (2) +(p+1)

Since f(z) € MQy(n,u+1,1,7), therefore

h! (z)

hi(2)+ —————
@)+ —hi (@) + (u+ 1)

€P(y)fori=1,2;z€E.

Leth;(z)=p+ (1 —,B) pi(z) fori=1,2. Then

(1-p)zp. (=)
-y B) pi (2) + ’ ePfori=1,2;z€E.
P+ OB Gy e v )
We formulate a functional W (u, v) by taking u = u; +iuy = p;(z) and v = vy + ivy = zp;(z) ,
then

1-pv
—-1-Pu+1A+u-p)

The first two conditions of Lemma 2.1 are obviously satisfied for ¥ (u, v). For the third condi-

Yu, v)=PB-+1A-Pu+

tion, we proceed as follows:

(1-pA+p-Pu

ReY (iuy, =P- '
eV (iug, v1) = (B Y)+(1+“_,3)2+(1—,3)2u§

By putting v; = —5 (1 + u2), we have

A+ Bu3
2C

ReW(iuy, 1) <

’
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where

A=2B-1A+pu-Pp>-A-PA+u-p),
B=28-11-B*-1-pA+u-p),
C=0+u-p>+0-Pp%us.

We note that ReW (iuy, v1) <0if A<0and B <0.From A <0, we obtain

B+2p+2y) /B +2u+2y)2 - 8(2y +2uy +1) .

1

P=1

By virtue of Lemma 2.1, we see that p; € P, for i = 1,2 and z € E. Hence h; (2) € P () which
implies H(z) € Pr(B) and consequently f(z) € MQy(n,u, A, B). O

Next we show that the class M Qy(n, u, A,7) is closed under the Bernardi integral operator.

Theorem 3.2. Let f(z) € Z. If f(z2) e MQg(n,u, A,y) then J.f(z) € MQy(n, i, A,7).
Proof. Let f(z) € MQg(n,u,A,y) and set

2o (Inuf (@) +A22 e (Inuf (2))"
A= Je (Inuf () +AzJe (Inuf (2)

where H (z) is analytic in E and H (0) = 1. Using (1.8) and (3.4) we get

=H(z), (3.6)

2Je (Inys1f (@) +AZ% T (L £ (2)"
A=) Je (1 £ () + A2Te (L1 £ (2)

zH' (2) c
—-H((z)+(c+1)

=H(z)+ Pr(y) (3.7

Now using the same steps as in Theorem 3.1, we can prove that . f(z) € MQy(n, i, A,y), which
completes the proof. O

Theorem 3.3. The necessary and sufficient condition for f (z) defined by (1.1) to be in the class
MQz(n,p,A,y) is

= (N)k
K+y+k)] —2 g <(y-1)@A-1). (3.8)

L [F+ya+b] o lad < (y - 1) @A-D

Proof. Let f(z) € MQz(n, i, A,7), then

z2(Inuf () +A2% (I uf (2)"
A=) (Inuf (@) + Az (Inpuf (2))

’

which implies using (1.5)

% CA-1D+X%, kz(n(li)ﬁ az*

Re <-Y.

-1 -D+XP2,0+k s g ok

(n+1) g+



6 SAQIB HUSSAIN, ADIL WAHID BUTT AND MUHAMMAD ZAHID

Letting z — 1~ along the real axis, we have

(2/1 1)_,’_200 k2 (/’t)kﬂ aj

(n+1) 41

+7v<0.

—A-D IR A+ k) (et gy

n+1)

By maximum modulus principle, the above equation leads to the desired inequality

> [k +Y(1+k)]()¢lak|s(y—l)(u—l).
k=0 + D+

Conversely, suppose (3.8) is true for z € D. Then

Z2(Inuf () +A2% (Inuf (2)"
A=) (Inuf @) +Az(Inuf (2))

)

if
LEA-1)+ X2 K e gy 2k
Re 7 +y <0,
LRA-D+IR, (0 +k) gz
that is if
> [k2+y<1+k>]Mmus(y—nm_l),
k=0 + Dk
which completes the proof. O

Corollary 3.1. Let the function f (z) defined by (1.1) belongs to the class MQ,(n, i, A,y). Then

(Yy=-1)@A-1) (n+1)j
[(K2+yQ+0)] (1)

lag| <

This inequality is sharp and the extremal function is given by

1, r=10@A-D 4 e
N () k41

Theorem 3.4. Let the functions f(z) € MQz(n, u, A,y) be defined as

f@)=

( 1)2A=1) (n+ 1)1 K
[k2+Y(1+k)] (1) k40

fold)=- andfn (2) = forneN.
Then f(z) € MQa(n, 1, A,y) ifand only if f (z) can be expressed in the form

f(z)= kafk(z) where & =0 and ka—l (3.9
k=0 k=0



CERTAIN NEW CLASSES OF MEROMORPHIC FUNCTIONS

Proof. Suppose that f (z) can be expressed in the form (3.9), then

1 X 1)2A-1)
Zﬁ '“
z T [k2+yQ+k)

Consider

-1)2A -1
Z [k2+y(1+k)] ()k+1 (r-1)@A-1 (n+ Dy

<(y-1)2A-1),
k=0 + Di+1 k[k2+y(1+k)] (:u)k+1 (Y )

so by (3.8), we have f(z) € MQ2(n, u, A,y). Conversely let f(z) € MQa(n,u, A,y), and set

[2+y1+0] (Wi,

*E D@D D

laxl, k=1,2,...

withéy=1- Z‘]’C":l ¢ . We obtain

larl =1,

f f k2+y(1+k>] () 11
- =1 (ZA 1) (n+1) k41

then f(2) = %":05 «fx (z) where & = 0 and Zz"zof « = 1. This completes the proof.

O

Theorem 3.5. Let f (z) € MMy (n, 1, A,y,6) w.rtg(z) € MRy (n,p,y), then [I”'”f(z) "e Py (B),

In,yg(z)
where

/1
B= hrey and g1 (z) = (
um

In,u8(2) )
q1 +2

In,,u+1g(z) ’

Proof. Let f (z) € MMy (n,u,A,y,6) and let

mn k1 k1
—H(z)—(Z+§)h1(Z)—(Z—§)h2(Z).

In,uf (2)
In,.8 (2)

It can be easily verified that

(-2 Liuf @™ [Tnpnif @] [Inuf (2]
In,ug(z) In,u+lg (2) In,ug (2)
!
- H(p+ ZLEQE p ()
um
where Q (z) = Iij;‘:lggl) Let g (2) =
aon [l @1 [T f @) [ L] 2 ot
In,ug(z) In,;.t+1g (2) In,,ug (2)

ko1 k1
= (Z + E) [h1 (2) + zh] (2) q (2)] - (Z — E) [ha (2) + zhy (2) g (2)] -

(3.10)

(3.11)

(3.12)
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Since f (z) € MMy (n,pu, A,,6), so by (3.12),
hi(z)+zh;(z)q(z) € P(y) fori=1,2;z€E
Let h; (z) = B+ (1-B) pi (2) for i =1,2. Then
[(B=7)+(1-B) pi(2)+(1-B)zp}(2) g(2) € Pfori=1,2; z€ E.

We formulate a functional W (u, v) by taking u = u; +iuy = p;(2) and v = v +ive = zpi(2),
then
Y, v)=B-7)+U=-Pu+1-pv|q+igs].

The first two conditions of Lemma 2.1 are obviously satisfied for ¥ (u, v). For the third condi-
tion, we proceed as follows:

ReW¥(iup, v1)=(B-y)+1A-PBv1q:.

By putting v; < -3 (1 + u3), we have

ReW (iuy, v1) < A+ Buj,
where

1
A= (,3—}’)—5(1—,6)571,
1
B= —E(l—ﬁ)ql <0

We note that ReW (iup, v1) <0if A<0. From A<0, we obtain

B q1+2y

q1+2

Using Lemma 2.1, we see that p; € B, for i = 1,2 and z € E. Hence h; (z) € P (,6) which implies
H(z) € Pi(B). Our proof is complete. a

Theorem 3.6. For0<1; <A,

MMy (n, 1, A2,7,6) € MMy (n, 1, A1, y,6)

Proof. Let f (z) € MMy (n,pu,A2,7,68), then

m

In,uf (2)
In,.8 (2)

In,,u+1f (2)
In,u+1g (2)

In,uf (2)
In,.8 (2)

[(1—/12) 2

m—1
] = Hy(2) € Pc(y),
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by Theorem ?22,
m

Inuf (2)
L :Hl(Z)epk(ﬁ)CPk(Y)'

In,,ug(z)

If A; =0, the proof is immediate from Theorem 22. Therefore we consider 1, > 0,

m m—1

1
n,,uf + /11

Inug

In,u+1f
In,,u+lg

Lnuf

1-21)
! Inu8

—(l—ﬁ)H(HﬁH() (8.13)
= ﬂz 1Z ﬂz 2(Z). .

Since Py () is a convex set [5], thus right side of (3.13) belongs to Py (y). Thus f (z) € MM
(n»u)A]yY»a)- D

Theorem 3.7. Let f(z) € MRy (1,11, y), then J.f (z) € MRy (n, 11, y).

Proof. Let f (z) € MR, (n, i1, y) and set

zJc(Inuf(2))
——— = H(2). (3.14)
Je(Inuf ()
(3.14) together with (1.8) implies that
I, ’ !
Il @y, 2H@ 3.15)
(In,yf(Z)) -H(z)+(c+1)

Now following the same steps as in Theorem 3.1, we obtain the required result.
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