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APPLICATIONS OF FRACTIONAL CALCULUS TO
k-UNIFORMLY STARLIKE AND k-UNIFORMLY
CONVEX FUNCTIONS OF ORDER «

AJAB AKBARALLY AND MASLINA DARUS

Abstract. A new subclass of analytic functions k — SPy(«) is introduced by applying certain
operators of fractional calculus to k-uniformly starlike and k-uniformly convex functions of order
«. Some theorems on coefficient bounds and growth and distortion theorems for this subclass
are found. The radii of close to convexity, starlikeness and convexity for this subclass is also

derived.

1. Introduction

Let A denote the class of functions of the form
o0
f(2) :z—i—Zanz” (1.1)
n=2

analytic and normalized in the open unit disk U = {z : |z] < 1} and S denote the subclass
of A that are univalent in U. Let T denote the subclass of S consisting of functions of
the form

f(z) :szanz”, an >0 (1.2)
n=2

We denote by ST and C'V the subclasses of S that are respectively starlike and convex.
Goodman [2][3]introduced and defined the following subclasses of CV and ST.

A function f(z) is uniformly convex (uniformly starlike) in U if f(z) is in CV(ST)
and has the property that for every circular arc v contained in U, with center £ also in
U, the arc f(v) is convex (starlike) with respect to f(£). The class of uniformly convex
functions is denoted by UCV and the class of uniformly starlike functions by .S,. From
Ronning [9)and Ma and Minda [6]it is well known that
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and
zf"(2)
=)

felUlCV < Re{l + Zf”(z)} >

f'(2)

Note that f(z) e UCV & zf'(z) € S,,.

Kanas and Wisniowska [M][d]defined the functions f € S to be k-uniformly convex
(k-uniformly starlike) if for 0 < k < oo the image of every circular arc v contained in U
with center £ where £ < k is convex (starlike). In the same period, Kanas and Srivastava
[L1]studied extensively on linear operators associated with k-uniformly convex functions.

Bharati, Parvatham and Swaminathan [l]defined k— .Sy, () to be the class of functions
f(2) of the form (1.1) with 0 < k < oo and 0 < a < 1 that satisfies the condition

Ve R Ve

In [1], K — UCV(«) is defined to be the class of functions f(z) of the form (1.1) with
0<k<ooand0<a<1 that satisfies the condition

w2

Owa and Srivastava [d]introduced the operator 2 : A — A defined by

1'+a. (1.3)

+ a. (1.4)

QM (2) :=T(2 = \)2 D2 f(2), (A #2,3,4...) (1.5)

where D2 f(z) is the fractional derivative of f of order A defined by Owa [S]to be

1 d [*

Following the work of Srivastava and Mishra [L0]we introduce a class of analytic functions
related to k — S,(a) and k — UCV () using the operator Q* defined by (1.5).

Definition 1.1. Let f be of the form (1.1), 0 < k < oo, and 0 < a < 1. Then
f € k— SP\(a) if and only if f satisfies the condition

SRS AR )
Re{ () }Z’“ ()

It follows that k — SPy(a) = k — Sp(a) and k — SPi(a) =k —UCV(a).

1' +a. (1.7)

Define k — TSPy (a) to be k — TSPy(a) =k — SP\(a)NT.
The aim of this paper is to investigate several basic properties of the class k—T'S Py («).
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2. Coefficient estimates

Theorem 2.1 Let f be of the form (1.1). Then for 0 < k < oo and 0 < a < 1,
fek—SP(a)if

re2-MNrn+1)
F'n—X+1)

i (1+k)— (a+k)

n=2

lan| <1-—a. (2.1)

Proof. It suffices to show that

2(QMf(2)) 2(Q N f(2))
YO 1‘ _Re{ D flz) 1} =toa

First of all, it is easily seen from (1.6) that

k

F(n+1) _
D/\ nl{ _ n—>\
{Z } Tn—A+1)
We have
2 f(2) 2 f(2)) 2 f(2))
k|l —————-1|—Re ———— -1, < (1 +k)|—F—— -1
0 (:) o) =Y e
_ R S, - DI o,
— [e%e) Ir'2—\I'(n+1
L= s S an|
The last expression is bounded above by (1 — «) if
> r2-MNr(n+1)
n < ]- -
ZZ: n(l+k)— (a+k)] Tn—+1) lan| < a

and hence the proof is complete.

Theorem 2.2. A necessary and sufficient condition for f of the form (1.2) to be in
the class k — TSP\(a) for 0 <k < oo and 0 < o < 1 is that

T2 - \NT(n+1)

[n(1+ 1) = (@ + Dl =25

NE

lan| <1-—a. (2.2)

n=2

Proof. In view of Theorem 2.1, we need only to prove that if (2.1) is true then
f(z) € k = TSPx(«). Now suppose f(z) € k— TSPy(a) and z is real, then

0 TD(2=A)T(n+1 _ 00 L(2=\)I(n+1 _

1-3,on ( (n)A(JZ) )—anz” ! o>k > oneo(l _”)_( (n)A(JZ)_)anZn !
o T(2=MNT(n+1) 1 oo T(2=M)T(n+1) —

1= 3, “roaa an 2! 1= s Tt an 2!
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Letting z — 1 along the real axis we obtain

(1—0) = S+ #) — (o + WIEEEE ]

o T(2=MT(n+l
1_Zn:2%|an|

This is only possible if (2.1) holds. Therefore we obtain the desired results.

3. Crowth and distortion theorems

In this section we prove some growth and distortion theorems for the subclass k& —
TSP)\ (Oé)

Theorem 3.1. If f(z) € k — TSPy(«) then

(1-a)(2-A) , (1-a)(2-A) _
T*mr §|f(2)|§7"+mr2 (|Z|—T)
with equality for a 2= 2
flz)=2z— sz (z = Fr).

Proof. Since f(z) € k — T'SPy(a) by applying assertion (2.1) of Theorem 2.1, we
obtain

§1—a

which immediately yields

Z o < G222 (3.1)

—a+k)

From (1.2) and (3.1) we have

+ E -« A
[F ()] <2 4 2|an| |2 < 2| + %| |2
Also from (1.2) and (3.1)

2 12l - Z|an||z|”>|z| G

Thus, the proof of Theorem 3.1 is complete.
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Theorem 3.2. If f(z) € k — TSPy(«) then

-G s s BB =
with equality for
JC(Z)ZZ—%Z2 (z=Fr).

Proof. From the proof of Theorem 3.1

112 o+ G =D,
Therefore

R ]
Also, from the proof of Theorem 3.1,

112 o - G =D,
Therefore

ez - LDy

4. Close-to-convexity, starlikeness and convexity

For some §(0 < < 1) and all z € U:
A function f € T is said to be close-to-convex of order § if it satisfies

Re{f'(z)} > 6. (4.1)
A function f € T is said to be starlike of order ¢ if it satisfies
2f'(2) }
Re > 4. 4.2
§© 2
A function f € T is said to be convex of order § if and ouly if zf'(z) is starlike of order
0 that is, if
2f"(2) }
Req 1+ > 4. 4.3
e 43

Theorem 4.1. If f(z) € k — TSPy(«) then f is close-to-convex of order ¢ in |z| <
ri(k,a, A, 0) where

ri(k,a, \, ) = inf

n

{(1 — &)L +k) — (a+ k)02 - ND(n+1)]71
n(l—a)l(n—XA+1) '
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Proof. It is sufficient to show that
o0
If(z)—1| < Z nan|z|" "t < 1—4. (4.4)
n=2
But in view of (2.1) the inequality (4.4) holds true if

n|z[*t < n(l1+k)— (a+ k)2 —AN(n+1)
1-6 — 1—a)l(n—X+1) '

(4.5)
Solving (4.5) for |z| we obtain

2] < {(1 —0)n(1+k)—(a+k)I'2-N(n+1)
- n(l—a)l(n—A+1)

n—1
] n=23.4,....

Theorem 4.2. If f(z) € k — TSP\(«) then f is starlike of order 6 in |z| <
ro(k,a, A, 0) where

[a_®m0+kywa+mw@_xwm+u]%j

rg(k,oz,)\,é):inf (n—é)(lfa)r(nf)‘+1)

n

Proof. We must show that

() S (1 — D!
CHERE SRR

But in view of (2.1) the inequality (4.6) holds true if

<1-4. (4.6)

(n=8)"! _ [p(L+k) = (a+ L2 = ND(n+1)
1-0 - I—aT(n—A+1) '

(4.7)

Solving (4.7) for |z| we obtain

(1= )1+ k) — (a + kT2 =N (n+1)] 7
= =2,3,4,...
|ﬂ_{ (n—0)(1—a)T(n—\+1) n=2,34,
Theorem 4.3. If f(z) € k—T'SP\(«) then f is convezx of order d in |z| < r3(k, a, A, d)
where

r3(k,a, \, ) = inf

n

{uamu+k)(a+mwexﬁm+1qﬁl
nn—386)(1—a)l'(n—A+1) '

Proof. We must show that

zf”(z)‘ < Sonean(n — Dag|z[" ! <1-3¢
f(2) 1= 30, nay|z["1 '

‘1 + (4.8)



k-UNIFORMLY STARLIKE AND k-UNIFORMLY CONVEX FUNCTIONS OF ORDER o 109

But in view of (2.1) the inequality (4.8) holds true if

n(n=9)z""" _ [n(L+k) = (a+ k)T - N(n+1)

-5 = - al(n-r+1) | (4.9)

Solving (4.9) for |z| we obtain

(1—8)[n(1+k) — (@ + kT2 - N (n+1)] 77

2] < n(n—0)(1—a)l(n— A+ 1)

n=23,4,...
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