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CERTAIN PROPERTIES OF RATIONAL FUNCTIONS

INVOLVING BESSEL FUNCTIONS

R. AGHALARY, A. EBADIAN AND Z. OROUJI

Abstract. Let gυ(z) be the classical Bessel function of the first kind of order υ and f be
an analytic function defined on the unit disc ∆. Suppose the operator H( f ) be defined
by H( f )(z) = z

z
f (z) ∗

gυ(z)
z

. In this paper we identify subfamily Mn(α,β) of univalent func-

tions and obtain conditions on the parameter υ such that f ∈ Mn (α,β) implies H( f ) ∈
Mn (α,β).

1. Introduction and preliminaries

Let An be the class of functions f (z) normalized in the form

f (z) = z +
∞
∑

k=n+1

ak zk (n ∈N= {1,2, . . .})

which are analytic in the open unit disc ∆= {z : |z| < 1}. As usual, we denote by S the subclass

of An , consisting of functions which are univalent in ∆.

We denote by Mn(α,β), α > 1, β ≤ 0 the subclass of S consisting of functions f (z) ∈ S

which satisfy the inequality:

Re

(

z f ′(z)

f (z)

)

≤β

∣

∣

∣

∣

z f ′(z)

f (z)
−1

∣

∣

∣

∣

+α, (z ∈∆).

For n = 1, β = 0 and 1 < α <
4
3 , the class M1(α,0) was investigated earlier by Uralegaddi et

al. (cf [14]; see also [1], [9] and [11].). Also the classes M1(α,β) and Mn(α,0) were studied by

Nishiwaki and Owa [10] and Owa et all [8].

The Bessel function of the first kind of order υ is defined by the infinite series

Jυ(z) =
∞
∑

n=0

(−1)n ( z
2 )2n+υ

n!Γ(n +υ+1)
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where Γ stands for the Euler gamma function, z ∈ C and υ ∈ R. Recently, Szász and Kupán

[12] investigated the univalence of the normalized Bessel function of the first kind gυ : ∆→C,

defined by

gυ(z) = 2υΓ(υ+1)z1− υ
2 Jυ(z

1
2 ) = z +

∞
∑

n=1

(−1)n zn+1

4nn!(υ+1) · · · (υ+n)
. (1.1)

Baricz [4] and Baricz and Frasin [7] derived several sufficient conditions for integral operators

defined by Bessel functions of the first kind to be convex and also proved univalency of inte-

gral operators involving Bessel functions. Also we refer the reader for more information about

Bessel functions to [2, 3, 5, 6].

In this paper we shall be mainly concerned with functions f (z) = z +
∑∞

k=n+1 ak zk of the

form
z

f (z)
= 1−

∞
∑

k=n

bk zk , z ∈∆. (1.2)

It is easy to see that Mn(α,β1) ⊂ Mn(α,β2) for β1 ≤ β2 ≤ 0 and Mn(α1,β) ⊂ Mn(α2,β) for 1 ≤

α1 ≤α2.

We obtain necessary and sufficient conditions for functions of the form (1.1) to be in the

class Mn(α,β). Then we find some sufficient conditions for functions of the form z2

gυ(z) to be

in the class Mn(α,β). Also we obtain conditions for functions defined by z
z

f (z) ∗
gυ(z)

z

to be in the

class Mn(α,β).

2. Main results

We start with following theorem for which states coefficient conditions for functions in

the Mn(α,β).

Theorem 2.1. Let α> 1, β≤ 0. If a function of the form (1.2), with bn ≥ 0 belongs to Mn(α,β),

then we have
∞
∑

k=n

[k(1−β)+ (α−1)]bk ≤α−1. (2.1)

Proof. Suppose f ∈ Mn(α,β). It is easy to check that

z
d

d z
(

z

f (z)
) =

z

f (z)
− (

z

f (z)
)(

z f ′(z)

f (z)
). (2.2)

Using the identity (2.2), we have
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∣

∣

∣

∣
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if and only if

Re
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The last inequality is equivalent to

1+Re

(
∑

∞
k=n

kbk zk

1−
∑∞

k=n
bk zk

)

≤β

∣

∣

∣

∣

∣

∑

∞
k=n

kbk zk

1−
∑∞

k=n
bk zk

∣

∣

∣

∣

∣

+α. (2.3)

If z ∈∆ is real and tends to 1− through reals, then from (2.3) we obtain

1−α+

(
∑∞

k=n
kbk

1−
∑∞

k=n
bk

)

≤β

∑∞
k=n

kbk

1−
∑∞

k=n
bk

.

and the desired assertion follows from the above inequality. ���

Theorem 2.2. Suppose that 1 <α≤ 2 and β ≤ 0. Let z
f (z) be a nonvanishing analytic function

of the form (1.2). Then the following condition is sufficient for f to be in the class Mn(α,β).

∞
∑

k=n

[k(1−β)+ (α−1)]|bk | ≤α−1. (2.4)

Proof. As in the proof of Theorem 2.1, we note that the condition

Re(
z f ′(z)

f (z)
) ≤β

∣

∣

∣

∣

z f ′(z)

f (z)
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∣

∣

∣

∣

+α,

is equivalent to

Re

(
∑∞

k=n
kbk zk

1−
∑∞

k=n
bk zk

)

≤β

∣

∣

∣

∣

∣

∑∞

k=n
kbk zk

1−
∑∞

k=n
bk zk

∣

∣

∣

∣

∣

+ (α−1). (2.5)

or

Re(1−α+ω(1−βe iθ)) ≤ 0,

where

−π≤ θ<π and ω=

∑

∞
k=n

kbk zk

1−
∑

∞
k=n

bk zk
.

Using the fact ReW ≤ 0 if and only if |1+W | ≤ |1−W |, it suffices to show that A ≤ B where

A = |(1+ (1−α))(1−
∞
∑

k=n

bk zk )+
∞
∑

k=n

kbk zk
−

∞
∑

k=n

kbkβe iθzk
|

and

B = |(1− (1−α))(1−
∞
∑

k=n

bk zk )−
∞
∑

k=n

kbk zk
+

∞
∑

k=n

kbkβe iθzk
|

From the hypothesis we can write

A−B ≤ |2−α|+
∞
∑

k=n

(k −1− (1−α))|bk |−β
∞
∑

k=n

k |bk |
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−|α|+
∞
∑

k=n

(1+k − (1−α))|bk |−β
∞
∑

k=n

k |bk |.

For 1 <α≤ 2, we have

A−B ≤

∞
∑

k=n

(2k(1−β)−2(1−α))|bk |−2(α−1).

The last expression is non-positive by (2.4) and so f is in the class Mn(α,β). ���

By proceeding the same as proof of Theorem 2.1 we can get the following result in which

we omit the details.

Theorem 2.3. Let f (z) = z +
∑

∞
n=2 an zn with an ≥ 0 belongs to M1(α,β), then

∞
∑

n=2
[n(1−β)+ (β−α)]an ≤α−1.

Corollary 2.1. Suppose−1 ≤β≤ 0 and 1 <α<
4−β

3 . If f (z) = z+
∑∞

n=2 an zn with an ≥ 0 belongs

to M1(α,β), then f (z) ∈ S∗( 4−β−3α
3−β−2α).

Proof. By Theorem 2.3 for f (z) = z +
∑∞

n=2 an zn ∈ M1(α,β) with an ≥ 0 we have

∞
∑

n=2
an[n(1−β)+ (β−α)] ≤α−1.

It is well-known if f (z) ∈A1 satisfies

∞
∑

n=2

n −γ

1−γ
|an | ≤ 1

for some γ(0 ≤ γ < 1), then f (z) ∈ s∗(γ) by Silverman [13]. Therefore, we have to find the

smallest positive γ such that

∞
∑

n=2

n −γ

1−γ
|an | ≤

∞
∑

n=2

[n(1−β)+ (β−α)]

α−1
|an| ≤ 1

This gives that

γ≤
n(2−β−α)+ (β−α)

n(1−β)+1+β−2α
,

for all n = 2,3,4, . . . . Nothing that the right side of the above inequality is increasing for n, we

conclude that

γ≤
4−β−3α

3−β−2α
,

which proves that f (z) ∈ S∗( 4−β−3α
3−β−2α). ���

By combining Theorems 2.1 and 2.2 we have
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Corollary 2.2. Let z
f (z) be a nonvanishing analytic function in∆ of the form z

f (z) = 1−
∑∞

k=n
bk zk

with 1 <α≤ 2 and bk ≥ 0 for k ≥ n. Then f is in the class Mn(α,β) if and only if

∞
∑

k=n

[k(1−β)+ (α−1)]bk ≤ (α−1). (2.6)

.

Example 2.1. Let 1 <α≤ 2 and β≤ 0. Then the function f (z) given by

f (z) =
(m(1−β)+ (α−1))z

m(1−β)+ (α−1)(1− zm )
, m ≥n

belongs to the class Mn(α,β).

Theorem 2.4. Let 1 < α≤ 2,β ≤ 0 and gυ(z) be defined by (1.1). Then the following condition

is sufficient for f (z) = z2

gυ(z) to be in the class M1(α,β)

(1−β)

4(υ+1)
(1+M (υ+1))+ (α−1)M (υ) ≤α−1, υ>−1 (2.7)

where M (υ) =
∑

∞
k=1

1
4k k !(υ+1)k

.

Proof. Set z
f (z) =

gυ(z)
z

. It is well-known that the function gυ(z)
z

is univalent for υ>−1 and so is

nonvanishing analytic function on ∆. Hence by using Theorem 2.2, it suffices to show that

P :=
∞
∑

k=1

k(1−β)+ (α−1)

4k k !(υ+1) · · · (υ+k)
≤α−1. (2.8)

But by the hypotheses and (2.7) it is easy to see that

P =
1−β

4(υ+1)

∞
∑

k=1

1

4k−1(k −1)!(υ+2)k−1
+ (α−1)

∞
∑

k=1

1

4k k !(υ+1)k

=
(1−β)

4(υ+1)
(1+M (υ+1))+ (α−1)M (υ) ≤α−1

This complete the proof. ���

Remark 2.1. For υ>−1, it is easy to check that

(υ+1)(υ+2) · · · (υ+k) ≥ (υ+1)k k = 1,2,3, . . . .

Therefore

M (υ)=
∞
∑

k=1

1

4k k !(υ+1)k

≤

∞
∑

k=1

1

4k k !(υ+1)k
= e

1
4(υ+1) −1,

also

1

4(υ+1)
(M (υ+1)+1) =

∞
∑

k=1

1

4k (k −1)!(υ+1)k
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=
1

4(υ+1)
+

1

4(υ+1)

∞
∑

k=1

1

4k k !(υ+2)k

≤
1

4(υ+1)
(1+

∞
∑

k=1

1

4k k !(υ+2)k
)

=
1

4(υ+1)
e

1
4(υ+2) ,

implies that we can reduce the conditions of Theorem 2.4 as follows:

Corollary 2.3. If β≤ 0, 1 <α≤ 2 and υ>−1 satisfy the condition

1−β

4(υ+1)
e

1
4(υ+2) + (α−1)(e

1
4(υ+1) −1) ≤ (α−1),

then z2

gυ(z) ∈ M1(α,β).

Theorem 2.5. Let 1 <α≤ 2, β≤ 0 and f , g ∈ Mn(α,β) be of the form z
f (z) = 1−

∑∞
k=n

bk zk and
z

g (z) = 1−
∑∞

k=n
ck zk with bk ≥ 0, ck ≥ 0 for all k ≥ n. Also let z

f (z) ∗
z

g (z) 6= 0 on ∆. Then the

function H (z) defined by

H (z)=
z

z
f (z) ∗

z
g (z)

belongs to Mn(α,β).

Proof. By Theorem 2.2 it is sufficient to show that
∞
∑

k=n

[k(1−β)+ (α−1)]bk ck ≤α−1.

Since f , g ∈ Mn(α,β), by Theorem 2.1 we have

∞
∑

k=n

[k(1−β)+ (α−1)]bk ≤α−1, (2.9)

and
∞
∑

k=n

[k(1−β)+ (α−1)]ck ≤α−1. (2.10)

Using the Schwarz’s inequality, with relations (2.9) and (2.10) we obtain
∞
∑

k=n

[k(1−β)+ (α−1)]
√

bk ck ≤α−1. (2.11)

By the hypotheses and (2.11) it follows that

∞
∑

k=n

[k(1−β)+ (α−1)]bk ck

≤

∞
∑

k=n

[k(1−β)+ (α−1)]
√

bk ck

≤α−1,

and the proof is complete. ���
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Theorem 2.6. Let β ≤ 0,1 < α ≤ 2 and f ∈ Mn(α,β) have the form z
f (z) = 1−

∑∞
k=n

bk zk with

bk ≥ 0, for all k ≥ n. Suppose that g (z) = 1+
∑

∞
k=n

ck zk is an analytic function in ∆ with |ck | ≤ 1

for all k ≥ n and such that z
f (z) ∗ g (z) 6= 0 on ∆. Then the function H (z) defined by

H (z)=
z

z
f (z) ∗ g (z)

is in the class Mn(α,β).

Proof. By hypotheses, we have z
H(z) 6= 0 for z ∈∆. Since

∞
∑

k=n

[k(1−β)+ (α−1)]|bk ck | ≤

∞
∑

k=n

[k(1−β)+ (α−1)]bk ≤α−1,

by Theorem 2.2 we conclude that H (z) ∈ Mn(α,β). ���

Corollary 2.4. Let β≤ 0,1 <α≤ 2 and f ∈ Mn(α,β) have the form z
f (z) = 1−bn zn −bn+1zn+1−

·· · and bk ≥ 0 for all k ≥ n. Suppose that υ > −1 and z
f (z) ∗

gυ(z)
z

6= 0 on ∆. Then the function

H (z) defined by

H (z)=
z

z
f (z) ∗

gυ(z)
z

is in the class Mn(α,β).

Proof. In view of Theorem 2.6 it is sufficient to show that

4k k !(υ+1) · · · (υ+k) ≥ 1 (k ≥n),

and this is always true. ���
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