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CERTAIN PROPERTIES OF RATIONAL FUNCTIONS
INVOLVING BESSEL FUNCTIONS

R. AGHALARY, A. EBADIAN AND Z. OROU]JI

Abstract. Let g,(z) be the classical Bessel function of the first kind of order v and f be
an analytic function defined on the unit disc A. Suppose the operator H(f) be defined

by H(f)(z) = m. In this paper we identify subfamily M, (a, ) of univalent func-
f@ z
tions and obtain conditions on the parameter v such that f € M, («, B) implies H(f) €

Ml’l (a) ﬁ)‘

1. Introduction and preliminaries

Let <7, be the class of functions f(z) normalized in the form

f@=z+ Y &z (meN={1,2,..)

k=n+1
which are analytic in the open unit disc A = {z:|z| < 1}. As usual, we denote by S the subclass
of o, consisting of functions which are univalent in A.

We denote by M,(a, ), a > 1, B < 0 the subclass of S consisting of functions f(z) € S
which satisfy the inequality:

zf'(2)
R
e( 7@

zf'(2)

1
f(2)

+a, (ze A).

g

Forn=1f=0and1l<a< %, the class M;(a,0) was investigated earlier by Uralegaddi et
al. (cf [14]; see also [1], [9] and [11].). Also the classes M (a, B) and M,(«,0) were studied by
Nishiwaki and Owa [10] and Owa et all [8].

The Bessel function of the first kind of order v is defined by the infinite series

00 (_l)n(%)ZnHJ

Jo(@) =)

o n'I'(n+v+1)
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where T stands for the Euler gamma function, z € C and v € R. Recently, Szdsz and Kupan
[12] investigated the univalence of the normalized Bessel function of the first kind g, : A — C,
defined by

o 1_% % B 00 (_l)nzn+1
g(2)=2"Tw+1)z' "2 ]y(z )_Z+,,Z::14”n!(v+l)---(v+n)'

(1.1)
Baricz [4] and Baricz and Frasin [7] derived several sufficient conditions for integral operators
defined by Bessel functions of the first kind to be convex and also proved univalency of inte-
gral operators involving Bessel functions. Also we refer the reader for more information about

Bessel functions to [2, 3, 5, 6].

In this paper we shall be mainly concerned with functions f(z) = z + Zf’:n ) akzk of the
form
2 1% bk, zen (1.2)
@ = k2, . .

It is easy to see that M, (a, 1) € M, (a, B,) for B1 < B2 <0 and My (a1, B) < My(as,p) for1 <
a) < ap.

We obtain necessary and sufficient conditions for functions of the form (1.1) to be in the
class M, («, ). Then we find some sufficient conditions for functions of the form gyz—(zz) to be
in the class M, (a, ). Also we obtain conditions for functions defined by ﬁ to be in the

f(2 z
class My (a, B).

2. Main results

We start with following theorem for which states coefficient conditions for functions in
the My (a, B).

Theorem 2.1. Leta > 1, B <0. If a function of the form (1.2), with b,, = 0 belongs to M, («, ),
then we have

Y [kQ-p+(@-Dlbg<a-1. 2.1)
k=n

Proof. Suppose f € My(«a, B). It is easy to check that

PN S S eI MON (2.2)
dz f(2)) fa f& f@ '
Using the identity (2.2), we have
zf’(z)) zf'(2) ‘
R < -1{+a,
e( @)= @ .
if and only if
d z d z
zz73) z(7)
rel1_ 24 Z() ~pl_2 5()
@ f(2)
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The last inequality is equivalent to

Y kb

———|+a. 2.3
l—zzo:nbkzk . (2:3)

© b k
1+Re( Lin Kbiz )s

1- Zzo:n byz*

If z € Aisreal and tends to 1~ through reals, then from (2.3) we obtain

l-a+ Z%o:n i = Zzoznkbk .
1-Xinbr) ~1-X5L, b

and the desired assertion follows from the above inequality. O

Theorem 2.2. Supposethatl <a <2 andp <0. Let % be a nonvanishing analytic function
of the form (1.2). Then the following condition is sufficient for f to be in the class M, («a, B).

Y [kA-P)+(@-Dlbgl<a-1. (2.4)
k=n

Proof. As in the proof of Theorem 2.1, we note that the condition

! !
Re(zf @ <p 2@ -1|+a,
f(@ f(2
is equivalent to
Y kbizF Y kbizk
Re|—hon | < p| Sk Tl (g1, 2.5)
l_zk:nbkz l_zk:nbkz
or
Re(l-a+w( - ,Beie)) <0,
where .
X kbyz
—-1<f@<n and o= Zk:"—k
1- Z%o:n by zk
Using the fact ReW < 0 if and only if |1+ W/| < |1 - W], it suffices to show that A < B where
o] o] o] .
A=|1+0-a)A- Y bpz")+ Y kbpzk = Y kbipe' 2"
k=n k=n k=n
and

[e) o] o] .
B=|1-(0-a)- Y bpz") =Y kbpzb+ Y kbife’z"|
k=n k=n k=n

From the hypothesis we can write

A-B<2—al+ Y (k=1-(1-a)lbkl-B Y. kbl
k=n k=n
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—lal+ ) A+k—Q0-a)lbel-p Y klbgl.
k=n k=n

For 1< a <2, we have
o0
A-B<) (k(1-p)-2(1-a)|bil-2(a-1).
k=n
The last expression is non-positive by (2.4) and so f is in the class M, («, ). O

By proceeding the same as proof of Theorem 2.1 we can get the following result in which

we omit the details.

Theorem 2.3. Ler f(z)=z+)5), a,z" with a, =0 belongs to M, (a, B), then

Y (n(1-p)+(B-alay<a-1.
=2

n=

Corollary 2.1. Suppose—1<f<0andl <a< #. Iff(2) = z+ X5, a,z" with a, = 0 belongs

to My (a, P), then f(z) € S*(;‘Iﬁji)-

Proof. By Theorem 2.3 for f(z) = z+ ¥, a,z" € M (a, f) with a, = 0 we have
oo
Y ann-B)+B-al<a-1.
n=2

It is well-known if f(z) € < satisfies

o0

n_

Y 2 g =1
n:21_

£ =

for some y(0 < y < 1), then f(z) € s*(y) by Silverman [13]. Therefore, we have to find the

smallest positive y such that

S n—y < [n(1-p)+ (- a)]
er::zl—Ylanlsnzz a-1

]

lanl <1

This gives that
- n2-pg-a)+(P-a
T n-p)+1+p-2a’

for all n =2,3,4,.... Nothing that the right side of the above inequality is increasing for n, we

conclude that
4-6-3a

< -
7/‘3—/3—204’

which proves that f(z) € S* (g:g:gg). O

By combining Theorems 2.1 and 2.2 we have
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Corollary 2.2. Letﬁ be a nonvanishing analytic function in A of the form ﬁ =1-X2 bz~
withl < a <2 and by =0 for k = n. Then f is in the class M, (a, B) if and only if

Y [k(1—=p)+(@—D]bg < (a—1). (2.6)
k=n

Example 2.1. Let 1 < a <2 and B < 0. Then the function f(z) given by

. m(-pP+a-1)z
r&= i pr@-na-zm "="

belongs to the class M, (a, B).

Theorem 2.4. Let1 < a < 2,6 <0 and g,(z) be defined by (1.1). Then the following condition
is sufficient for f(z) = to be in the class M, (a, )

8v (Z)
1-p
1I+Muv+1)+(a—-1)M@w)<a-1, v>-1 2.7)
4(v+1)
where M(v) = k 1 —4kk'(v+1)k
Proof. Set f( — = g”Z(Z). It is well-known that the function g“T(Z) is univalent for v > —1 and so is

nonvanishing analytic function on A. Hence by using Theorem 2.2, it suffices to show that

® k(1-p)+(@-1)
=

o Ak w+ D - vt k)

(2.8)

But by the hypotheses and (2.7) it is easy to see that
_1-B i 1
A+ 1) AR - DI+ 2) -y

_a-p
C4(w+1)

(—)Z

1I+Mu+1)+(a-1) M) <a-1

4kk'(v+1)k

This complete the proof. O
Remark 2.1. Forv > -1, itis easy to check that

W+DW+2) - w+k)=w+D* k=1,23,....

Therefore
M) = f < f ! |
S ARk w+ ) oAk + Dk '
also

o 1
Mw+1)+1) =
4(v+1)( WD+ ,§I4k(k—1)!(v+1)k
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IR i 1
S A+1) 4+ ARk +2),

o0

<—q _
= 4(v+1)( +,;4kk!(v+2)k)

1
eiw2)

T iw+1)

implies that we can reduce the conditions of Theorem 2.4 as follows:

Corollary 2.3. If<0,1 < a <2 andv > —1 satisfy the condition

1 1
e + (a—1)(ewn —1) < (a—1),
20+ D) ( )( )=( )

then gf—(zz) € M (a, f).

Theorem 2.5. Letl<a <2, <0and f,g € My(a, B) be of the form ﬁ =1-X%, biz* and
ﬁ = I—Z‘,’C":nckzk with by = 0, ¢ = 0 for all k = n. Also let ﬁ * ﬁ #0 on A. Then the
function H(z) defined by

z
H@) = 77—
7@ * 3@
belongs to M, (a, f3).

Proof. By Theorem 2.2 it is sufficient to show that

[kQ-PB)+(a—D]brcr <a-—1.
k=n

Since f, g € My(a, B), by Theorem 2.1 we have

Y [kQ-P+@-Dibp<a-1, (2.9)
k=n

and -
Y [kA-p)+@-Dlcg<a-1. (2.10)
k=n

Using the Schwarz’s inequality, with relations (2.9) and (2.10) we obtain

[e 0]

Y [k(1-B) +(@-DlVbrer<a—1. 2.11)

k=n
By the hypotheses and (2.11) it follows that

Y k(1= p)+ (@—D]bkck
k=n

k

< ) [kQ-p)+(@- DIV brck
a_

IA

L

and the proofis complete. a
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Theorem 2.6. Let f<0,1 <a <2 and f € My(a, B) have the form % =1- Z%o:n b2k with
br =0, forallk = n. Supposetharg(z) =1+3.32 2k is an analytic function in A with|ci| < 1

forall k = n and such that % * g(2) #0 on A. Then the function H(z) defined by

H@E) = Z——
m*g(z)

is in the class My («, B).

Proof. By hypotheses, we have ﬁ # 0 for z€ A. Since

oo o0

Y k(=P +(@—Dllbeerl < Y [kQ-p) +(@-D]bp<a-1,

k=n k=n
by Theorem 2.2 we conclude that H(z) € My (a, f). O
Corollary2.4. Let <0,1 <a <2 and f € My(a, B) have the form ﬁ =1-b,z2"— by 12" -

.-« and by = 0 for all k = n. Suppose thatv > -1 and ﬁ * g”z(z) # 0 on A. Then the function
H(z) defined by

H@) =—05

F@* 2

is in the class My (a, B).
Proof. In view of Theorem 2.6 it is sufficient to show that
R+ w+ k=1 (k= n),

and this is always true. O
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