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IMPROVEMENT OF AN INEQUALITY OF G. H. HARDY

SAJID IQBAL!, KRISTINA KRULIC? and JOSIP PECARIC!3

Abstract. In this paper, we give an improvement of an inequality of G. H. Hardy using
fractional integrals and fractional derivatives. We also obtain means of Cauchy type and
prove their monotonicity.

1. Introduction

We start with the definition of the Riemann-Liouville fractional integral operator. First,
let us recall the well known definitions of Riemann-Liouville fractional integrals, see [11] and
[3].

Let [a, b] be a finite interval on real axis R. The Riemann-Liouville fractional integrals
I7. fand I} f of order a > 0 are defined by

a _L * _.ha-1
Imf(x)—r(a)faf(y)(x nidy, (x>a)

and
1

Il‘f,f(x) = %

b
/ fy-xtdy, (x<b).

Here I'(a) is the Gamma function. These integrals are called the left-sided and right-sided
fractional integrals respectively. The first result yields that fractional integral operators are
bounded in Ly(a,b), —oo<a<b<oo, 1 <p=<oo, thatis

15 flp<Klfllp, Wp-fllp,<KIflp (1.1
where
_b-a)*
T Ta+1)’

G. H. Hardy proved the inequality (1.1) involving left-sided fractional integral in one of his
initial paper, see [6]. The calculation for the constant K is hidden inside the proof.
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In this paper, we give improvements of Hardy type inequalities given in [8]. We also es-
tablish new inequalities involving fractional integrals and fractional derivatives of Riemman-

Liouville, Caputo, Canavati, Erdelyi-Kéber and Hadamard-type.

Let (Q1,%1, 11) and (Qy, X2, u2) be measure spaces with o—finite measures and Ay be an

integral operator defined by

1

Akf(x) = m

fQ ke, ) fnduz(y), (1.2)

where k : Q7 x Qy — R is measurable and non-negative kernel, f is measurable function on
Qz, and

K(x):zfQ k(x,y)dus(y), xe€Qj. (1.3)
2
Throughout the paper, we consider that K(x) >0 a.e. on Q;.

The following theorem is give in [12](see also [4]).

Theorem 1.1. Let (Q1,%1, 1) and (Q,Z, u2) be measure spaces with o—finite measures, u

be a weight function on Q;, k be a non-negative measurable function on Qq x Q,, and K be

k(x,y)

defined on () by (1.3). Suppose that the function x — u(X) 375

fixed y € Qo, and that v is defined on Q, by

is integrable on Q, for each

[ uX)kx,y)
v(y):= le —K(x) dpy (x) <oo. (1.4)

If ® is convex on the interval I € R, then the inequality

/Q u(x)® (Arf(x0) dp (x) SfQ v (f () du2(y),
1 2
holds for all measurable functions f : Qy — R, such that Imf < I, where Ay is defined by (1.2).

For reader’s convenience, we introduce some necessary notation and recall some basic
facts about convex functions, log-convex functions (see e.g. [10], [15]) as well as exponentially

convex functions (see e.g [2], [13], [14]).

Definition 1.2. A positive function f is said to be logarithmically convex if log f is a convex
function on an interval I € R. For such function f, we shortly say f is log-convex. A positive

function f is log-convex in the Jensen senseif foreach a,be I

fz(“gb) < f(@) f )

holds, i.e., if log f is convex in the Jensen sense.
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The following definition is equivalent to the definition of convex functions.

Definition 1.3 ([16]). Let I < Rbe anintervaland f: I — Rbe convexon I. Then for sy, $p, 53 € I

such that s; < s < s3, the following inequality holds:

F(s1)(s3=82) + f(s2)(s1—83) + f(53)(S2—51) = 0.

Function f is log-convex on an interval [, if and only if for all s, 52,53 € I, 51 < 52 < s3 it holds
[f(s2)1% 7 < [F(s)I® T2 [ f(s3)]%2 7L

This lemma help us to prove the monotonicity of means.

Lemma 1.4. Let positive function f : I — R belog—convex and let a,, ay, by, by € I such that
a; < by, a, < by and ay # ay, by # bs. Then the following inequality holds:

1 .
az—ay by —by

flaz)
flay)

f(b2)
fby)

Let us recall the following definition of exponentially convex functions and very impor-
tant proposition.

Definition 1.5. ([13, p.373]) A function & : (a, b) — Ris exponentially convex if it is continuous
and

n
Z aiajh(xi +x]') >0,
i,j=1

forall neNand all choices of a; €R, x; + xj € (a,b), i,j=1,...,n.

Proposition 1.6 ([7]). Let h: (a,b) — R. The following statements are equivalent.

(i) h is exponentially convex.

(i) & is continuous and

n Xi+Xj
Z aiajh >0,
ij=1 2

foreveryneN, a; € (a,b) and x; € (a,b),1 <i < n.

Every exponentially convex function is log-convex in the Jensen sense, and, being contin-
. . . . 3_
uous, it is also log-convex function. However, converse is not true: the function h(x) = e* ~*

is log-convex on (0, 1) but it is not exponentially convex on (0, 1). (see [9])

Throughout this paper, all measures are assumed to be positive, all functions are as-

sumed to be positive and measurable and expressions of the form 0- oo, 2> and g are taken
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to be equal to zero. Moreover, by a weight z = u(x) we mean a nonnegative measurable func-
tion on the actual interval or more general set.

The paper is organized in the following way. After introduction, in Section 2, we give the
improvement of an inequality of G. H. Hardy related to fractional derivatives and fractional in-
tegrals. We obtain new inequalities which involve different fractional integrals and fractional
derivatives of Riemman-Liouville, Caputo, Canavati, Erdelyi-Kéber and Hadamard-type. We
establish mean value theorems of Cauchy type and means of Cauchy type related to different
fractional integrals and fractional derivatives and prove monotonicity of these means.

2. The main results

Lemma2.1. Lets€R, ¢;:R* — R be a function defined as

s

ﬁr S¢01 ]-r
ps(x):=1 —logx, s=0, 2.1
xlogx, s=1.

Then @ is strictly convex on R* for each s € R.

Proof. Since (p’s’(x) = x52> 0 forall x € R", s € R therefore s is strictly convex on R* for each
seER. Oa

The following theorem is given in [4].

Theorem 2.2. Let the assumption of the Theorem 1.1 be satisfied and ¢ be defined by (2.1). Let
f be a positive function. Then the function ¢ : R — [0,00) is defined by

f(s)=fQ v(y)qos(f(y))d,uz(y)—fQ u(x)ps(Arf(x)dp; (x) (2.2)
is exponentially convex.

The function ¢ being exponentially convex is also log —convex function. Then by Defini-
tion 1.3 the following inequality holds true:

PN < E@IP7 TP (2.3)
for every choice r,p, € R, such that r < p < g.

We will give some special cases of Theorem 2.2 for different fractional integrals and frac-

tional derivatives to establish new inequalities.

Here, we give a first special case of Theorem 2.2 for the Riemman-Liouville fractional

integral.
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Theorem 2.3. Lets>1, a >0, IZ‘+ f denotes the left-sided Riemann-Liouville fractional inte-
gralof f and ¢, : R — [0,00). Then the following inequality holds true:

¢1(s) < Hy(s), (2.4)
where
I'a+1
80 = —3 [f (b= ) i (y)dy - f - (D >)
and
(b a)oc(l s) s N
Hi(s) = TSeoD (b—a) f ffymdy - T(a+1)° f IS fx)dx|.
Proof. Applying Theorem 2.2 with Q; = Q, = (a,b), dy (x) =dx,dus(y) =dy,
(x_y)a—l .
k(x,y):{ T asy=x
0, x<y<b
we get that K(x) = (F)E af)l) Then the equation (2.2) becomes
I'la+
£1(s) = f v (s (Fdy - f u(x)cps( )a 1% f(x ))dx (2.5)

For particular weight function u(x) = (x — a)%, x € (a, b) we get v(y) = (b— y)* and we take
Ps(x) = S(;“—jl), x €R*. So (2.5) becomes

b b T(a+1
£1(9) = = f (b—y)“fs(y)dy—f (x—a)® (( la+ )I;’if(x)) dx
a(l-s) s
= S(S 0 [(b a)® f ffydy-b-a) Cla+1)° f (Ig. f(x) dx
— (b—a)*' as s s @ s
T (b—-a) fa ffydy—T(a+1) fa U f(X) dx
= Hl (s).
It follows (2.4). Oa
Theorem 2.4. Lets>1, a >0, I [ denotes the right-sided Riemann-Liouville fractional in-
tegral of f and &, : R — [0,00). Then the following inequality holds true:
$2(8) = Ha(s), (2.6)
where

$a(s) =

T 1
S N = TN P

a(l-s)
Hy(s) = (s;[(b a)’“f fydy—T(a+1))° f Iy f(x)’dx|.

and
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Proof. Similar to the proof of Theorem 2.2. O

Next we give result with respect to the generalized Riemann-Liouville fractional deriva-

tive. Let us recall the definition, for details see [1, p.448].

We define the generalized Riemann-Liouville fractional derivative of f of order @ > 0 by

d\" [*
Daf(x) = (ﬂ) f (=" f(dy,

I'(n—a)
where n=[a]+1, x€ [a, b].

We say that f € Ly (a, b); a, b € R has an Ly, fractional derivative DY f (@ > 0) in [a, b], iff
(1) D& *fecC(a,b), k=1,...,n=[al+1
(2) D% ! fe AC(la, b)), and
(3) DY feLs(a,b).

The following lemma help us to prove the next result. For details see [1, p.449] (also see

[5D).

Lemma 2.5. Let > a =0 and let f € Ly(a,b) have an Ly, fractional derivative Dgf in [a, b]
and let
D *f@=0, k=1,...,18+1.
Then ) B .y
DY) = 5= | - Dl

foralla<x<b.

Theorem 2.6. Lets>1, > a =0 and let f € Li(a,b) have an L, fractional derivative Dg fin
[a, bl, and &3 : R — [0,00). Then the following inequality holds true:

¢3(s) < Hsl(s), 2.7)
where
1 b _ b L (T(B-a+1) s
— _ \B-a b s _f B a( a )
¢3(s) 6D Ua (b=P S (Daf(y) dy x-a) oy = (Daf(x)] dx
and (B-a)(1-5) b b
b— —a)(l-s
Hs(s) = % [(b—a)(ﬁ_“)sf (Dgf(y))sdy—(r(ﬁ—aﬂ))sf (Dg f(x)’dx]|.

Proof. Applying Theorem 2.2 with Q) = Qy = (a, b), du1(x) =dx,dus(y) = dy,

(x_y)ﬁ—a—l

k(x,y)= [(p-a)
0, xX<ysh

asys<x;
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we get that K (x) = r(’(cﬁ__“c)f:) Replace f by Dg f. Then the equation (2.2) becomes

rB-a+1)
(x—a)p-«

b b
53(3)=f v(y)t/)s(Dgf(y))dy—f u(x)tbs( DZf(x))dx. (2.8)

For particular weight function u(x) = (x — @)#~%, we get v(y) = (b— y)P~® and we choose
Ps(x) = s(;‘—jl), xe€R™. So, (2.8) becomes

1 b _ b —o(TB—a+1) s

— _a\B-anp N _f _ B a(— a )

¢3(s) 6D Ua (b= (D f(y)) dy x-a) G—ape (Daf(x)| dx
b b
< s(sl_ 5 [(b—a)ﬁ‘“ f (DL f dy - (b-a P09 (f-a+1)° f (DG f(x) dx
b— (f—a)(1-ys) b b

- [(b—a)(ﬁ‘“)s | whsonay-ap-as [ wsrerax

= Hg(S).
It follows (2.7). O

Now we define Canavati-type fractional derivative (v—fractional derivative of f), for de-
tails see [1, p. 446]. We consider

C"([a,b]) = {f € C"(la, b)) : IV F € CY([a, bD)},

v>0,n=[v]. Let f € CV([a, b]). We define the generalized v—fractional derivative of f over

[a, b] as
Dof =g 1y,

the derivative with respect to x.

Lemma2.7. Letv=7y+1, wherey=0and f € C*([a, b]). Assumefm(a) =0,i=0,1,...,[v]-1.

Then
1

'v-y)

(DLAx) = f -0V NDL A0,

forall x € [a, b].

In the following theorem, we will construct new inequality for the Canavati-type frac-
tional derivative.

Theorem 2.8. Let s > 1 and assumptions in Lemma 2.7 be satisfied, D), f denotes the Canavati-
type fractional derivative of f and 4 : R — [0,00). Then the following inequality holds:

$4(8) < Hy(s), (2.9)
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where
1 b Tv—y+1) s
— _ V=Y v v Y Y
§409) = [ f (b=y) T DL F () dy— f (x— (7(x_a)v_y Daf(x)) dx
and
(b—a)v V1~ w-ps [ v Y
H4(s)——s(s [(b a)"r f (D, f()dy—T(v—-y+1)° f (D, f () dx|.

Proof. Applying Theorem 2.2 with Q =Qp = (a, b), du1(x) = dx,dux(y) =dy,

(x—y)¥r ! .
k(x,y)=4{ Top > GSVEE
0, X<y<hb,
we get that K(x) = % Replace f by D} f. Then the equation (2.2) becomes
b Y Tv-y+1
§4(9) =f v(Y)Ps(Dyf(y)dy - f ux)ps ﬁDaf(x) dx.
a

For particular weight function u(x) = (x — a)"™7, we get v(y) = (b— )" and take ¢s(x) =

S(f—il), x € RT. We obtain that
b T(v-y+1 s
¢als) = [ f (b= T (Daf(y)°dy - f (x=a)"” Y((V—Y_)DZf(x)) dx
s(s _1) ( Y
s(s—l) [( —a)"” Yf (DLfdy—b-a)" VT -y+1)° f (D! f(x))dx
b—avra-9
= % [(b—a)(v_y)sf DY f(y)’dy—Twv-y+ 1))sf (DL f(x) dx
= Hy(s)
and (2.9) follows. 0

Next, we define Caputo fractional derivative, for details see [1, p. 449]. First, let AC([a, b])
be space of all absolutely continuous function on [a, b]. By AC"([a, b]) we denote the space of
all functions g € C"~!([a, b)) with g~V € AC([a, ).

Leta =0, n=[al, g€ AC"([a, b]). The Caputo fractional derivative is given by

X g(n) (y)
F(n—a)Js (x—yantl

Di,8(t) =

for all x € [a, b]. The above function exists almost everywhere for x € [a, b].

Using the above definition, we will prove the following result as a special case of Theorem

2.2 to construct new inequality for the Caputo fractional derivative.
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Theorem 2.9. Let s > 1 and D), f denotes the Caputo fractional derivative of f and &5 : R —
[0,00). Then the following inequality holds true:

¢5(8) < Hs(s), (2.10)
where
1 b n—-a, ¢£(n) s b n-a I'(n-a+1) a ’
¢5(8) = f(b—y) ) dy—f (x—a) — Dy, f)| dx
sts—=1 |Ja a (x—a)y=@
and
(b (l) n—a)(l-s) (n—a)s -
H5(S)—(—_1) (b—a) f fMidy-Tn-a+1)° f (DS, f(x)’dx]|.

Proof. Applying Theorem 2.2 with Q1 = Qy = (a, b), du1(x) =dx,du,(y) = dy,

n—-a-1

(x=y) '
k(X;y): Th-a) aSny’
o x<ysb,
wegetthat ko = % Replace f by f", Then the equation (2.2) becomes
I(n-a+1)
¢5(8) 2/ U(Y)¢s(f (.V))dy f u(x)Ps (ﬁDgaf(x) dx. ©.11)
a

For partlcular weight function u(x) = (x — a)"~ %, we get v(y) = (b— )" %, and we take ¢p;(x)

=< (s I X€ R* and after a simple calculation (2.11) becomes (2.10). O

We continue with the following lemma that is given in [1, p. 450].

Lemma2.10. Leta =y+1,y>0andn = [a]. Assume f € AC"([a, b]) such thatf(k)(a) =0, k=
0,1,...,n—1,and D%, f € Loo(a,b). Then D!, f € C(la, b)), and

Dlof (== f (x— @11 F(y)dy

(—Y)a

foralla< x<b.

Theorem 2.11. Let s > 1 and assumptions in Lemma 2.10 be satisfied. D¢, f denotes the Ca-

puto fractional derivative of f and g : R — [0,00). Then the following inequality holds:
$6(s) = Hg(s), (2.12)
where
MNa-y+1) )5
— a-y nHa a-y Y
e(s) = T U (b-*VDI fy’dy - f (x—a) (7@— pye Dl fx)| dx
and

(b_a)(ll—)’)(l—s) b b
Hg(s) = S(S——l) [(b_a)(a—y)sf (Dgaf(J/))de— Ta—y+ 1))Sf (Dzﬁ/af(x))sdx .
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Proof. Applying Theorem 2.2 with Q =Qp = (a, b), du1(x) = dx,du:(y) =dy,

(x—y)* 71 ‘
k(x,y)= “Tla-y) a<y<x;
0, x<y<h,
we get that K(x) = F()(C(;f})':y) Replace f by DY, f. Then the equation (2.2) becomes
b a b Ta-y+1) .
S6(8) :f v(y)¢>s(D*af(y))dy—f U Ps | ————"D.af(x) |dx. (2.13)
’ a (x—a)a Y

For particular weight function u(x) = (x — a)*~", we obtain v(y) = (b—»)*"" and we
choose ¢;(x) = S(Sx—_sl), x € R™ and after a simple calculation (2.13) becomes (2.12). a

We continue with definitions and some properties of the fractional integrals of a function
f with respect to given function g. For details see e.g. [11, p.99]:

Let (a,b), —oo < a < b < oo be a finite or infinite interval of the real line R and « > 0. Also
let g be an increasing function on (a, b] and g’ be a continuous function on (a, b). The left-
and right-sided fractional integrals of a function f with respect to another function g in [a, b]
are given by

1 [* gfmde

1% . = R

oD =5y |, e =-gore ©
and ) . f

. R g (Of(dt

Ty-ig 1) = r(a)fx g —goi-a =7
respectively.

Our first result involving fractional integral of f with respect to another increasing func-

tion g is given in the following Theorem.

Theorem 2.12. Let s > 1, a > 0, g be increasing function on (a, b] such that g' be continuous
on(a,b), I ., [ denotes the left sided fractional integral of f with respect to another increasing
function g and &7 :R — [0,00). Then the following inequality holds:

&7(8) < Hy (), (2.14)

where

1
s(s—=1)

b
—f g () (gx) —gla)® (

é7(8) =

b
|| gwgr- g ironsdy

I'a+1) )S
@+l o d
@0 - glaya el ) x|

and
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(g(b) — g(a)®1=9

Hr(s) = = | (g - gla)®™ f F'wg' way

~(T(a+ 1))~‘f (e, gf(x))sg'(x)dx].

Proof. Applying Theorem 2.2 with Q1 = Qy = (a, b), du1(x) =dx,du,(y) = dy,

gy

T@EW-gG)T= asys=x;
k(x,y) = { (l)"(a)(g(x) %)

xX<yshb,
we get that K(x) = ﬁ (g(x) — g(a))®. Then the equation (2.2) becomes

INa+1)

b b
57(S)=fa U(J’)¢s(f(J/))dy—fa u(X)¢s((g(x) 2(@)° Ig.ef(0)]d (2.15)

For particular weight function u(x) = g'(x)(g(x) — g(a))%, we obtain v(y) = g'(y)(g(b) — g(y)*
and take ¢ps(x) = S(;‘—jl), x € R*. So after small calculations (2.15) becomes (2.14). O

Remark 2.13. If g(x) = x, then Ifﬂ; f(x) reduces to If{+ f (x) left-sided Riemann-Liouville frac-
tional integral and (2.14) becomes (2.4).

Similar result can be obtained for the right sided fractional integral of f with respect to

another increasing function g, but here we omit the details.

Now we present definitions and some properties of the Erdélyi-Kober type fractional in-

tegrals. Some of these definitions and results were presented in Samko et al. in [17].

Let (a,b) , (0 < a < b < c0) be a finite or infinite interval of the half-axis R*. Also let

a > 0,0 >0, and nn € R. We consider the left- and right-sided integrals of order a € R defined
by

o O.x—a(a+17) X tan+0—1f(t)dt
Ua,;om D) = T @ fa oy’ ¥4 (2.16)
and n pb yo(l-n-a)-1
o _ox? ORI O f(ndt
(Ib_;a;nf)(X) - I'a) Jx (10 — x0)1-a » X<b, (2.17)

respectively. Integrals (2.16) and (2.17) are called the Erdélyi-Kober type fractional integrals.
Now, we give the following result.

Theorem2.14. Lets > 1, I; .., f denotes the Erdélyi-Kober type fractional integral of f, » F1(a, b; ¢; 2)
denotes the hypergeometric function and &g : R — [0,00). Then the following inequality holds:

&g(s) < Hg(s), (2.18)
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where
b
¢s(s) =f Y BT -y P P dy
b N
- f X717 — a%)%, Fy (%) Ha ) 12 o f(x)) dx
a (1-(4)%)" 2P
and s ,
_ BT an T o goyas o f s
Hy(s) = =07 =) b7 | R0 Gy
b
—a"_““‘”(r(aﬂ))sf ((2F1(x))l_sli;g;,,f(x))sdx],

a\o b\?
2F1(X) = 2 Fy (—n,a;a+1;1—(;) )“”szl(J/)=zF1 (TI»“?“"'l}l—(;) )

Proof. Applying Theorem 2.2 with Q; = Q, = (a, b), dp (x) = dx,dus(y) = dy,

1 gx~oln

k(x,y):{mm
0, x<ysb’

on+o—1 .
n , a<y<x;

we get that K (x) = ﬁ (1- (%)U)a SJFi(-n,a;a+1;1- (%)0). So, the equation (2.2) becomes

T(a+1)
(1-(9)) 2R ()

b b
fs(s):f v(y)gbs(f(y))dy—f u(x)gbs( Ig+;a;nf(x))dx. (2.19)

For particular weight function u(x) = x° ' (x? —a®)% , F; (x), where (o F} (x) = 2 F, (-1, a; a+
(o2
1;1- (%)U)), we obtain v(y) = y"‘l(b‘f —y9)%,F1(y) where , F1(y) = o Fi(n,a;a + 1;1 — (%) ).
Then the equation (2.19) becomes

b
&g(s) =f Y7L BT -y 2 F (1) bs(f () dy

I'a+1)
(1-(4)")" 2R

b
—~ f 7N x7 - a%)* 2 F (x) s ( I o f(x)) dx.

We choose ¢ (x) = x € RT, that is,

X'
s(s=1)’
1
s(s—1)

b
—f 2 %7 - a%),F (%)

b
¢s(s) = U Y W -y R () fF () dy

I'la+1)
(1-(9)")" 2R )

N
Ig+;g;nf(x)) dx

1 b
5 [b"‘l(b” - a")“f 2FL () () dy

IN

s(s

b
_aO'—1+OCO'S(bO'_ aU)a(l_S) (r‘(a+ 1))sf (zFl(x))l_s(lg+;a;nf(x))sdx
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(ba _ aa)a(l—s)

b
[(b"— a”)*p7"! f 2FL () fP(n)dy
s(s—=1) a

b
_ aa—1+aas(r(a+1))5f (2F1(x))l_s(li;a;nf(x))sdx
= H3(S)

it follows (2.18). O

Remark 2.15. Similar result can be obtained for the right sided Erdélyi-Kober type fractional
integrals, but here we omit the details.

Now we continue with the definition of Hadamard-type fractional integrals.

Let [a, b] be finite or infinite interval of R* and a > 0. The left and right-sided Hadamard-
type fractional integrals of order a > 0 is given by

“ Lt X\ fdy
Ug, Hx) = mfa (log;) 7 x>a
and ) Py
a _ b netrndy
Ue ) = r(a)fx (10g2) o, x<b
respectively.

The following result is about the Hadamard-type fractional integrals.

Theorem 2.16. Lets>1, a >0, J; [ denotes the Hadamard-type fractional integrals of f and
&9 :R — [0,00). Then the following inequality holds:

E9(s) < Hy(9), (2.20)

where

1 b logb-log ) fb (logx—loga)® ( T(a+1) o )5
G=1y Ua ) Fyay-| p (logx—loga)a(]“*f(x» dx

and

1 (logb-loga)*1-9
Hy(s) = & &

s(s—1) ab

b b
b(logb—loga)“sf fs(y)dy—a(l“(a+1))sf Ug, fx))dx|.

Proof. Applying Theorem 2.2 with Q; = Q, = (a, b), du1(x) = dx,dus(y) =dy,

(logx—logy)®t

k(x;y) = yr(a) '
0, X<y<bh,

as<y<x,

we get that K(x) = ﬁ (log x —log a)®. Then the equation (2.2) becomes

I'a+1)

b b
69(5) :L U(y)(bs(f(y))dy_L u(x)(l)s(m

Jg. fo)]dx. (2.21)
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(logx—loga)®
X

For particular weight function u(x) = , we obtain v(y) = w. So (2.21) be-

comes

os(f(yNdy

fb (logx —loga)® ( T(a+1)
a X *{logx —log @)@

b (logb-1 «
b - [ dosb=logy”

JE 0 |dx,

We choose ¢ (x) = x € RT, that is

s(s 1) ’

1 S
s(s—1) F»dy

_fb (logx—loga)® ( [(a+1)
a x (logx —loga)®

(logb—loga)® [P s
g g ff

Eo(s) =

fb (logb—log y)“

(]Z‘j(x))) dx

1
s(s—1)

IN

(»dy

a(l-s)
T(@+1)° aogb log“) f UE fx) dx

1 (logb—loga)‘)‘(1 s)
s(s=1) ab

b(logh —loga)“sf ffydy

b
—a(l(a+ 1))Sf Ug, f(x)dx
= Hy(s)

it follows (2.20). O

Remark 2.17. Notice that Hadamard fractional integrals of order a are special case of the left-
and right-sided fractional integrals of a function f with respect to another function g(x) =

log(x) in [a, b] where 0 < a < b < oco.

In the following theorem we prove the three different cases for the above results.

Theorem 2.18. Fori=1,...,9 the following inequalities hold true:

(. & (p)lwf(q) < H;(r) (2.22)
(i), (&7 (&7 < Hi(q) (2.23)
(iii). &:(p) < [Hi(r)] " [Hi(q)] T (2.24)

for every choice p,q,r €R, such thatl <r<p<q.

Proof. We will prove this theorem just in case i = 1, since all other case are proved analogous.
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(). Since the function ¢; is exponentially convey, it is also log-convex. Thenfor 1 <r < p <

g, 1,p,q€R, (2.3) can be written as

1N (@) P < & (mT7P.

This implies that
q-r r-p (b - a)a(l—r) b b
E1(p)lrr[Er(g]ar < ﬁ [(b—a)mf ffydy-T(a+ 1))rf (Iflﬁf(x))rdx
= Hy(r).

It follows (2.22).

(ii). Now (2.3) can be written as,
E1OIPIE PN < [E1(g@PT.

This implies that

p;f’ Q (b_ a)a(l—q)
1M [E1(p)]rT < W

= H(q).

b b
(b—a)“"f f"(y)dy—(F(aH))"f U5 fNTdx

It follows (2.23).

(iii). The (2.3) can be written as,

K
=

E(PI7T < [E1(0]7 &1(q),
EL(PIFT < (617 Hy(g).

< T

This implies that

—r

§1(p) = [Hi (M1 [Hy (@) 7.

<

W:P
It follows (2.24). Oa

3. Mean value theorems and Cauchy means

Now we will give the mean value theorems and means of Cauchy type for different frac-

tional integrals and fractional derivatives. For this purpose we define a notation
§i(8):=&i(,s(f(1); u, ps(Ax f(x)), for (i=1,...,9) @.D

where A f and v are defined by (1.2) and (1.4) respectively.

The following theorems are given in [4]. Such type of results are also give in [18] and [19].
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Theorem 3.1. Let (Q1,21, 1), (Q2,Z2, 42) be measure spaces with o -finite measures and u :
Q; — R be a weight function. Let I be compact interval of R, h € C>(I), and f : Q» — R a
measurable function such that Imf < 1. Then there existsn € I such that

fQv(y)h(f(y))duz(y)—fQ u(x)h(Axf(x)dp (x)

h/l
2('7) UQ u(y)fz(y)duz(y)—fQ u()(Aef () dp ()|,

where A f and v are defined by (1.2) and (1.4) respectively.

Theorem 3.2. Assume that all conditions of Theorem 3.1 are satisfied. Let I be a compact in-
tervalinR and g, h € C2(I) such that h" (x) #0 foreveryxel. Let f: Qy — R be a measurable
function such that Imf < I and

fQl/(y)h(f(y))duz(y)—fQ u(x)h(Arf(x)du(x) #0.

Then there existsn € I such that it holds

g'm  Ja, v WMdpz(y) = Jo, ux)g(Akf(x))dp (x)
h'(m) fQZ v h(f (M) du2(y) —fQ1 u(X)h(Ap f(x)dpy ()

We will give some special cases of Theorems 3.1 and 3.2 for different fractional integrals

and fractional derivatives.

Theorem 3.3. Let u be weight functions on (a, b), Ax f(x) be defined in (1.2) and v be defined
in (1.4). Let I be a compact interval of R, h € C2(I and &;:R — [0,00). Then there existsn; € 1
such that

n'm)

S h(F O w h(Af () = —= i, (FON?; u, (A f(x)?), for (i=1,...,9).

Theorem 3.4. Let u be weight functions on (a, b), Ay f (x) be defined in (1.2) and v be defined
in (1.4). Let I be a compact interval of R, g, h € C2(I) such that n' (x) #0 foreveryxeI,¢{;:R—
[0,00) and

Si(v, h(f(¥); u, h(Arf(x)) #0.

Then there existsn; € I such that

g ) _ & g(f); u,g(ALf(x))
W) & h(FO); u, h(Akf ()

for (i=1,...,9).

If we apply Theorem 3.4 with g(x) = ﬁil), h(x) = S(;“—jl),p #s, p,s#0,1, we get the

following result.
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Corollary 3.5. Let u be weight functions on (a, b), Ay f(x) be defined in (1.2) and v be defined
in (1.4). Let I be a compact interval of R*, &; : R — [0,00), (i = 1,...,9), then forp # s, p,s # 1,
there existn; € I such that

nP=S = ¢i(p) _sts=1D &, P u, (A f(x)P)
! Ei(9) plp=1 &, fS); u, (A f (X))

(3.2)

"

Remark 3.6. Since g” (x) = xP"%2and h (x) = x52, &_ are invertible. Then from (3.2), we obtain

h
] 5i(P))ﬁ
f D <|—— < 1.
Jnt s () = s s
SO, 1
MPS (0,0 (FO); t, 95 (A f () = (5"(’7 ))
&i(s)
and

MP* = MV (0,05(F O 5 (AR f(0)

p#s, p,s#0,1 are means. Moreover we can extend these means to excluded cases. Taking a
limit we can define

1
i(v, sU,Pp(A p—s
(f W,0p(F(1)); U, ( kf(x))))p ’ p£s,

s (F(); w5 (A f (X))

ex ( 1-2s _ ff(vyws(f(y))wo(f(y));u,tps(Akf(x))tpo(Akf(x))))
P{56-D & WO ps (A f ) ’

ex (—fi(v,q)l(f(y))(tpo(f(y)+2)));u,<p1(Akf(x))(<po(Akf(x)+2))) —s=1
P 28, (0, f M +@1(F(); w, Ar f () +1 (Ag f (X)) P

ex (f,-(v,(zwo(f(y))—wg(f(y)));u,(2<po(Akf(x))—wg(Akf(x)))))
p 28,01+ 90 [ (07); 16 1+ po (A f (0)) ’

= 0,1,
s p=s#
l

=
Il
1%}
I
o

In the following theorem, we prove the monotonicity of means.
Theorem 3.7. Letr < s, | < p, then the following inequality is valid,
Lr p,S .
M <MP for i=1,.,9. (3.3)
that is ,the means M lp 'S are monotonic.

Proof. Since ¢; are exponentially convex is also log —convex, we can apply Lemma 1.4 and get
(3.3). For r = s, [ = p we get the result by taking limit in (3.3). This completes the proof. O
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