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A PERTURBATION TECHNIQUE TO COMPUTE INITIAL AMPLITUDE
AND PHASE FOR THE KRYLOV-BOGOLIUBOV-MITROPOLSKII
METHOD
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Abstract. Recently, a unified Krylov-Bogoliubov-Mitropolskii method has been presented
(by Shamsul [1]) for solving an n-th, n =2 or n > 2, order nonlinear differential equation.
Instead of amplitude(s) and phase(s), a set of variables is used in [1] to obtain a general
formula in which the nonlinear differential equations can be solved. By a simple variables
transformation the usual form solutions (i.e., in terms of amplitude(s) and phase(s)) have
been found. In this paper a perturbation technique is developed to calculate the initial
values of the variables used in [1]. By the noted transformation the initial amplitude(s)
and phase(s) can be calculated quickly. Usually the conditional equations are nonlinear
algebraic or transcendental equations; so that a numerical method is used to solve them.
Rink [7] earlier employed an asymptotic method for solving the conditional equations
of a second-order differential equation; but his derived results were not so good. The
new results agree with their exact values (or numerical results) nicely. The method can
be applied whether the eigen-values of the unperturbed equation are purely imaginary,
complex conjugate or real. Thus the derived solution is a general one and covers the three
cases, i.e., un-damped, under-damped and over-damped.

1. Introduction

Recently, Shamsul [1] has presented a unified Krylov-Bogoliubov-Mitropolskii (KBM)
method [2, 3, 4] for solving an n-th, n = 2,3,..., order differential equation with small non-
linearities. The method is a widely used tool to tackle nonlinear vibration problems. First,
the method was presented (by Krylov and Bogoliubov [2]) for obtaining periodic solution of a
second order differential equation. Then the method was amplified and justified by Bogoli-
ubov and Mitropolskii [3]. Popov [5] extended the method to an under-damped case. Using
the same method, Murty, Deekshatulu and Krisna [6] investigated the over-damped cases of
the second- and fourth-order differential equations. Murty [4] also presented a unified KBM
method for solving a second-order nonlinear differential equation.

Though the KBM method is a used tool in perturbation method, yet it has a major prob-
lem. The conditional equations (in which the initial amplitude(s) and phase(s) are calculated)
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appear in as nonlinear algebraic or transcendental equations. In general, these equations are
solved by a numerical method. But Rink [7] earlier employed a perturbation tool to calculate
the initial amplitude and phase of a second-order equation. He considered the over-damped
case to illustrate his technique. He formulated his method for one of the Murty, Deekshat-
ulu and Krisna’s [5] solutions, which had covered a class of over-damped systems only. It is
noted that Murty, Deekshtulu and Krisna found two over-damped solutions for two classes
of over-damped systems (see [5] also [6] for details). However, shamsul’s [1] unified solution
covers all kinds of over-damped solutions as well as under-damped and un-damped. Though
Rink [7] investigated a class of over-damped problems yet his results were not so good. He
had determined the third approximation of the solution and carried out the calculations un-
til third approximation and obtained a satisfactory result (theoretically, a third approximate
solution is very close to exact or numerical solution). The aim of this paper is to develop a
new perturbation technique, which gives more correct results of the initial amplitude(s) and
phase(s). The method covers the un-damped, under-damped and over-damped cases. A sin-
gle solution can be arbitrarily used for the three cases. Moreover, the method can be easily
extended to an n-th, n =2, 3, ---, order nonlinear differential equation. It should be noted
that the Rink’s technique is too difficult to calculate the amplitude(s) and phase(s) for a non-
linear differential equation possessing more than the second-derivative. On the contrary, the
formulation as well as the determination of the solution (concern of this paper) is very simple.

2. Determination of solution and initial condition equations of a second-order equation
Let us consider the second-order autonomous equation
%42k +wix = ef (x, ). 2.1)

An asymptotic solution of this equation can be chosen in the form [1]

At Aot

x(t, &) =ay(ne™ +ax(t)e™" +euy(ay, ay) + Ezuz(al, ay) + g3 , (2.2)
where aj, j=1, 2 satisfy the first order differential equations
aj =AY (@, a) + AP (a1, @) +€° AV (a1, ap) +€* - (2.3)

It is noted that A;, j =1, 2 are the eigen-values of the unperturbed equation of Eq. (2.1).
Now Egq. (2.1) can be written as

(D-A)MD-A)x=¢f,D=dldt. 2.4)

Substituting solution Eq. (2.2) into the left side of Eq. (2.4), utilizing Eq. (2.3) and then equat-
ing the coefficients of el, we obtain ([1], see also [8] for details)

(D-2)(AVeM) +(D-A)(AL M) + (D - AN D - A)ur = fO(ar, a2, 0. (2.5)
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It is clear that solution Eq. (2.2) is not considered in a usual form. This solution starts with
two variables, a;(#), j=1, 2, rather than amplitude and phase. Generally the used variables
are respectively complex and real for the under-damped (or, un-damped) and over-damped
cases. Shamsul [1] has used the set of variables a;, j=1, 2,---, n to present a general for-
mula for solving an n-th order differential equation. Such choice of variables greatly facilitates
the KBM method, since the formulation of the method is simple and the related equations to
aj, j=1,2andthefunctions u;, up,--- canbefoundin termsofa;, j=1, 2quickly byim-

posing a restriction that u,, uy,---exclude the terms a{"l a;’ﬂz elmir+mzAz)t

where m; ~ my = 1.
This assumption guarantees that the terms u;, uy, - exclude the first harmonic terms as well
as secular terms. By a simple variable transformation, namely, a; = %aei‘/’, a, = %ae‘i"’ or
a) = %ae‘ﬂ, ap = i%ae“ﬂ(a and ¢ are respectively amplitude and phase variables), all these

equations and functions can be transformed to the usual forms (see [1, 8] for details).

2.1. Example

Let us consider the Duffing equation with a linear damping, -2k %,

$+2ki+wix=—ex’. (2.6)

For Eq. (2.6), f = —x3 and formula Eq. (2.5) becomes

(D= 1) (AP M) + (D - A (AN ') + (D - A)(D - A2)wy

3 30t (2A1+A2) ¢

—aje Saae

Sa a e(A1+2/12)l‘ 3 3A2[ (2.7)

ae

To eliminate the secular terms it has already been restricted that u,, uy,--- do not contain the

m1/11+m2]L2)t

terms a{"l aﬁ"ze( where m; ~ my = 1. Therefore, Eq. (2.7) can be separated into

three parts for Aiz'l), Aéz'l) and u; as
(D- 1) (A M) = —3a2 aye@hith)t) (2.8)
(D- DA M) = —3a azet 212t (2.9)
(D-AND-A)uy = —ase3M!_adedte!, (2.10)

Solving the above three equations, we obtain

AW = @ ape® AN = 1¥ qyaZe@ I ] = —3/20), 1) = -3/ (242),  (2.11)

and
up = crase’M 1 el aseet e = —1/[2,8A1 — A2)l, ¢f = —1/1202(3A2 — A1)].  (2.12)

Thus a first approximate solution of the Eq. (2.6) becomes

At Aot

x(t,e) =ae™" +are™ +£(cla it

+c} azetet), (2.13)
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where a;, ay satisfy

(23,1+A,2)l’

a =eliaiaze Ly = el} ayasePh A (2.14)

and ¢, cj; Iy, I} are given by Egs. (2.11)-(2.12). This solution is used arbitrarily for different
values of 1, A,, whether they are real, complex conjugate or purely imaginary. Solution Eq.
(2.13) represents the over-damped case when A, A, are real. In this case Eq. (2.13) can be
written as the usual forms (presented by Murty et al. [4, 6]) by replacing the variables a; =
zae?, ay = +3ae”? and substituting 1, = -k +w, A, = —k -, w? = k* - w} (see [1]). On the

contrary, the under-damped solution (early presented by Popov [5]) can be found from Egs.

1
2

= w% —k?. If k — 0+, the solution approaches to the original solution (un-damped)

(2.13) and (2.14) by replacing a; =
2

ae'’, a, = i%ae‘i‘/’and substituting 1; = —k+iw, 12 =
—k—-iw, 0
derived by KBM [2, 3]. It is noted that the over-damped solutions can be transformed to the
under-damped and un-damped solutions replacing w, ¢, a by iw, i or/and —ia. All these
transformations are also possible for the initial conditions equations of the general solution
Eq. (2.13).

The initial condition equations of Eq. (2.13) become

xr=x(0,€) = a1+ a0 +e(C1a3 o + ¢} a3 ), 2.15)
t = X0, ) = A1y + Aado o+ €BA 13 o+ 1142 yaz o+ I} ar0a5 o +3A2c] a; ) '
Xy =x, &) =A14a1,0 22,0 T ELAICIAY o T L1047 2,0 T L 41,045 261 43 0))

where a;(0) = a9, a2(0) = az,0. We can show that Eq. (2.15) is similar to that presented by

Murty et al. [4, 6]. If we replacea; o = %Cl() e, axp= i%a() e~ %, Eq. (2.15) becomes

1

X = an(e‘p0 te ) +eag(c e £ cje )8, (2.16)
1

i = an(/lle"’o +Aoe ") tead(le? 1 e )8+ 3eag(Ayc1e3? + Aycl e 390)/8.

In an over- damped case, we can substitute 1; = -k +w, 12 = —k —w, in Eq. (2.16) and obtain

e a3[(k?* +2w?) cosh 3¢ + 3kw sinh 3]
1603 (k? — 4w?)

X7 = agcosh g — , (2.17)

. . kcoshgg+wsinhgy kcosh3pg+2wsinh3¢g
X7 = ap(—kcoshgg +wsmh(p0)+3£ag( +
8w? 16(k? - 4w?)

or
e a3[3kw cosh3¢g + (k? + 20?) sinh 3]

16w3 (k2 —4w?)

X7 = apsinh gy — , (2.18)

wcosh@o+ ksinhgy 2wcosh 3¢y + ksinhS(pO)

X1 = ap(wcosh ¢y — ksinh ) —3£a3 (
8w? 16(k? - 4w?)

Except notations, Egs. (2.17) and (2.18) are identical to those obtained by Murty et al. [4, 6]. It

is noted that ¢yis real for the over-damped cases while ¢pgbecomes purely imaginary for both
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under-damped and un-damped cases. For the given initial conditions [x(0), x(0)] or [x;, X/,
one of two equations is solvable, either Eq. (2.17) or Eq. (2.18) (see [4, 6] for details). But
both equations are solvable in under-damped and un-damped cases. By replacing w, ¢ with

iw, i, Eq. (2.17) becomes

€ ag [(k? - 2w?) cos 3¢ — 3kw sin 3¢
16w5 (k? + 4w?)
kcospo—wsingy kcos3@y—2wsin3gg
8w? 16(k? +4w?)

X1 = agCOS Yoy —

’

) (2.19)

X1 = ap(—kcosgg+wsin ) +3£ag (

On the contary, Eq. (2.18) becomes

€ aj[3kwcos3¢g + (k? — 20?) sin 3]
1605 (k? + 4w?)
wcos@y+ ksingy 2wcos3@g+ ksin3pg
8wl C16(k% +402)

XJ = dgsSingg —

’

(2.20)
X = ao(wCOS(po—ksin(po)+3€ag( )

Herein ais also replaced by —ia. One can verify that both Egs. (2.19) and (2.20) are solvable for
every initial value problem. It is noted that ayis same for both equations; but ¢ohas different
values. Thus one asymptotic solution covers all under-damped and un-damped cases, but
two solutions are needed for over-damped case (see [4] for details).

3. Determination of asymptotic solution of initial condition equations

We can use two asymptotic series to solve Eq. (2.15) as
ajo=ajo+eajlayo,dzo)+ 62,3]'(511,0, dg)+e -, j=1,2 (3.1

where x; = 671’() + 672’0 and X; =1 671’0 + Ay 672’0.

Substituting Eq. (3.1) into Eq. (2.15), simplifying and equating the coefficients of el and €2,

we obtain
a1 +ax=-(¢ ﬁio +cf ﬁgyo) , 52
May+Aaaz = —3(A10185 o+ A2} @5 0) — G1,0Gz,0(ldro + I G20) '
and
Br+ P2 ==3(c1d5 gan +cf a3 o @2) ,
MPBr+A2B2 = =91 €15 g + Aac] @5 y@2) = 10 az,0(h a1 + I az) (3.3)

—(a1dz,0+azd1,0)(l a0+ 1] ).

The right hand sides of Egs. (3.2)-(3.3) are real, since A1, A as well as ¢y, c; I1, I{ are oc-

curred in conjugate pairs. For the over-damped case, a; + a2, A;a; + 12az,- -+,
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A1 B1+ A2 B2 can be calculated directly from Egs. (3.2)-(3.3). However, in the case of under-
damped or un-damped, these terms can be calculated easily replacing the right hand sides in

real forms as
a1 +ay = —2Re(c1d; o), lyay + Aoz = —6Re(Ay 1@ o) — G0 G20 Re(l1d1,0), (3.4)

and

1+ B2 = —6Re(c1a] ya1) ,

~ L _ 5 (3.5)
AI,BI + ﬁz(lz = —18R€(/11 C1 élio(ll) -2 01’0612’() Re(ll(xl) —4R€((l1612y()) X Re(llam) .

Solving Egs. (3.2)-(3.3) or Egs. (3.4)-(3.5), we obtain a1, a»; B1, B2 which complete the second
approximation of the initial condition equations Eq. (2.15).

4. Rink’s [7] solution

To solve the transformed initial condition equations Eq. (2.17), Rink [7] had chosen the

following asymptotic series

ar = o+ (1 (o, o) + €% a (do, Po) + €+,

. » - 4.1)
W1 =0+ (do, Po) + 2w (do, o) + €3+,

where dy, ¥ satisfy the equations x; = dgcosh¥y and X; = —kdgcosh ¥ + w dpsinh g, or
ao = [x2 — (g + kxp) [ )?)7, g = tanh ™ (g + kxp) /).

First, Rink had determined a third approximate solution of equation, % + 3% +2x = ux3,

1 << 1 and then substituting the series Eq. (4.1) into the initial conditions equations of that
solution, he calculated a;, ¥ to third approximation to obtain a satisfactory result. Definitely
that was a difficult task. But we are not interested to determine higher approximate solution.
The first approximation solution is usually applied in a practical problem when the damping
force is significant, since the derivation of the formula as well as determination of the solu-
tion of a nonlinear differential equation is difficult (see [4, 9] for details). We only calculate
ay, ¥ to second approximation from Egs. (3.2)-(3.3) or (3.4)-(3.5) for the first approximation
solution Eq. (2.13). All these results show a good agreement with the numerical results. Rink’s

solution (truncated form for the first approximation) is
x(t, w) = acosh + pa®(11 cosh 3y — 9sinh 3y) /160, 4.2)
where a and v satisfy the differential equations

a=-3al2-9ua’/32,9 = —1/2+3ua®/32. (4.3)
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For this solution, the initial conditional equations become

x; = agcoshwg + ,uag(ll cosh 3y —9sinh3y,)/160,
(4.4)
X7 = —ap(3coshyg +sinhyg)/2

-3u ag(15 cosh o —5sinh g —12cosh 3y + 8sinh3v()/160

Solution Eq. (4.2) as well as initial conditions Eq. (4.4) was determined by Murty, Deekatulu
and Krisna [6]. Rink [7] formulated and determined the following results of a;, v for Eq. (4.4)
(only first order solution is given)

ar = do+ ,uc"lg(—lo cosh 21y — 16 cosh 41 + 30sinh 2y + 24 sinh 41 + 15)/160,
Yi=Po+u 513(—60 cosh 29 — 24 cosh 41 + 20sinh 21 + 16 sinh 41y — 45)/160 .

4.1. Determination of Rink’s [7] solution from our solution

For the equation, % + 3% +2x = ux3, u<<11[4,6,7],e = -y, Ay = -2, Ay = —1. Therefore,
we can choose k = 3/2 and w = —1/2. Substituting these values of k, w into Eq. (2.17), we
obtain

X7 = agcoshgy—¢ a(s)(ll cosh 3¢y —9sinh3¢()/160,
(4.6)

X7 = —ap(3cosh gy +sinh¢g)/2
-3¢ a3(15 cosh ¢ —5sinh g — 12 cosh 3¢ +8sinh 3¢)/160.

It is noted that the used variables of our solution are not same to Murty et al.’s [4, 6]. But it has
been proved that Eq.(2.13) and Eq. (4.2) are identical (see [1]). However, the initial conditions
equations Eq. (4.4) and Eq. (4.6) are same, if we only replace ¢yby woand € by —p.

Now we shall find Rink’s solution of Eq.(4.5) from our solution. Substituting A; = -2 and
A2 =—1, Egs. (3.2)-(3.3) become

4.7
201+ ay = 3(67:13,0/10 + 672'0/2) +3 671’0672’0(3 51’0/4 + d2’0/2).
The solution of Eq. (4.7) is
Q1= @5 o14+3 a3 (G20/4+3 G105 ,/2+ a3, w8

Qp =—(@3 o/5+3 @ g az0/4+3 a1005 ,/2+ a3 ,/2).

Substituting the values of a;, a, from Eq. (4.8) into Eq. (2.19), the first order solution of the
conditional equations Eq. (2.15) can be found as
ay 1= a1,0+€(a5 o /4+3a5 (a2,0/4+3d1,0a5 12+ a3 ),

~ =3 =2 s =2 =3 (4.9)
azj=dzp—&E (“1,0/5 +3 a1’0a2,0/4 + 3a1,0a2’0/2 + a2'0/2).
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Replacing a; o = %ale‘/”, axp= %ale_‘/” and d; o = %doe(ﬁo,dzyo = %dge_‘i’o

and simplifylng, we obtain

are?’ = age? + e ay (€370 /4+3e?/4+3e 70 /2 + e73P0)/4,

o~ 3 ) . e (4.10)
are” % =dge™ % —edy(e>?°/5+3eP°/4+3e7P0/2+ e7>0/2) /4.

Now substituting a; = dg+ep+£2--+, ;= Po + £ g + €2 ---and expanding e*¢ 9 in Maclaurin’s

series, we obtain

(do+€p+---)(1+£q+---)e‘7’° = Ezoe‘i’o +eag(e3¢°/4+3e‘p°/4+3e_‘i’°/2+e_3‘7’°)/4,

_ _ _ _ _ _ 4.11)
(Go+ep+--)1—eq+--)e = Gge P —eay (e /5+3e? /4+3e” 7 /2+ e7370/2)/4,
Equation the coefficients of € on both sides of Eq. (4.11), we obtain
p+doq = ay(e*?/4+3/4+3e 2P0 /2 + e 1%0)/4, 412)
p—aoq=—a3(e'?/5+3e°?/4+3/2+e72P0/2)/4, '
or,
p = —ag (1070 — 20e™ 270 + 4490 — 20~4%0 + 15)/160, w13)
g =—a3(20e*? +40e2?0 +20e*? + 40e%0 + 45)/160. '
or,
p= —513(—10 cosh 2@y — 16 cosh4@q + 30sinh 2@, + 24 sinh 4@ + 15)/160, 4.14)
q= —c"z% (—=60cosh 2@y —24 cosh 4@y +20sinh 2@ + 16 sinh 4¢y —45)/160. '
Substituting these values, we obtain
ar=aog—¢€ ag(—lo cosh2¢y — 16 cosh4¢q + 30sinh 2¢( + 24 sinh 4¢q + 15)/160, 4.15)

Qr=@o—¢ ag(—60 cosh 2¢y — 24 cosh4¢( + 20sinh 2¢( + 16 sinh 4¢y — 45)/160.

Except notations, Egs. (4.5) and (4.15) are identical. Thus the first order Rink’s solution has
been determined from our solution. In a similar way we can determine Rink’s higher order
solution; but each step it needs the truncation of e*¢9.

5. A third order nonlinear problem
Let us consider the nonlinear mechanical system governed by

mx+o=0,

. o (5.1)
o+Yy0=gx+hi+ex’,

where x is the deformation, m is the mass of the system, and vy, g, hand eare positive con-

stants. The terms with coefficients g and e(small) represent respectively the linear and non-

linear elasticity, the term with coefficient / corresponds to the linear viscous damping, and

the term with coefficient y reflects the linear relaxation.
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Herein x satisfies a third-order nonlinear differential equation [eliminating ¢ from two equa-
tions of (5.1)]

K+ X+ ko +kyx=—ex’. (5.2)

where k1 =771, ky = hy 'm™!, k3 = gy 'm™! and € = ey~!. For this equation the first ap-

proximate solution is

Mt ~ Aot =~ At

x(t, &) =a1e™ " +ayre™* +aze™ +£(h2a a e ardsze

(/11+23,2 +h* ~ =2 /11+2A3)t+h ~3 3/11t+h ~3 312t)
(5.3)

where 11, 12, A3 are eigen-values of unperturbed equation of Eq. (5.2) and a;, a, assatisfy

a, = E(lza? + lsayaras),
ay = e(mlafaz +1my agag), (5.4)

az =e(ms a? az+m a 613)
1 24

and
= [(BA1 = A2)(BA1 = A3)] 7, I3 =6[(A1 +A2) (A1 + A3)] 7Y,
my =3[ +A2) QA1+ A2 = A3)17Y,  my =3[+ A3) @A + A3 — A2)] 7,
My = 3222242 + A3 —A)17L, my = 32032 + 243 — A1 7! (5.5)
ho = 312A2(A1 + A2) (A1 + 242 = A3)] 7Y, By = 3[2A3(A; +A3) (A1 +243—A2)] 7Y,
hs = 22232 — A1) (342 — A3)1 7Y, h = [2A3(3A3 — A1) (373 — A2)] ™!

The initial condition equations of solution Eq. (5.3) are

Xr = 671’0 + 672’0 + 673’0 + E(hz 671’0675’0 + h; 671’()6730 + h3 673'0 + h; 673'0),

X7 = /11(711 o+ 12(712 o+ 13(713 0 +£(lzﬁ? ot lgﬁl 0(/72 0(723 o+ mlﬁ% 0(/72 o+ mngoﬁg o+ mik ﬁio(jlg,o
+m2 612613 + (A1 +2A2) hoay 0612 ot A+ Zﬂg)hz ay ()613 ot 31, hgdz ot 31, h; 613’0) 5.6

)'é[ = /11 671’0 + AZ 672’0 + ﬂg 673’0 + 8[4/11 12671’0 + (2&1 + /12 + Ag) lgd1,0d2,0d3,0 .
+2(M + )My @ o0+ (B + A3)mp @5 oG + 2(M1 + A3)m} G5 oGz0 + (A2 +3A3)m3 G235

+(M1 +2A2)° hodin @5 + (A1 +243)° h3 G 0@ +9A5 hads o + 9A5h3 G5 o)

Substituting Eq. aj,0 = djo+€ea (a0, Go,0) +€*fj(d1,0, Gz0) +€>---, j=1,2,3,into Eq. (5.6),
simplifying and equating the coefficients of ¢! and £?, we obtain

~ 2 * s =2 ~3 * =
a1 +ar+as = —[hzdly()azyo + h2 611’()613’0 + hs “2,0 + hs aS,O]’
~3 ~ =~ ~2 ~ * ~
/11051 + /12052 + ﬂg(lg = —[1201'0 + lga1,0a2,0a3,0 + alyo(ml az o+ my 613’())
- ~ ~ -2
+,003,0(M2 a0 + My G30) + a1,0{(A1 +2A2) hads

+(M1 +2A3) 3 @5 0} + 3(Aa i3 @3 o+ A3 3 @3 o)), (5.7)
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ﬂ%(ll + /1%052 + /1%053 =—[4N lzflio + QA+ A2+ /13)[3671’06723673’0 + 267%0{(/11 + A2)my 672’()
+(A1 +A3)my ds o} + Go,0d3,0{(3A2 + A3) M dia g + (A2 + 3A3) mj a3 0}

+a1,0{(A1 +212)* ha @iy o+ (A1 +2A3)° hy @5} + 9(AS sy o + A5 h3 @3 o)),

and
,61 +,32 + ,63 = 2(11 o(hzaz 02 + I’Zz (lg 0as) + (X](hzaz ot hz as 0) +3(h3a2 o2 + h3 a3 O(X?,),
AMP1+ 262+ A3P3 = 312611 o1+ I3(a1,0G2,003 + G1,003,002 + do,0d3,001)
+d,0{(d1,002 + 242, 0a1) My + (G1,003 + 243, 001) My }
+2512,0€13,0(m2a2 + m; as) + my ﬁ%yoag + m; ﬁ%yoaz
+{(A1 +222) 2aypaz + a2 pa1) hado g
+(A + 213)((/71 03+ ds oal)h; as o+ 91y hgﬁg 02t A3 h; ﬁ% O(X?,), (5.8)
Azﬁl +A ,32 + /1 ﬁg = 1211/11 611 0a1 + 13(2/11 + /12 + /13)(611 ()612 o3 + 611 ()613 0o + 612 ()613 0a1)

2ay0{my (A1 + Ap)(@1,002 +2d20a1) + my (A1 + A3) (@103 +2ds0a1)
+2a,0a3,0{BA2 + Az)mopay + (A2 + 3/13)17’1; as}

+(3A2 + A3) M@ gas + (Ap +3A3)my @5 gz}

{(A1 +212)%(2a1,0az + d2,01) Mo iz

+(M1 +2A43)? 2dy o3 + dzpa1) h; ds o}

+27(ASh3d gas + A3 h3 @5 gas)).

The right hand sides of Egs. (5.7)-(5.8) are real as of Egs. (3.2)-(3.3). Solving Egs. (5.7)-(5.8),
we obtain a4, az, as; 1, B2, B3 which complete the second approximation of the initial
condition equations Eq. (5.6). We can transform these equations to real form; but it is no
difficult to calculate these terms (without transformation) whether 1;, A,, A3are real, complex

or purely imaginary.

6. Results and discussion

In general Egs. (2.17) or (2.18) or (2.19) or (2.20) is solved by a numerical method. Rink
[7] employed a perturbation technique to solved Eq.(2.18); but his solution converges very
slowly to the real solution. So, it is difficult to apply his [7] method in particular problems.
In this paper, we have provided a new perturbation technique to solve the same equations.
The new solution converges faster than that of Rink. It has been shown that Rink’s solu-
tion is a truncated version of our solution (see sub-section 4.1). The main advantage of this
method is that it can be quickly extended in third-, fourth-, etc. order problems. For the
initialX+3x+2x = ,ux3, ©=0.1, [x(0) = 2.2888, i(0) = —4.2865]. Rink [7] found that the initial

values of amplitude and phase are a; = 2.12, ;= 0.415 (first approximation); but the exact
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value are ay = 2.0, o = 0.5 (which completely satisfy initial condition equations Eq. (27)).
On the contrary, we have found from Eq. (4.9) that a; = 1.9493 and ¢; = 0.5465 (= v )(see
Appendix A). These results are better than those second approximate values derived by Rink
(which are a; = 1.96, y = 0.578, see [7]). But using our technique we have found the sec-
ond approximation results as a; = 1.9955 and ¢; = 0.5122, which are much better results than
the third approximate results obtained by Rink (Note: Rink’s third approximate results are
a;=1.96, y;=0.578).

In an under-damped case the results also rapidly converge to their exact values. For the
initial value problemX + x +x = — ex3, £ =0.1, [x(0) = 1.0, x(0) = 0], we have calculated
(see Appendix B) the initial amplitude and phase as a; = 1.123296, ¢; = —0.465357 (first ap-
proximation) and the numerical results (obtain from Eq. (2.19) by Newfon-Raphson formula)
are ap = 1.125335, ¢o = —0.470666. We have also calculated second approximate results as
ay=1.125595, ;= —0.471295. It is interesting to note that the results converge more rapidly
when the system is un-damped. For the initial value problem i + x = —£x3, £ = 0.1, [x(0) =
1.0, x(0) = 0], we have calculated the initial amplitude and phase as a; = 0.996875, ¢; =
0 (first approximation) and the numerical results (obtained from Eq. (2.19) withk = 0, by
Newton-Raphson formula) are ay = 0.996904, ¢( = 0. Then we calculated second approxima-
tion as a; = 0.996904, ¢ = 0, which are similar to the numerical solution up to six decimal

places.

For the initial value problem (considered from [1]), ¥ + 0.9% + 1.24% + 0.52x = — ex3,
€ =0.1, [x(0) = 1.49125, %(0) = —0.43631, X(0) = —0.72346], we have calculated the initial
amplitudes and phase as a; = 0.4817, b; =1.0184, ¢;=0.0066 (first approximation) utilizing
formulae Eq. (5.7). The exact results areay = 0.5, by = 1.0, ¢ = 0. In this case the first approx-
imate results of by, ¢ are close to by, ¢g; but a; is far fromay. So it needs second approxi-
mation. We calculated these as a; = 0.50033, b; = 1.00009, ¢; = 0.00003. Which are almost
equal to the exact values. However, we can show that the first approximate results are very
close to the numerical results when the modulus of the real eigen-value is an order of 1. Let
us consider another third-order initial value problem (from [9]). X +X+4X+4x = ,ux3 ,u=0.1,
[x(0) = 1., x(0) = 0, X(0) = —2]. For this problem, we have computeda; = 0.40486, b; =
0.62802, ¢ = 0.32723. Their exact results areag = 0.40449, by = 0.62845, ¢ = 0.32608. It
is clear that the first order approximate results of both amplitudes and phase are very close to

the numerical results.

Seeing all these problems we can decide that the second approximate results (sometimes
first approximation) of the amplitude(s) and phase are very close to the numerical solutions

whether the nonlinear system possesses the second or third derivative. The method can be
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easily applied to fourth- or more than fourth-order nonlinear differential systems. Thus it is

no need to calculate the amplitude(s) and phase(s) by a numerical technique.

Appendix A

The eigen-values of ¥ + 3% +2x =0 are 1; = -2, 1, = —1.Therefore, for initial conditions
[x[0] = 2.2888, %(0) = —4.2865], we have a; o+ dp = 2.2888, —dy o — 2dz,0 = —4.28650, o,
a0 =1.9977, dy=0.2911. For the nonlinear eqation ¥+ 3% +2x = —¢ x3, we have calculated
the following results:

¢ =-1/20, c¢f=-1/2, 1,=3/4, I} =3/2.
Substituting these values into Eq. (3.2) and simplifying, we obtain
ay +ay =0.41096, —a; —2as = —3.55395. A.1)

The solution of Eq. (A.1) is
a; =3.1430, ay = —2.7320 (A.2)

Substituting these values of d; g, g0, @1, astogether with € = —0.1(since Murty, Deekshat-
ulu and Krisna’s [6] paper it was given that g = 0.1 and y = —¢) and simplifying, we ob-
tain a0 = 1.6834, azo = 0.5643. From the approximate result of a; o and a o, we can eas-
ily calculate initial amplitude and phase as a; = 1.9493, ¢ = 0.5465 since a;,o = a;e?’ and

azo = aje 1,

Appendix B

The eigen- values of ¥ + X + x = Oare A1 = (=1 +iv/3)/2, A = (—1—-i/3)/2. Therefore, for
initial conditions [x(0) = 1.0, x(0) = 0].

We have a0+ dao=1, (=1 +iv3)a1 0+ (—1—iv3)dn0=0,0r, o= (vV3-1)/2V3,

3

G0 = (V3 +1)/2v/3. For the nonlinear equation i + X + x = —£ x3, we have calculated the fol-

lowing results:
a1 =(5-i3V3)/52, cf =(6+i3V3)/52, 11 =301+iV3)/4, If=3(1-iV3)/4.
Substituting these values into Eq. (3.2) and simplifying, we obtain
a+ar=1/26, (-1+iV3)a;+(-1-iV3)a,=-17/13 (B.1)
The solution of Eq. (B.1) is

a1 = (V3+330)/52V3, ay=(V3-33i)/52V3 (B.2)
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Substituting these values of @ 9, G20, @1, @2 together with € = 0.1 and simplifying, we obtain
a0 = 0.501923 - 0.2520351, ayp = 0.501923 + 0.252035i. From the approximate result of a;
or ay o, we can easily calculate initial amplitude and phase as a; = 1.123296, ¢ = —0.465357,

since a0 = are'?’ and az o = are™''.

In a similar way, we can determine ;, B, from Eq. (3.3) (for both over-damped and

under-damped cases) and then calculated a, o, az,0 as well as ay, ¢ up to second approxima-

tion.
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