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UNIVALENCE CRITERIA FOR A NONLINEAR INTEGRAL
OPERATOR

C. SELVARAJ AND K. A. SELVAKUMARAN

Abstract. The purpose of this paper is to obtain univalence of a certain nonlinear integral
transform of functions belonging to a subclass of analytic functions. We also give several
interesting geometric properties of the integral transform.

1. Introduction and preliminaries

Let o denote the class of functions f(z) of the form

fl)=z+) anz", (an,=0), (1.1)
n=2

which are analytic in the open unit disk D = {z € C : |z| < 1} and .%¥ be the class of univalent
functions in «. Also let &#*, € and £ denote the familiar classes of functions in </ that are
starlike, convex and close-to-convex in D respectively. For functions f and g, analytic in D,
the function f is said to be subordinate to g if there exists a function w analytic in D with

w0)=0, |w)|<l (zeDb),

such that

f(2) = g(w(z)) (zeD).
We denote this subordination by f < g or f(z) < g(z). Furthermore, if the function g is univa-
lentin D, then f(z) < g(z) < f(0) = g(0) and f(D) c g(D).

Letay, ay,...,aq and By, B2,..., Bs (g, s e NU {0}, g < s+ 1) be complex numbers such that
Pr#0,-1,-2,...for ke {1,2,..., s}. The generalized hypergeometric function 4 Fj is given by
oo (al)n(QZ)n~-~(aq)n Z_n

FS , yeeey ; ) yerr S; =
gFs(ar, az,...,aq;B1,B2,..., Bs 2) n;O BrBn... Bs)n 1!

, (zeD),
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where (x), denotes the Pochhammer symbol defined by

Xp=xx+1D(x+2)---(x+n-1)forneN and (x)y = 1.

J. Dziok and H. M. Srivastava considered in [5], (see also [6]), a linear operator

%;(alra2r---;aq;ﬁlrﬁZ;---rﬁs)f(z) rof — o

defined by

tjﬁ;(a]) az»---»aq;ﬁlyﬁZ»---»ﬁs)f(z) = [Z ng(a], 062»---»aq;ﬁl»ﬁz»---»ﬁs;z)] *f(z) (1-2)

where x denotes the usual Hadamard product (or convolution). For convenience, henceforth
we shall denote

%;(al)ﬁl) :%;(alyaZ»---»aq;ﬁ]»ﬁZ)---»ﬁs)-
If f € o, from (1.2) we may easily deduce that

x (@)p-1@)p-1...(@g)n-1 ay,

", 1.3
n=2 (ﬁl)n—l(ﬁz)n—l---(ﬁs)n—l (n_l)!z (13)

Hq(an,p1)f(2) =z +

The linear operator (a1, f1) includes (as its special cases) various other linear opera-
tors which were introduced and studied by Hohlov, Carlson and Shaffer and Ruscheweyh. For
more details see [1, 10, 13, 14].

In [9], Y. ]. Kim and E. P. Merkes considered the nonliner integral transform J,, defined by

[Py

for complex numbers y and functions f in the class # = {f € o : f(z) #0, forall0 < |z| < 1}
and showed that J, (%) = {J,[f]: f € #} =% when |y| < 1/4. For this result, finding the best
constant is still an open problem. Also, V. Singh and P. N. Chichra [12] proved that, for y € C
with |y| = 1/2, the inequality J, (% *) € & holds, where 1/2 is sharp.

By making use of the Dziok-Srivastava operator we now introduce the generalized inte-
gral operator Fy a1, B1;z] : o™ — o as follows:

z J(ay, PO\ F(ar, B1) fn(E)\rn
Fylan, puiz) = | () ()

(yieC fiedd,i=1,2,...,n).

(1.5)

Remark 1.1. It is interesting to note that several well known and new integral operators are
the special cases of the operator Fy [a1, f1; z], here we list a few of them:
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(i) When g =2,s=1,a; = 1, anda; = 1, then Fy[a;, f;; z] reduces to

Fy(z) :foz(flit))ﬁ(@)h.“(fn—;t))%zdt, (1.6)

(yieC fied,i=1,2,...,n),

introduced by D.Breaz and N.Breaz in [3].
(i) When g=2,s=1,a; = 1, anda =2, then Fy[ay, f1; z] reduces to
Z
Gy(2) :fo (O (@) (fin)dt, (1.7)

(yieC fied,i=1,2,...,n),

recently introduced by D.Breaz and N.Breaz in [3].

(iii) When g=2,s=1,a; = 1, andaz = A +1, then Fy[ay, f1; z] reduces to

DAf1(t))Y1(D’1f2(l‘))Y2...(M)Y"dt, (1.8)

t t t

I(fl»fzy---»fn)(z):foz(

A>-1,v;€C, fiedl,i=1,2,...,n),

recently introduced by G.I.Oros et al. in [11], where D* f is the well known Ruscheweyh
derivative of f.

Motivated by the works of D. Breaz et al. [4] and Y. C. Kim and H. M. Srivastava [8], in the
present paper, we give several interesting conditions for univalence of the nonlinear integral
operator Fy[ay, f1;z]. A number of well known and new univalent conditions would follow,
upon specializing the parameters involved in Fy[a1, f1; 2.

We now state the following result due to J. Becker [2] which we need to establish our
results in the sequel.

Lemma 1. If f € of satisfies the inequality

Zfl/(z)

(1-1zP)| i

'sl, forall zeD,

then the function f is univalent inD.
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2. Main results

Theorem 2.1. Let f;(z) be a function in <f such that

(a1, B1) fi(2) 1+ Az
q — P —
(—Z )<q(z) T ga (=12 nzED)
holdsfor—-1<B< A<1.1If
n 1-AB++/(1— A2)(1 - B2)
i;m's 2AZB) 2.1

then the function Fy|ay, B1; z] given by (1.5) is univalent.

HC(ay, B1) fi(2)
%). Then, by definition, there exists an analytic function

Proof. Let p(z) = (
z
w :D — D with w(0) = 0 such that

(2) = () = S AWE
pla=q " 1+Bw(z)’
A simple computation shows that
’zp’(z) . |z(iqu(a1,,51)fi(z)), ~ 1| - (A-B)|zw'(2)|

pa) |1 @, p1)fi(2) T A-1AlwE@NA - IBllw2))’

By Schwarz-Pick lemma
lw'(2)| 1
= )
1-lw@)* ~ 1-|zl?

VzeD,

and therefore

z(H5(ay, P1) fi(2)' B 1| __ (A-BU-w@P)

1-|z|? <
(1=l )| Hq(ar, P1) fi(2) 1-1Allw (2N - |Bllw(z)])

for some Schwarz function w(z).

Now,
zF][a1, B; 2] n 2(A5(ar, B1) fi(2)
(1= 1P| | = =12 Y il | = -1
ylay, B1; 2] = Hq(ar, pr) fi(2)
(A-B)1 - |w(2)I?) n
< il. 2.2
(1—|A||w(z)|)(1—|B||w(z)|),-;'Y' (2:2)
But

(A-B(1-lw@P) (A-B)(1-x?)
sup = sup
zep 1—1Allw @)1 - |Bllw(2)) o<x<1 (1 —-]Alx)(1—|B|x)

2(A-B)

<
1-AB++/(1-A%)(1-B?)

(2.3)
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where the supremum is attained by
A+B
z=x= .
1+ AB++v(1-A?)(1-B?)

Using (2.1) and (2.3) in (2.2) we get,

zF)lay, B1; 2l
R kAL
Fylay, Br1; 2l
Now, by using lemma (1) we conclude that Fy [a1, f1; 2] € <. U

Taking g =2,s=1,a; = f1, and a2 = 1 in Theorem (2.1), we have the following

Corollary 2.2. Let f;(z) be a function in < such that

fi(2) _1+Az
( ; )<q(z)_1+Bz, (i=1,2,...,n,z€D)
holdsfor—-1<B< A<1.If
n 1-AB++/(1—- A2)(1 - B2)
,-;'Y"S 2 AT E) (2.4)

then the function Fy(z) defined by (1.6) is univalent in D.
Taking g =2,s=1,a; = 1, and az = 2 in Theorem (2.1), we have the following

Corollary 2.3. Let f;(z) be a function in < such that

1+ Az .
fl-'(Z)<q(Z)=m, (i=12,...,n,zeD)
holdsfor—-1<B< A<1.If
L 1-AB++(1-A%)(1-B?)
il = 2.
;I%I< AT D) 2.5)

then the function Gy (z) defined by (1.7) is univalent in D.

Taking g=2,s=1,a; = 1, and @p = A1 + 1 in Theorem (2.1), we have the following

Corollary 2.4.Let f;(z) be a function in & such that

D fi(2) _1+Az .
(T)<q(z)_l+Bz' (i=1,2,...,n,zeD)
holds for—-1<B< A<1.If
n 1-AB++/(1-A2)(1-B?)
1< 2.6
;'Y’|< 2 A" D) (2.6)

then the function I(f1, f2,..., fn)(2) defined by (1.8) is univalent in D.
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Theorem 2.5. Let fi(z) be a function in </ such that|(# (a1, B1) fi(2))"| < 2A, z € D, holds for
some constant0 <A < 1.If

Iy ,|_1+ LA 2.7)

then the function Fy|ay, B1; z] given by (1.5) is univalent.
Proof. We may write (7 (a1, $1) fi(2))" = 2Aw(z), where |w| < 1. By integration, we have

1
(Jf;;(al,ﬁl)fi(z))’ =1 +2)sz w(tz)dt
0

and )
T (a1, P1) fi(2) = z+2/lzzf (1-Dwl(tz)dt.
0

Since | f; (1- Hw(tz)dt| <1/2, we have

zFylay, P1; 2]

z(A; (061,,51)fl(z))
A -1zl —=—— ==z -
. Fylay, pr; 2] || Z|Yz|‘ Hq(ar, P1) fi(2) ‘
20z [ w(tz)dt
—1-1z1) Y. | o |
izl 1+2Az [, (1-Hw(tz)dt
& A(I—IZI)
. 2.8
; 1- Alzl (2.8)
But
u /11—|z|2 “ Al—tz_zl—\/l—ﬂtz_ 21 2.9)
ze[II]? 1-Alz| 0<tI<)1 1-At A _1+v1—12' .
where the supremum is attained by
A
Z2=l=——.
1+V1-A2
Using (2.7) and (2.9) in (2.8) we get,
1-iz |)zF [a1, Br; 2] )
— - | <1.
F/[ lrﬁly
Now, by using lemma (1) we conclude that Fy[a1, f1;z] € &. U

Letting g =2,s=1,a; = 1, and a2 = 1 in Theorem (2.5), we have the following

Corollary 2.6. Let f;(z) beafunction in o such that|f]'(z)| < 2A, z € D, holds for some constant
0<A=<1l.If

+V1- A2
Z lyil < —A, (2.10)

then the function Fy(z) given by (1.6) is univalent.
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Lettingn=1,q=2,s=1,a; = B1, and a» = 1 in Theorem (2.5), we have following

Corollary 2.7. ([7]) Let f(z) be a function in <f such that |f"(z)| < 27, z € D, holds for some
constant0 < A< 1.1If

1+vV1-22

, 2.11
¥ (2.11)

lyl <

then the function ][ f1(z) defined by (1.4) is univalent in D.

(1]

(14]
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