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JUST EXCELLENCE AND VERY EXCELLENCE IN GRAPHS
WITH RESPECT TO STRONG DOMINATION

C. V. R. HARINARAYANAN, C. Y. PONNAPPAN;, S. P. SUBBIAH,
R. SUNDARESWARAN AND V. SWAMINATHAN

Abstract. A graph G is said to be excellent with respect to strong domination if each u € V(G),
belongs to some vs-set of G. G is said to be just excellent with respect to strong domination if
each u € V(G) is contained in a unique ~s-set of G. A graph G which is excellent with respect
to strong domination is said to be very excellent with respect to strong domination if there is
a vs-set D of G such that to each vertex u € V — D, there exists a vertex v € D such that
(D — {v}) U{u} is a ys-set of G. In this paper we study these two classes of graphs. A strong
very excellent graph is said to be rigid very excellent with respect to strong domination if the
following condition is satisfied. Let D be a very excellent vs-set of G. To each u & D, let
E(u,D) ={v € D : (D — {v}) U{u} is a vs-set of G}. If |[E(u,D)| =1 for all w ¢ D then D is
said to be a rigid very excellent ys-set of G. If G has at least one rigid very excellent v5-set of G
then G is said to be a rigid very excellent graph with respect to strong domination (or) a strong

rigid very excellent graph. Some results regarding strong very excellent graphs are obtained.

Introduction

Prof. N. Sridharan and M. Yamuna have introduced the concepts of just excellence
and very excellence in graphs. A graph G is said to be excellent if given any vertex wu,
there is a y-set of G containing u. A graph G is said to be just excellent if for each vertex
u € V, there is a unique ~v-set of G containing u. A graph G is very excellent if G is
excellent and if there is a y-set S of G such that to each vertex u € V — S, there exists
a vertex v € S such that (S — {v}) U {u} is a y-set of G. A ~-set S of G satisfying this
property is called a very excellent ~y-set of G.

Prof. E. Sampathkumar and Pushpalatha have introduced the concept of Strong
(weak) domination. A subset D of V(G) is called a strong dominating set if for every
vertex v € V — D, there exists u € D such that uv € E(G) and degu > degv. A strong
dominating set of minimum cardinality is called a minimum strong dominating set and
its cardinality is called the strong domination number. The strong domination number
is denoted by v and a minimum strong dominating set is called a ,-set.

A subset D of V(Q) is called a weak dominating set of G if for every vertex v € V—D,
there exists u € D such that wv € E(G) and degu < degv. A weak dominating set of
minimum cardinality is called a minimum weak dominating set and its cardinality is
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called the weak domination number. The weak domination number is denoted by ,, and
a minimum weak dominating set is called a ~,,-set.

Definition 1. A graph G is said to be strong excellent s-excellent, if for a given
vertex u of G there exists a ~s-set of G containing u.

Definition 2. A graph G is said to be strong just excellent (or) shortly vs-just
excellent if for every u € V, there is a unique ,-set containing .

Definition 3. A graph G is said to be strong very excellent (or) shortly ~ys-very
excellent if there is a 7ys-set S of G such that to each vertex u ¢ S, there exists v € §
with (S — {v}) U{u} a ys-set of G. A vs-set S of G satisfying this property is called a
very excellent vs-set of G.

Definition 4. A graph G is said to be strong rigid very excellet (or) shortly ~,-rigid
very excellent, if G is strong very excellent and for any very excellent vs-set D of G and
for any u € D there exists a unique v € D such that (D — {v}) U {u} is a 74-set.

Definition 5. Let u and v belong to V(G). Then deg,(u) = |Ny(u)| where N;(u) =
{veV:uw e E(G), degv > degu}. Similarly Ny (u) is defined as Ny, (u) = {v € V :
wv € E(G), degv < degu}. dy(u) is defined as dy,(u) = |Ny(uw)|. wu is said to be a
strong isolate if Ns(u) = ¢. Similarly a weak isolate can be defined.

Definition 6. §5(G) = min(ds(u)), As(G) = max(ds(u)), 0, (G) = min(dy, (u)) and

ucV ueV ueV
Ay(GQ) = Znea‘ac(dw (w)).

Definition 7. If D is a vs-set of G, then PNy[u,D] = {v € V(G) : v is strongly
dominated by u and v is not strong dominated by D — {u}} = Ny[u] — Ny[D — {u}].
PN, (u,D) is defined as N, (u) — Ny[D — {u}]. Note that v € PNy[u,D] and u ¢
PNy(u, D).

Example 1. Any ~v-excellent regular graph is ~ys-excellent.
Example 2. Any double star K, , is ys-rigid excellent but not -rigid excellent.

Example 3. K, is y,-very excellent.

1
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=

Example 4. G = 5 6 7 is ye-very excellent, since {1,2,3,4} is a ~y,-set.
{1,3,4,5}, {1,2,4,6}, {1,2,3,7} are ys-sets. G is not y-very excellent.

1

6 2
Example 5. G = This is y-just excellent but not ys-just excellent.

[
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Example 6. G = 2 s ~s-just excellent, since {1, 3,6}, {5,8,9} and
8 3 {2,4,7} are ~y,-sets.
7 4
6 5

1. Just Excellent Graphs

Observation 1. If G is vs-just excellent and G # K,, then Ny[u] # Ny[v] for any
u,v € V(G), where {Ny[u] = {{u}U{v eV :uw e E(G); d(u) > d(v)}}.

Proof. Since G is v5-just excellent, there exists a unique ~s-set say D containing u.
Suppose there exists a v € V(G) such that Ny [u] = Ny[v]. Then (S — {u})U{u} is a
vs-set. Since G # K, and since any non-regular graph with a vertex of degree (n — 1)
is not 7,-rigid excellent, |S| > 1. Therefore, every vertex of S — {u} lies in at least two
vs-excellent sets namely S and (S — {u}) U {v} contradicting the vs-rigid excellence of
G. Hence the observation.

Observation 2. If G is ys-excellent then 0s(u) > VS?G) —1.

Proof. Let us assume that V = 5, U S, U---U S, where each S; is a vs-set. Let
m > 2. Let u € S;. Since each S; is a vs-set, u is strongly dominated by some point
v €E€S;, i #j. Hence ds(u) > m—1= L~ — 1. If m =1 the V is a 7,-set. Hence G is

vs(G)

totally disconnected. Therefore, §5(u) =0=2 —1 = gy — L

Observation 3. If G # Ky and G # K,, and if G is ys-just excellent then 64(u) > 2
(In particular any tree # Ky is not vs-just excellent).

Proof. Let G # Ko, G # K,,. Let ds(u) = 1 for some u € V(G). Let Ny(u) = {v}.
Since G is just excellent there exists a ys-set D of G, containing u. If v € D, then there
are two ys-sets containing v, since D and (D — {u}) U {v} are two v4-sets containing v.
Therefore, v € D, since G # Ks, |D| > 2. Therefore, (D — {u}) U {v} is a y5-set or G
and hence every element of D — {u} is contained in at least two vs-sets, a contradiction.

Lemma 1. Every v-just excellent graph G # K,, is connected.

Proof. If G is not connected, by hypothesis, one of the connected components say G
of GG contains more than one vertex. Since G is 7ys-just excellent, G is 7ys-just excellent
and Gp is connected, v5(G1) < |[V(Gy)|. Since G is 7s-just excellent, G; has at least
two ~s-sets. Let S1, S be two ys-sets of G;. Let D be a v,5-set of G — G;. Then both
DU S; and D U Sy are v4-set of G containing D, a contradiction to the fact that G is
~vs-just excellent. Hence G is connected.

Lemma 2. If G is strong just excellent and G # K,,, then G has no strong isolates.
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Proof. Since G is strong just excellent and G # K, by the above lemma, G is
connected. Then v5(G) < |V(G)|. Therefore G has at least two vs-sets. If G has a
strong isolate, then this belongs to every 7;-set, a contradiction. Hence G has no strong
isolates.

Definition 8. Let D be a subset of V. Then (D), called the induced subgraph of
G, is defined as the subgraph with vertex set D and two vertices in this subgraph are
adjacent if they are adjacent in G.

Lemma 3. If G # K, and G is vs-just excellent then |PN,,(u, D)| > 2 for allu € D,
where D is a vs-set of G, and u is not a strong isolate of (D).

Proof. Let D be a vs-set of G. If PNy(u,D) = ¢, then (D — {u}) U {w} is
also a 7s-set of G, for any w in Ng(u). (Note that Ns(u) # ¢ as G has no strong
isolates). If D = {u} then, G = K, a contradiction. Therefore, D — {u} contains a point
and hence every point in D — {u} is contained in at least two ~s-sets, namely D and
(D —{u})U{w}, a contradiction since G is strong just excellent. Suppose |P Ny, (u, D)| =
1. Let PNy (u, D) = {w}.

Then (D — {u}) U {w} is a ys-set (since u is not a strong isolate of (D)). Noting that
D has at least two points we get that every vertex in (D — {u}) is in at least two 74-sets,
namely D and (D — {u}) U {w}, a contradiction. Hence the theorem.

Remark 1. If G is s-just excellent and if S is a v4-set of G, then a vertex in V — S
may be strong dominated by more than one vertex of S. For example, in Example 6, the
vertex 2 is strong dominated by two vertices of the ~vs-set {1,3,6}.

Theorem 1. Let G # K, be just excellent. Let vs(G) = k. Then A, (G) <n —k.

Proof. Let u € V(G). Let S be a v4-set of G which contains u. |[PN,(V —8)| > 1
for all v € S. Therefore, u is not strong adjacent to any point in Uwﬁu’ves PNy (v, S).
Therefore, dy,(u) < (n—1) — (k — 1) =n — k. Therefore, A, (G) <n —k.

Definition 9. The strong domatic number of G, denoted by d,(G) is defined as the
maximum cardinality of partition of V' into strong dominating sets of G. Note that since
V is a strong dominating set ds(G) > 1.

Lemma 4. The graph G is just excellent if and only if all of the following conditions
hold.

1. v(Q) divides n.
2. G has exactly # distinct ~ys-sets.

3. ds(G) = .

Proof. Let G be just excellent. Let Si,5%,S3,...,S5, be the collection of distinct
vs-sets of G. Then Si,S52,955,...,S5,, is a partition of V into m ~,-sets. Therefore
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mys(G) = n. Therefore (1) and (2) follows. Since Si,S2,53,..., Sy, provide a domatic
partition with m = ——~ we get that ds(G) = ~.

Conversely assume that G satisfies conditions 1-3. Then m~v,(G) = n. Since dy(G) =
% = m, there exists a decomposition of V(G) into m strong dominating sets of
G, say S1,52,53,...,Sm. Then |S;| > ~,. Therefore n = >.1" |S;| > my,. There-
fore mvs(G) = Z::l |Si| > m~s. Therefore each S; is a ~s-set. By hypothesis G has
exactly —*= distinct vs-sets. That is G has exactly m distinct 7s-sets. Therefore,

¥s(G) . -
S1,52,53,...,S, are precisely m distinct ys-sets. Also each vertex belongs to exactly
one S; (since {S1,S2,S3,...,Sm} is a partition of V). Therefore, G is vs-just excellent.

Theorem 2. Let u € V. Let D be the unique ~ys-set containing u. Let t be the
number of strong isloates of (D).
n—2vs+2t—1 if u is not a strong isolate of D
T <
hen duy (u) < {n — 275+ 2t —3 if u is a strong isolate of D

Proof. For any non-strong isolate v of D, |PN,(v,D)| > 2. Also, if v € D and if
x € PNy (v, D) then u does not strong dominate .

—1)—2(ys—1—¢)+t¢ if u is not a strong isolate
Theref <f s ,
erefore du (u) < { (n—1)—2[ys—1—(—1)]+ (¢t —1) if uis a strong isolate.
n—2ys+3t+1 if u is not a strong isolate,
<
Therefore du(u) < {n —2vs+ 3t —2 if u is a strong isolate.

Corollary 1. If D has no strong isolates then d,,(u) <n — 2y, + 1.

Theorem 3. Let G # K, be just excellent. Then v,(G) < %.

Proof. Suppose ds(G) = 2. Then V = 57 USs where Sy and S are distince ~,-sets of
G. For any u € S1, PN, (u,S1) C S2. Suppose for some u € Sy, |[PNy,(u,S1)| > 2. Then
|S2| > |S1| + 1. But 2, = [S1] + |S2] > 2|S1| + 1 > 27, + 1, a contradiction. Therefore,
every point of Sy is a strong isolate of S;. Similarly every point of S5 is a strong isolate
of S3. Suppose |PN,,(u,S1)| > 2 for some point u € Sq, by the above argument we get
that 2vs > 75 + 1, a contradiction. Therefore, |PN,,(u,S1)] = 1 for v € S;. Similarly
this result is true for Ss also.

Let S1 = {u1,uo,us,...,ur}, S = {v1,va,vs,...,v,}. Without loss of generality let
{vi} = PNy(u;,S1). Then d(u;) > d(v;). If d(u;) = d(v;) then (S — {u;})U{v;} is a vs-
set and so, every point of (S — {u;}) lies in two v;-sets namely Sy and (S1 — {u;}) U{v;},
a contradiction.

Suppose u; and u; are adjacent, as u; and u; are strong isolates, d(u;) > d(u;) and
d(u;) > d(u;), a contradiction. Therefore, u; and u; are not adjacent. That is (Si)
is totally disconnected. The same is true for Ss also. Let wuy,uo,...,ur be such that
d(ur) < d(uz) <--- <d(ug). We have d(uy) > d(v1). Also d(v1) > d(us) for some s > 1
(where {us} = PHy(v1,52)). Therefore, d(u1) < d(us) < d(vi) < d(u1), a contradiction.
Therefore ds(G) > 3. Since n = v,(G)ds(G), we get that v:(G) = e <5
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Remark 2. For Cs,, v5(Cs,) = n and Cs, is ys-just excellent.

Definition 10. Let u € V(G). A subset S of minimum cardinality such that S
strong dominates G — {u} is called a v*(G,u) set of G.

Definition 11. u € V is said to be a 7, level vertex of G, if v*(G,u) = v5(G). u is
said to be a y4-non-level vertex of G, if v*(G,u) = v,(G) — 1.

Example 7. G : 2 : G—-2: ' !

Example 8. G :

6

In Example 7, {2,3,4} and {3,4,5} are subsets of V' of minimum cardinality which
dominate G — {2}. Therefore v2(G,2) = 3. 2 is a ys-non level vertex of G. In Example
8 7s(G) =~8(G,8) = 5. Therefore 8 is a v,-level vertex.

Theorem 4. Let G be a vs-just excellent graph, G # K,,. Then every vertex u is a
vs-level vertex and vs(G — {u}) = vs(G).

Proof. If G = K,,, the theorem is obviously true. Let G # K,, and G # K,,. Let u
be a vertex in G. Since G is s-just excellent, there exists a vy5-set .S of G not containing
u. Clearly S strong dominates G — {u}. Therefore, v;(G — {u}) < |S] < 75(G). Suppose
vs(G — {u}) < vs(G). Let T be a vs-set of G — {u}. Then T'U {v} is a vs-set for G,
for every v € Ng[u]. Ns[u] contains at least two points, since u is not a strong isolate.
Therefore, there exists a point in N,[u] different from u which strong dominates u. Let
v € Ng(u). Then TU{v} and TU{u} are vs-sets containing T. Therefore, every element
of T is contained in at least two rs-sets of G, a contradiction to y,-just excellence of G.
Therefore, v5(G — {u}) = vs(G).

Suppose 74(G,u) < v5(G). Let S CV be a v¥(G,u)-set of G. If uw € S, then S is
~s-set of G, a contradiction. Therefore, u & S. Therefore S is a strong dominating set for
G —u. Therefore, vs(G—{u}) < |S] < 75(G), a contradiction. Since ,(G—{u}) = v5(G),
Y4(G, {u}) = vs(G). Hence the theorem.

2. Strong Very Just Excellent Graphs

We recall the definition of strong very excellent (or) 7,-very excellent graphs.
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A strong excellent graph G is said to be strong very excellent if there is a y,-set .S of G
such that to each vertex u € V' — S, there exists a vertex v in S such that (S —{v})U{u}
is a ys-set of G. A ~s-set of G satisfying the above property is called very just excellent
vs-set of G.

In first example, the graph is strong very just excellent and {1,2,3,4} is a very just
excellent y4-set. In second example {1,3}, {2,3}, {2,4} is very excellent and {2,3} is
very just excellent ~s-set.

Theorem 5. P, is ys-very excellent if and only if n =2 or n = 4.

Proof. It has already been proved in [2] that P, is ys-excellent if and only if n =
2 orn =1 (mod3). P, P, are obviously ~,-very excellent. Consider a path P, :
V1, V2,3, ...,U, wheren = 3k+1, k > 2. Let S be any ~ys-set for P,,. Then at least v5—2
vertices are isolated in (S). To eachu € S, let PN,,(u) = {v € V(P,) : Ns(v)NS = {u}}.
Suppose | PNy (u)| = 2 for some u € S. Let v; be the point in S such that | PN, (v;)| = 2,
2 < i < 3k (Note that d(u) < 2 for all u € V(B,)).

Subcase(1):

Suppose i = 2. Since v; is strongly dominated only by vy in S, S —{ve} U{v,},j #1
is not a strong dominating set. Also (S —{wva})U{wv;1} is also not a strong dominating set.
(For, since v1,v3 € PNy (v2). vs is a weak private neighbour of vy. Since vy is dropped
the newly introduced point v1 must dominate v3 strongly which is not true since v; is not
even adjacent to vs). This contradicts the fact that S is a strong very excellent ~,-set.
By similar reasoning would prove for i # 3k.

Subcase(2):

Let 2 < ¢ < 3k. It is enough, if we prove for 2 < i < % (a similar reasoning
would prove for 3k > 1 > %) As |[PNy(vi)| = 2, vi—1,0i41 € PNy(v;). viga € S
(for if v;12 € S, then v; 41 is not in the weak private neighbour of v;;2, a contradiction.)
Clearly vy € S. If w43 is an isolate in (S), then (S — {viys}) U {viy1} does not
strong dominate v;43. Then for inclusion of v;11 in S, there exists no point in S whose
deletion will result in a vs-set. Therefore, v;y3 is not an isolate in (S). Therefore,
viya € S. Since n = 3k + 1, i + 3 and i 4+ 4 cannot be the last two points of the path.
Therefore, i +4 < n — 1 and v;45 € PNy (vit4). Let Q1 denote vy, va,...,v,—2 path
and Q2 denote v;16,Vi47,...,U,. (Any one of the paths Q1 or Q2 may be empty). Then
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(S —{vi, vi+3,viy4}) dominates the vertices of Q1 and Q2. Asn > 10, Q1 # ¢ or Q2 # ¢.
Q1 UQ2]=n—7=3k+1—-7=3k—6=0(mod3).

|S — {vi, vit3,vita}| = k — 2. And so no vertex in ()7 is adjacent to any vertex in
Q2, {vi,vit3,vita} does not dominate any vertex in Q1 U Q2. The set SN Q; strong
dominates (Q; and S N Q4 strong dominates Q3. So

ISﬂQllz{g—”]; ISﬁQQIJ%W-
SN @ UQa =h-2= 22T | @B

We have [SNQ1|+]SNQ2| = [SN{(Q1UQ2)}| = 19992l That is, [SNQ:1|+]SNQ2| =

%. That is, {@—‘ + PQ—;W = % Suppose |@Q1] and |Q2| are not both divisible

by 3. Let |Q1| = 3l+1 or 31+2. Let |Q2] = 3m+2 or 3m+ 1 (note that since |Q1]+|Q2|
is divisible by 3, |Q1] =3l + 1 and |Q2| = 3m + 2 or |Q1] = 3l + 2 and |Q2] = 3m + 1).
Therefore, PQ—;‘—‘ + {@—‘ =Il+1+m+1=I01+m+2. |Q1L;Q2| = 31“237”*2 =Il+m+1,
a contradiction.

Suppose |@1] is not divisible by 3 and |Q2] is divisible by 3. Let |@Q1] = 3141 or 3l+2

and |Qz| = 3m. P%—ll-‘ + PQ—;‘-‘ =l+1+m+1. |Q1L3JQ2| = BLELEIm o E3IME2 g ot

an integer, a contradiction. Similarly |@Q1] is divisible by 3 and |Q2| is not divisible by 3
is also not true. Therefore, |@1] and |Q2| are divisible by 3. If Q1 # ¢ then ve € S and
v1,v3 € PNy (v2). Then (S — {w})U{v1} is not a strong dominating set for any w € S.
If Q2 # ¢, then as |Q2| is divisible by 3, we get that ¢ +4 or ¢ + 10 or - -+ or ¢ + 3t + 1,
(t > 2) will be the last but one point of the path P,,. Therefore, i + 3t 4+ 2 belongs to S.
That is, v,—1 belongs to S and v,_2,v, € PNy (vn—1).

In the case for the inclusion of v,, € S, there exists no point in S whose deletion will
result in a ~¢-set, a contradiction. Therefore, if S is a strong very excellent set, then

[P Ny (u)| <1 (1)

for every u € S. Let n > 13. Let P’ be the v; — v19 path and P” be the vi; — v, path.
If SN P’ does not strong dominate any of the vertices of P”, then SN P” is a ~y,-set for
P". As [p”| = 0(mod3) and {v; : j = 3¢, 4 < ¢ < k} is the unique 7,-set for P”. It
follows that v,_; € S and therefore, |PNy (v,—1)| = 2, a contradiction to (1). If SN P’
dominates a vertex of P”, then vig € S. Hence |S N P'| = 4. If v1; € PN,(v19), then
SNP' is aye-set for v1 —v11 path. Then PN,,(u) = 2 for at least two points in SNP”, a
contradiction to (1). If v1; € PN, (v19), then v12 € S and SN P”. Therefore, S contains
Up—1 and |PNy(v,—1)|] = 2, a contradiction to (1).

If n = 10, then the ~s-sets are S1 = {va,v5,vs,v10}, S2 = {vo,v5,vs,09}, S =
{v1,v3,v6,v9}, Sq = {va,v5,v7,09}, S5 = {va,v4,v7,v9}. In S1 and Sa, |PNy(vs)| = 2.
In S3, |PNy(v3)| = |[PNy(vs)] = 2. In Ss, the inclusion of v; does not result in a
vs-set for the deletion of any element of S;. Therefore, Pjg is not vys-very excellent.
If n = 7, then the vs-sets are S1 = {vo,v5,v7}, S = {va,v5,06}, S5 = {v1,v3,v6},
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Sy = {v2,v3,06}, S5 = {v2,v4,v6}. It can be verified that none of these is a ~-very
excellent set. Therefore, P; is not a strong very excellent. Therefore, the only v,-very
excellent paths are P, and Py.

Theorem 6. A graph is vs-very excellent if and only if there exists a vs-set D of G
such that to each uw & D there exist v € D such that PNy (v, D) C Ny[u].

Proof. Suppose D satisfies this proterty, then clearly D is a very excellent ~s-set of
G. Conversely suppose G is ys-very excellent. Let D be a very excellent v,-set of G.
Let u ¢ D. Then there exists a v € D such that (D — {v}) U {u} is a v,-set of G. As
(D —{v}) does not strong dominate any vertex of PN, [v, D], and as (D —{v})U{u}isa
~vs-set, u strong dominates PN, [v, D]. That is PN, [v, D] C N, [u]. Hence the theorem.
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