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FREE AND CYCLIC CANONICAL (m,n)—ARY
HYPERMODULES

Z.BELALIL S. M. ANVARIYEH AND S. MIRVAKILI

Abstract. In this paper, the class of free and cyclic canonical (m, n)—ary hypermodules
over Krasner (m, n)—ary hyperrings is defined. Free canonical (m, n)—ary hypermodules
are a generalization of free canonical hypermodules and a generalization of free modules.
Also, several properties are found. In addition, we introduce the concepts of a free basis
and a free (m, n)-hypermodules as a free object in the category of (m, n)-hypermodules
and prove some results in this respect. Finally, we obtain some results and relations
among a finitely generated torsion free and a free (m, n)-hypermodule.

1. Introduction

The notion of an n—ary group which is a natural generalization of the notion of a group,
was introduced by Doérnte [8]. Since then many papers concerning various n-ary algebra ap-
peared in the literature, (for example see [5, 6, 9, 10, 11]). n-ary hyperstructures, recently
introduced by Davvaz and Vougiouklis are a nice generalization of the algebraic hyperstruc-
tures [7], which have been studied since 70 years, both on the theoretical point of view and for
the richness of their applications, especially to computer sciences, but also to fuzzy set theory,
graphs and hypergraphs, geometry, lattice theory and others. n-ary hyperstructures general-
ization of algebraic structures is the most natural way for further development and deeper un-
derstanding of their fundamental properties (for example see [14, 15]). In theoretical aspects,
Anvariyeh et al. studied several operations on hypermodules rigorously [1, 2, 3]. Also, in [4] a
new class of hyperstructures as a generalization of hypermodules (namely (m, n)—ary hyper-
modules) is introduced and several properties and examples are found. On the other hand,
we can consider (m, n)—ary hypermodules as a good generalization of (m, n)—ary modules.
In this paper, a new subclass of (m, n)-ary hypermodules is called free canonical (m, n)-ary
hypermodules is introduced. Free canonical (m, n)—ary hypermodules are a generalization
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of free canonical hypermodules and free modules [13, 17]. In addition, we define the con-
cepts of a free basis and a free (m, n)-hypermodule as a free object in the category of (m, n)-
hypermodules and prove some results in this respect.

Let H be anon-empty set and h a mapping h: Hx H — @* (H), where @* (H) is the set of
all non-empty subsets of H. Then h is called a binary hyperoperation on H. We denoted by H"
the cartesian product H x...x H, where appears n times and an element of H" will be denoted
by (x1,...,Xn), such that x; € H for any i with 1 < i < n. In general, a mapping h: H" — @*(H)
is called an n—ary hyperoperation and n is called the arity of hyperoperation.

Let h be an n—ary hyperoperation on H and Ay, ..., A, subsets of H. We define
h(Ay,..., Ap) = Jth(xy, ..., xp) x5 € Aj i =1,...,n}.

We shall use the following abbreviated notation: the sequence x;, X;+1,...,X; will be denoted

by xl] Also, for every a € H, we write h(a,...,a) = h((Z)) and for j <, xlj is the empty set. In

n
this convention

h(xl,---,xi»,)’iﬂ)---,J/j,xj+1»---»xn)

J

will be written h(x{, y],,, x7, ).

If his an n—ary groupoid and ¢ = [(n—1) + 1, then the t—ary hyperoperation h; given by

hay Gl D) = RO, (R, 2170, 0 ),
—_———

I
will be denoted by h;,.
A non-empty set H with an n—ary hyperoperation h : H* — @*(H) will be called an
n—ary hypergroupoid and will be denoted by (H, h). An n—ary hypergroupoid (H, h) will be
an n—ary semihypergroup if and only if the following associative axiom holds:

i—1 +i-1y . 2n-1 j—1 n+j-1y 2n-1
h(a ™ R, 20 = k] ™ hGGTT), 6000

foreveryi,je{l,2,...,n} and x1, Xo,..., X25—1 € H.

An n—ary semihypergroup (H, h), in which the equation b € h(a{‘l, x;,a, ) has the so-
lution x; € H for every ay,...,a;-1,aj+1,...,an,b € Hand 1 < i < n, is called an n— ary hyper-
group.

An n—ary hypergroupoid (H, h) is commutative if for all 0 € S, and for every aj' € H we
have

h(ay,...,a,) = h(agsqy, ..., om))-

(

. (i-1) n—i) .
An element e € H called a scalar neutral elementif x=h( e ,x, e '), foreveryl<i<n

and for every x € H.
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According to [12], an n—ary polygroup is an n—ary hypergroup (B, f) such that the fol-
lowing axioms hold for 1 < i, j < nand x, x{' € P:

(i-1)  (n=i)
(1) There exists a unique element 0 € P such thatx=f( 0 ,x, 0 ).

(2) There exists a unitary operation — on P such that x € f(x{') implies that,

Xi Ef(_xi—l,...,_x1,x,_Xn,-.-,_xi+]).

It is clear that every 2—ary polygroup is a polygroup. Every n—ary group with a scaler
neutral element is an n—ary polygroup. Also, Leoreanu- Fotea in [14] define a canonical n —
ary hypergroup. A canonical n — ar y hypergroup is a commutative n—ary polygroup.

An element 0 of an n— ary semihypergroup (H, g) is called zero element if for every x;’ €
H, we have

g(0,x7) = g(x2,0,x3) =--- = g(x4,0) = 0.

(n—1)
If 0 and 0 are two zero elements, then 0 = g(0’, 0 ) =0’ and so the zero element is unique.

Mirvakili and Davvaz define (m, n)—ary hyperrings and obtained several results in this re-
spect. Now, we define Krasner (m, n)—ary hyperrings as a subclasses of (m, n)—ary hyperrings
and as a generalization of Krasner hyperrings.

Definition 1.1.([18]). A Krasner (m, n)—ary hyperring is an algebraic hyperstructure (R, f, g)

which satisfies the following axioms:

(1) (R, f)isacanonical m—ary hypergroup.

(2) (R, g) is an n—ary semigroup.

(3) the n—ary operation g is distributive with respect to the m—ary hyperoperation f, i.e., for
everya;',al', ,x"eR, 1<i=<n,

glai™ fm,al ) = flglai ™t xy,al ), ..., g(@ ™t xm, al', ).
(4) 0be azero element (absorbing element) of n—ary operation g, i.e., for every xg"l € R, we
have

8(0,xy) = g(x2,0,x5) = -+ = g(x5,0) = 0.

It is clear that every Krasner hyperring is a Krasner (2,2)—-hyperring. Also, every Krasner
(m,0)—hyperring is a canonical m—ary hypergroup and every Krasner (0, n)—hyperring is an
n—ary semigroup.

Let (R, f,g) be a Krasner (m, n)—ary hyperring. If (R — {0}, k) is an n—ary group then
(R, f, g) is an (m, n)—ary hyperfield.



108 Z.BELALIL S. M. ANVARIYEH AND S. MIRVAKILI

Example 1.2. Let (R, +,-) be a Krasner hyperring. Let f be an m-ary hyperoperation and g an

n—ary operation on R as follows:

m
f&M =) x;, Vx"€eR,
i1

n
gy =[] xi, Vx['eR,
i=1

then (R, f, g) is a Krasner (m, n)-hyperring and denoted by (R, f, g) = dern,n (R, +,-).

Example 1.3. Let (R, +,) be aring and G a normal subgroup of (R, .), i.e., for every x € R, xG =
Gx. Set R = {X|x € R} where % = xG and define the m—ary hyperoperation f and n—ary multi-

plication g as follows:

FELe 0 Xm) = ZIZS F1 +...+ X,y

g(xlr'--rxn) = xle...xn.

It can be verified obviously that (R, f, g) is a Krasner (m, n)—ary hyperring.

Example 1.4. Let (H, <, +) be a totally ordered group and x{" € H. Set k € {i|x; = max{xy,..., X,}}

and ¢ = card{ilx; = max{xy,..., x;}}. Now, let

{te Hlt<xi}, if c>1

Xies lf c=1.

f(xlr---;xm) :{

It follows that (H, f) is a canonical m—ary hypergroup on H. If (H, +,) is aring, then it can be
verified that (H, f,-) is a Krasner (m, 2)—ary hyperring.

A commutative krasner (m, n)—ary hyperring (R, f, g), in which is valid: g(a}') = 0 implies

there exists 1 < j < n such that a; = 0, is called an integral hyperdomain.

Let S be anon-empty subset of a Krasner (m, n)-hyperring (R, f, g). If (S, f, g) is a Krasner
(m, n)—hyperring, then S is called a subhyperring of R.

Let I be a non-empty subset of R and 1 < i < n. we call I an i—hyperideal of R if:

1. Iis a subhypergroup of the canonical m—ary hypergroup (R, f), i.e., (I, f) is a canonical
m—ary hypergroup.

2. Forevery x/' € R, g(xi™!, I,x" ) <.
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Also, if for every 1 < i < n, I is an i—hyperideal, then I called a hyperideal of R. Every
hyperideal of R is a subhyperring of R. A hyperideal of an integral hyperdomain R is called
principal hyperideal of R, if it is generated by a single element, while R is called principal
hyperideal domain, if it is an integral hyperdomain and every hyperideal of R is principal.

2. (m,n)—hypermodules

Definition 2.1. ([4]). Let M be a non-empty set. Then, M = (M, h, k) is an (m, n)—ary hy-
permodule (or (m, n)—hypermodules) over an (m, n)—ary hyperring R, if (M, h) is an m—ary
hypergroup and the map

k:Rx...x RxM — " (M)

n-1

satisfies in the following conditions:
M) kL R(™) = Rk x1), . kY X)),

@) k=L fsm, et x) = k(] sy x), k(T s, 1 X)),

@) k(r{™h g, rltm=2 ) = k(r™ 1 k(r)h ™2, x).

If k is a scalar n—ary hyperoperation, Sy, ..., S,-1 subsets of R and M; € M, we set
k(S1,...,Sn-1, M) =UJtk(r1,...,rn-1, 01 1 €S, i=1,...,n—1, x€ My }.
An (m, n)—ary hypermodule M is an R—hypermodule, if m = n = 2.

Example 2.2. Let M = {0,1,2} and (R, f,8) = der3,2(Z,+,-) (see example 1.2). We define the
commutative hyperoperations / and k as follows:

h(0,0,0) = h(0,0,2) = h(0,2,2) = h(2,2,2) ={0,2},
h(0,0,1) = h(0,2,1) = h(2,2,1) =1,
h(0,1,1) = h(2,1,1) ={0,2},
h(,1,1) =1,
andk:Rx M — p*(M),
{0,2} if re2Z or x€{0,2}
k(r,x) =
1 else

Then (M, h, k) is a (3,2)—ary hypermodule over a (3,2)—ary hyperring (R, f, g).
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Example 2.3. Let (R, +,) be a hyperring and (M, +) an R—hypermodule. If N is a subhyper-
module of M then set:

m
h(x™) =) x;+N, Vx"e M,
ln=11
fam=3r;, Vr"eR,
l;l
g =11r, Vrl'eR,
i=1

n-1
k=10 =(). r)-x+N,Vrl'€R, VxeM.
i=1

Then (M, h, k) is an (m, n)—ary hypermodule over (m, n)—ary hyperring (R, f, g).

A canonical (m, n)—ary hypermodule (namely canonical (m, n)—ary hypermodule) is an
(m, n)—ary hypermodule with a canonical m—ary hypergroup (M, h) over a Krasner (m, n)—ary
hyperring (R, f, g).

Example 2.4. Let R be a Krasner hyperring and (M, +,-) a canonical R—hypermodule. Then,
m n

R with m—ary hyperoperation f(r") = Z ri, and n—ary hyperoperation g(r{") = H ri, is a
i=1 i=1

m
Krasner (m, n)—ary hyperring. Also, M with hyperoperation h with h(x{") = Z Xi, where x; €

i=1
M, is a canonical m—ary hypergroup. Now, we define the scalar n—ary hyperoperation k with

n
k(ry,...,7h-1,%) = (l_[ i) X.
1
Then M is a canonical (m, n)—ary hypermodule over Krasner (m, n)—ary hyperring R.

Definition 2.5. Let (M, h, k) be an (m, n)—ary hypermodule over an (m, n)—ary hyperring R.
A non-empty subset N € M is called an (m, n)—ary subhypermodule of M, if (N, h, k) is an
(m, n)—ary hypermodule over the (m, n)—ary hyperring R.

Let (M, hy, k) and (M, hy, k) be two (m, n)—ary hypermodules over an (m, n)—ary hy-
perring R. A homomorphism from M, to M, is a mapping ¢ : M; — M, such that
(1) (l)(hl (a]» ceey am)) = hz((/)((ll)» eee »(l)(am))»
(2) (l)(kl(r])---» 'n-1, a)) = kZ(rly---) rn—l»(l)(a))-

Lemma 2.6. Let (M1, hy, k1) and (M>, hy, ko) be two (m, n)—ary hypermodules over an (m, n)—ary
hyperring R and ¢ : M1 — M> a homomorphism. Then
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(1) IfS is an (m, n)—ary subhypermodule of My over an (m, n)—ary hyperring R, then ¢(S) is
an (m, n)—ary subhypermodule of M.

(2) If K is an (m, n)—ary subhypermodule of M, over an (m,n)—ary hyperring R, such that
¢~ LK) # @, then ¢~ (K) is an (m, n)—ary subhypermodule of M.

Proof. (1) We know ¢(S) is an m—ary subhypergroup of M,. Let r1,72,...,7,—1 € Rand y €
¢(S), then there exists x € S such that ¢(x) = y. Hence k(ry,...74-1,y) = k(r1,...,Th-1,p(x)) =
(p(r])---) 'n-1, x) € (/)(S)-

(2) The proof of this part is similar to (1). O

If X is an (m, n)—ary subhypermodule of a canonical (1, n)—ary hypermodule M, then
< X > is the (m, n)—ary subhypermodule generated by elements of X.

Definition 2.7. Let M| be subhypermodules of a canonical (m, n)—ary hypermodule (M, h, k)
and t = [(m—1)+1, then M is called a (internal) direct sum M &...® M, if satisfies the following
axioms:

(1) M= h;(My,...,M;) and
(2) Ml N hl(er---rMi—lrorMi+1!-'-M[) = {0}

3. Free (m,n)—hypermodules

In the following in this section, an (m, n)—ary hypermodule is a canonical (m, n)—ary
hypermodule over Krasner (m, n)— hyperring.

Let (M, h, k) be an (m, n)—ary hypermodule over the (m, n)—ary hyperring R. Then

Definition 3.1. A linear combination of family A = {x; : i € I} of elements of M is a sum of the
_ _ (m=1)

form h(k(rllfn D,xl),...,k(rlll(" U xp, "0 ywithl < mandif I > m,l = t(m—1)+1, a linear

combination of A is the form of

1(n-1) (n-1) (m+1)(n-1)
R(A(.., h(h(k(r" ™ 2, k"™ ), k(g 1" Xmad),

t
2m-1)(n-1) (-1 (m-1)+2)(n—-1)
k(r(2m—1)1 1x2m—1))r'--); k(r((l—l)(m—l)+2)1 rx(l—l)(m—l)+2)r---;

I(m-1)+1)(n-1
k(r((l((an—l))H))l(n )’xl(m—1)+1))),

1(n-1)
11 ’

xl),...,k(rll{”_l,xl)). {x; :i € I} is linear dependent if there exists a linear combination

Alinear combination of family {x; : i € I} of elements of M is a sum of the form A (k(r

h(k(rllfn_l), X1),.ee) k(rlll("_l),xl)) containing 0, without begin all the r;; equal to 0. Otherwise

{x;:i € I}is called linear independent.
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Definition 3.2. A subset X of M generates M if every element of M belongs to a linear combi-
nation of elements from X.

Definition 3.3. Let (N, i, k) be an (m, n)—ary hypermodule over the (m, n)—ary hyperring R
and let X a subset of N. Then X generates N freely if

(i) X generates N;

(ii) for every function ¥ of X into an (m, n)—ary hypermodule M there exists a homomor-
phism ¢ : N — M such that ¢(x) = {y/(x)} for every x € X.

We call an (m, n)—ary hypermodule N is free, if there exists a subset X of N which gener-
ates N freely. Any set which freely generates N is called a free basis of N.

Let us construct now a free (m, n)—ary hypermodule over an (m, n)—ary hyperring (R, f, g).
For this purpose we consider a non void set Q and the set R of the functions with domain
Q and rang R. Next we choose from R all these functions which vanish almost every where.
Denote this set by E(Q2). Then E(Q) becomes a canonical m—ary hypergroup if we introduce
in it an m—ary hyperoperation h defined as follows:

h(li) ={d € E(Q): (Vx€Q),d(x) € f(L1(x),..., Ln(x))}.

We define a map
kK': " (R) % ... x " (R) xE(Q) — " (E(Q))

v~

n—-1

as follow:

k'(A?, 1) ={s€ E(Q): (Vx € Q),s(x) € U {glal ™", 1.

A1EA,...,Ap-1€Ap1

Also, we introduce an n—ary scalar hyperoperation k from R x...x RxE(Q) to E(Q), with
——

n—-1

ka1, ) = K'({ar},...,1an-1}, D). So, if AC R, then k(A}"1,1) = k/(A?"1, D).

Theorem 3.4. E(Q) endowed with the m—ary hyperoperation h and with the scalar n—ary
hyperoperation k become an (m, n)—ary hypermodule over the (m, n)—ary hyperring (R, f, g).

Proof. The neutral element of & is the zero function, since f is well-defined and associative
and commutative so h is well-defined and associative and commutative. Suppose now that
Le h(l]"), then I(x) € f(I1(x),..., ;n(x)) for every x € Q, thus

li(x) € f(=1i-1(2), ..., = (X), 1(2), =l (), ..., = Li+1(X))
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foreveryxeQ,sol;j€ h(=l;j—y,...,—l1,1,=1p,...,—1i11). Nextforeveryr;,s; € Rand [, [; € E(Q))
we have:

k(i‘ln_l, h(1™) = k(rln_l,{d €EQ):(VxeQ),d(x)e f(li(x),..., Ln(x)}
= {k(rln_l,d) €EQ):(VxeQ),dx) e f(lh(x),..., [n(x))}
= h(k(r 1 1), kY D).
In addition,
k(=L f(sim, i D =K' Gih fsi, el D
={s€E(Q): (VxeQ),s(x) € U {gla™", 1xNh

ajeri™ (s, rit1<sjsn-1

={s€E(Q): (VxeQ),s(x) € g(ri~, f(s/), ri L 1(0)}
={s€ E(Q): (Vx€Q),s(x) € f(g(r{™ s, 1), ..., g(r{ Y s, 11, 10D}
= h(k(r{™ s, r N D, kT s, TP D).

In the similar way, we can prove that k(ri~!, g(ri*"=1), " m=2 [y = k(r/'~!, k(r}5t™2,1)) and

therefore (M, h, k) is an (m, n)—ary hypermodule. U

Theorem 3.5. There exists a subset B of E(Q) linear independent, which generates E(Q) and
such as cardB=card(.

Proof. For every a € Q, consider the function
1, f x=a
fa(x) =
0, if x#a.
The set B of the functions f, generates E(Q). Also B is linear independent since if 0 €
h(k(rl(" D fa) ok l(" D , fa))), Then, for 1 < i < I, we have
0€ hk(ri{"™", fo, (@), ..., k("™ fu (@) = k(rj{" ", 1)

and also for every 1 < i <, there exists 1 < j < n—1 such that r;; = 0. Obviously card B=card
Q. 0

Definition 3.6. An element x of an (m, n)—ary hypermodule M is called torsion free if k(rln‘l,
x) = 0 implies there exists 1 < j < n—1 such that r; = 0. M is called torsion free if all its
elements are torsion free.

In the following, in this paper, let —k(r1,...,7y-1, %) = k(-711,...,—Ix—1, X), for every r” le
Rand xe M.
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Theorem 3.7. Let N be an (m,n)—ary hypermodule over the unitary (m,n)—ary hyperring
(R, f,g) and let B ={ey,...,en} bea finite subset of N. Then the following are equivalent:

(1) B isa free basis of N;
(2) B is linear independent and generates N;

(3) everye;j istorsion freeand N =<e; > &...®& < e, >.

Proof. (1) = (2). Consider the (m, n)—ary hypermodule E(B). Then, because of the definition,
for the function
Y:B—EMB), wyle)=fg (i=1,.,m)

there exists a homomorphism
@:N—EB), ¢le)=1{fe} (i=1,...,m).
Now, if 0 € h(k(r]"", e1),..., k(r™""V e,y)), then

0=(0) € p(h(k(r]" ™, e1),....k(r" "D ep)) = hk(r]" "V, p(er)),..., k(r"" D,

ml

plew)) = h(k(rl(" D s fer) - k(rm(" 1 , fe,))), and since the f,. (i = 1,...,m) are linear inde-
pendent for every 1 < i < m, there exists 1 < j < n—1such thatr;; =0.

(2)=>(3).If k(rl’l‘l, e;) =0, then there exists 1 < j < n—1 such that r; = 0, since B is linear

independent. It is obvious x € h(< e; >,...,< e;; >). Suppose that xe< e; >N h(<e; >,... <
(i-1)(n-1)

e;_1>,0,<ejt1>,...,<ey>). Then x = k(s (n=1) 6.y and x € h(k(sl(" b e, k(s

ei_1),0, k(s(jj}n” Y eisn),.., k(s Y e,)). Thus Oeh(x,—x, "0 )gh(k(sﬂ"‘”,el),...,

—k(s;.i" Uen,... k(sl(" U e, so for every 1 < i < m, there exists 1 < j < n—1 such that

s;j = 0 and therefore the conclusion.

(3) = (2).Itis aclear that B generates N. Now, let B is linear dependent. Thus in the rela-

t10n0€h(k(r1(" b el),...,k(rm D e..)), notall the coefficients are zero, and let k(r’(" D en
€ —(h(k(r{"” “,en,...,k(rf;:f;{" Y, ei),0,kr{ Y i), k(i “,em))).Then

k(rl?{"_l),e,-) e<e;>Nh(<e; >,...<ej_1>,0,<ejs1>,...,< e, >) =1{0}.

and therefore there exists 1 < j < n— 1 such that r; = 0. Since the e; are torsion free, which
contradicts again linear independent B.

(2) = (1). For every x € N there are s;; € R such as
xeh(k(s)" Y en), ... k(s ep)).
We define functions fj, ..., f;; from N to R as follows:

fix) =sii, (=1,....m)
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1 if i=j
filej) =
0 if i#]j

and f;(h(x) = f(f;(x1),..., fiGxn)), f; (k171 %)) = gL, £3(x), x, x™ € N, r" € R. If M is
an (m, n)—ary hypermodule and v a function from B to M, we define a homomorphism ¢

from N to M as follows:

(n—-2) (n—-2)
@) = hk( 1z , A(x),w(e1),....,k( 1r , fim(x),w(en))) for every x € N. ¢ satisfies the

condition ¢(e;) = {w(e;)} and it is indeed a homomorphism since:

(n-2) (n-2)
@(h(x") = h(k( 1g , fi(h(x"),w(e),....k( 1r , fin(h(x]), ¥ (em)))
(n=2) (n=2)
= h(k( lR ;f(fl(xl);---yfl(xm));W(el))»---;k( lR ;f(fm(xl);--;fm(xm))rW(em)))
(n-2) (n-2) (n—-2)
=h(hk( 1g , filx),w(e),....,k( 1g , filxp),w(e))),...,h(k( 1g , fin(x1)),w(em)),
(n-2)
co kC 1R, fin(xm), wiem))))
(n-2) (n-2) (n-2)
= h(h(k( lR »fl(xl)»u/(el))y---»k( 1R !fm(xl))W(em)))y---»h(k( 1R )fl(xm))W(em))»
(n-2)
e k(g fn (), wiem))))
= h(p(x1),...,9(xXm)).

In the similar way, we can prove that, p(k(r/'"!, x1)) = k(rln_l, ¢(x1)) and therefore ¢ is homo-
morphism. Now let ¢’ be another homomorphism from N to M such as ¢'(e;) = w(e;)(i =

1,...,m). Then, for every xe N

(n—2) (n—2)
xeh(k(1g ,fi(x),eD)....k( 1g , fin(x),em))
(n—2) (n—-2)
= ¢@'(x) @' (hk( 1 , fi(x),e1),...,k( 1g , [ (x),em)))
(n—2) (n—-2)
= @' () Shk( 1g , i(x),w(e1),....,k( 1r , fm(X),w(em)) = ¢'(x) € p(x).

Therefore ¢ is the maximum homomorphism having the property which the definition of the

free (m, n)—ary hypermodule demands. U

Example 3.8. Let (H,.) be a commutative almost group (i.e. a semigroup H = H* U {0}, where

n
(H*,.) is a group and 0 a two side absorbing element). Now let g(x}") = [ | x;, then (H, g) is an
i=1
n—ary group. For every x{‘ € H*, we define an m—ary hyperoperation f on H as follows:
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k
Uit 1Uxil=k
i=1 '

k
H-{x} k=21Jxl=1
i=1

(m—k)
fxk, "0 =4

k
H k=3,I|Jxil<k,
i=1
(m)
f is a commutative hyperoperation and 0 is a scaler identity and f( ’(1)1 ) = 0. Then the hy-
perstructure (H, f, g) is an (m, n)—ary hyperfield and therefore (H, f, g) is a free (m, n)—ary
hypermodule over an (m, n)—ary hyperfield (H, f, g).

Lemma 3.9. Let M be an (m, n)—ary hypermodule, N a finitely generated free (m, n)—ary hy-
permodule and 0 : M — N an epimorphism. Then M has a subhypermodule F isomorphic to
N suchas M =F & kerf.

Proof. Let {ej,...,e;} be a basis of N. Since 6 is an epimorphism, there are n; € M such
as 0(n;) = e;, (i =1,...,m). Consider a function v : B — M with w(e;) = n;. Since N is
free, there is a homomorphism ¢ : N — M such as ¢(e;) = {y(e;)} = {n;},(i =1,...,m). Then
0(p(er) = 0(n;) = e;. So if x € h(k(x}" ™ ep), ..., k(x™"~D

,em)), then 0(p(x) = 0(h(k(x; "™V, ny), ..., k("D np)) = hik(x) "0, ey),

e k(" o)) 3 x. Thus x € O(p(x)) for every x € N. By Theorem 2.6, F = ¢(N) is a
subhypermodule of M. Then 6(F) = 8(¢p(N)) 2 N, but (F) < N, thus (F) = N. If ye M,
then there is an element y' € F such as 8(y) = 8(y'), from where, 0 € h(@(y),—@(y’),(m62)),
or0e€ H(h(y,—y’,(m62))), or h(y,—y’,(m62)) Nkerf # @, or y € h(F, ker@,(m()_Z)). Thus M =
h(F, ker8, (m()_Z)). Now, let € Fn kerf. Since ¢ € F, there is an element x € N such as t € ¢(x)

and since t € ker0,0(t) =0. Let x € h(k(xﬁ"‘”, e)..., Ic(x%"‘”, emn), then

0=0(0) €0(p(x) = f(hk(x;" "V, n1),..., k&I, 1))

ml

= h(k( " e, o k(Y e,

which means that for every 1 < i < m, there exists 1 < j < n—1such that x;; =0. So x =0, also
t = 0 and therefore ker0 n F = {0}. O

Theorem 3.10. Let M be a finitely generated free (m, n)—ary hypermodule over a unitary prin-
cipal hyperideal domain R and let N be a subhypermodule of M. Then N is also free and dim
N < dim M.
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Proof. Let B = {x1,..., X} be a basis of M and let N; = Nn< xy,...,x; >, j =0,1,...,m. Ny =

(n-2)
{0} and N, = N. N} = Nn < x; > is a subhypermodule of < x; >. Theset A={a:aeR,k( 1p

(n—-2)
,a,x1) € N1} is a hyperideal of R and let a; be its generator. Thus N} =< k( 1z ,a,x;) > and
therefore NV, is {0} or it has a basis with only one element. Suppose now that N; has a free basis

and that dimN; < t. Consider theset A={a:a€R and there exists x € N b1 n-1) bg”_l)
-2) —t-

R such that x € h(k(bl(" D, k(bt(" D %)), k( lR LA, Xi41), o 0 )}. A is a hyperideal,

(n-2)

becauselfa1 eA then thereare y" € Nsuchas y; € h(k(b’l(" D,xl),...,k(bf;gn D %), k(1R

€

(m
, iy Xe41), 0 ),fromwhereweget

_ (n-2) (m—t-1)
Ry € h(h(k(b]]"V, x0), 0 k(0] Y x), k(1R a1, Xes1), 0 ),eesy
(n—2) (m—t-1)
R x0), . kDD ), k(1R amy Xie1), O

n-1) t(n-1) m) (m) m
- h(k(sll xl) k(S x[)r k(f(lR)r-rf(]-R)yf(al )Jxl’+1))r
—_————
n-2

where s;j = f(b1jj,...,bmij). Thus f(a]") € A. The remaining condition can be easily proved,
so A is indeed a hyperideal. Let a,; be a the generator of A. If a;4; = 0 then Ny; = Ny and

1(n-1) (t(n—-1)

induction is complete. If aHl # 0, consider y € Ny suchasy € h(k(a,; 7, x1), k(a,; ,Xe),

(n—2) (m— (m=-2)
k( 1g ,G41, Xt41), 0 ) ForeveryxENt+1,there1sc l'e Rsuch as h(x, —k(cy'™ ,y), 0

)N Nt # @. Thus N = h(N;, < y >, 0 ). But N;n < y >= {0}, so N = N;® < y > and the
induction is complete. O

Theorem 3.11. Every finitely generated torsion free (m, n)—ary hypermodule over a unitary
principal hyperideal domain R is free with a finite basis.

Proof. Let M be a finitely generated torsion free (m, n)—ary hypermodule and let C = {sy, ...,
Sm} be a set which generates M. Consider the maximum subset B = {sy,..., s;} of linear inde-
pendent elements of C and let N be the subhypermodule of M generated by B. Then N, be-
cause of Lemma 3.7, is free. According to our hypothesis every set of the form {sy,...,s;, s;}, [ <

1= o), k(!0 s, k(r’(" Vs,

i < mislinear dependent. Thusin the relation 0 € h(k(r; h

(m—(1+1)) (— .
0 ) not all the coefficients are zero, and more precisely the tf(" ) £0, since s1,..., S are

linear independent. Now k("™ 5,) € ~(h(k(rl" ™, s),..., kri", 5, "0 ")) so k(e
(+1)(n-1) (n-1)
s;) € N for every i > 1. Lett = t(l+1)1n vees tp" 7, then k(t,s;) € N for every i < m, so

k(t,x) € N, for every x € M and therefore the map 6 : x — k(t, x) is a homomorphism from M
to a subhypermodule of N. But, since M is torsion free the kernel of f is the {0}, thus M is iso-
morphic to a subhypermodule T of N and by Theorem 3.10, T is free (m, n)—ary hypermodule
and therefore M is free (m, n)—ary hypermodule. g
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