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APPROXIMATION OF FUNCTIONS OF CLASS Lip(a,r), (r = 1),
BY (N, p,)(E,1) SUMMABILITY MEANS OF FOURIER SERIES

SHYAM LAL AND ABHISHEK MISHRA

Abstract. In this paper, two new theorems on degree of approximation of a function f €
Lip(a,r), (r=1), have been established. A new technique is applied to find the estimate.

1. Introduction

Chandra [1], Qureshi [6, 7], Khan [3] Mohapatra and Russell [5], Sahney and Rao [8] have
determined the degree pf approximation of functions of the class Lipa and Lip(a,1r),0 < a <
1, r = 1. Most of these results are not satisfactory for & = 1 in the sense that the estimates
for r > 1 and a = 1 are not of O(n~!). Therefore this deficiency for determine the degree of
approximation has motivated to investigate the degree of approximation using generalized
Minkowski inequality considering cases 0 < a < 1 and a = 1 separately. It is important to
note that till now no work seems to have been done to obtain the degree of approximation
of a function f € Lip(a,r) class by product summabiliy means of the form (N, p,)(E,1). In
an attempt to make an advance study in this direction, in this paper, the estimates of degree
of approximation of the function f € Lip(«a,r) class by (N, p,,)(E, 1) means of Fourier series
have been determined. This estimate is new, better and sharper than all previously known

estimates.

2. Definitions and Notations

Let f(x) be a2m-periodic function, Lebesgue integrable on [0, 277] and belonging to Lip(a, r),

(r = 1) class. The Fourier series of f(x) is given by

1 sy 1 o
flx)= Sdo+ Y (ancosnx+b,sinnx) = o+ Y An(x) 2.1)
n=1 n=1
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with partial sums s, (f; x).
A function f(x) is said to belong to the class Lipa if
|fx+0-fx)|=00t1" for0<a<1.

f(x) is said to belong to the class Lip(a,r) forO<a <1, r = 1if

27 1/r
{f |[fx+0)-f0] dx} =0(|t|*) (def5.38 of McFadden [4]).

1/
We define the norm || || by || |, = 5= {fOZ"|f(x)|rdr} Cr=1,
and the degree of approximation E,(f) be given by

En(f) = min| f -,

1 n
where t;,(x) = an + Z (aycosvx + bysinvx) is n'" degree trigonometric polynomial (Zyg-
v=1

mund [10], p.114) .

o0 n
Let Z u, be an infinite series having n'" partial sum s, = Z uy. Let {p,} be a sequence
n=0 v=0

of constants, real of complex valued and let
Pp=po+pi+p2+-+pn po>0, Pp#0,

and define Y by t,llv — Z Prn—iSk = P_ Z PiSn_k- The {t]} is defined as the sequence of
Pn 2o n k=0
Norlund means of sequence {s,,} generated by the sequence of constants {p,}. If £} — s when
(o]

n — oo, we say that Z Up is summable by Nérlund means or summable (N, p;,) to the sum s.

n=0
wm_ 1 (n &) S i e
Let B} = T > L[5k If E;,) — s as n — oo, then Zo uy is said to be summable to s by
n=

the Euler Method (E,1). (Hardy [2]).
The (N, p,,) transform of (E, 1) transform defines the (N, p,,)(E, 1) transform t,lyE of the

oo
partial sum s, of the series Z un by
n=0
0= Y pukE = Y puig > (s
TPz opn ‘ Pn k:opn “ok s\
n—-k
n- k
Pr =0
oo
If t;lVE — sasn— oo, Z Uy, is said to be summable (N, p,) (E, 1) to s. If the method of summa-
n=0

bility (N, p,) is superimposed on (E, 1) method of summabilty, (N, p,)(E,1) summability is
obtained.
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We write, ¢p(x, 1) = f(x+ 1)+ f(x— 1) —2f(x),

(NE)n(t) =

Z Pk k(%)sin(n—k+1)(%).
n k=0 sin (%)
3. Theorems

We prove the following theorems:

Theorem 1. Let (N, p,) be a regular Norlund method defined by a positive sequence {p,} such
that

Py
0 (n+1)). (3.1

n
> |Apk|=
k=0

Let f : R — R is 2n-periodic, Lebesgue integrable on [0,2n] and belonging to the class
Lip(a,r), (r 2 1), then its degree of approximation by (N, p,)(E,1) means

nknk
e Erg |

nkO

of the Fourier series (2.1) satisfies forn=0,1,2,3,...

O((n+1)™ ,0<a<l1
I 1= { o )25

(n+1)

Theorem 2. Let (N, p,,) be a regular Norlund method generated by a positive monotonic se-
quence {py} satisfying
(n+1pn=0(Py), (3.2)

Then the degree of approximation of f € Lip(a,r), r = 1 by (N, p,)(E, 1) means t)E of its
Fourier series (2.1) is given by

O((n+1)™ ,0<a<l1
I 1= o )2

(n+1)

4. Lemmas

We need following lemmas for the proof of our theorem.

Lemma4.1. (NE),(f)=0(n+1), for0<t<

T
m+D)°
Proof. For0< ¢t < (n%l), sinnt < nt, and sin(t/2) = (t/x), we have
“k(L)sin(n—-k+1)(4)

sin (%)

((INE)n (0] = | Pn Zpk



246 SHYAM LAL AND ABHISHEK MISHRA

1 (n—k+1)
ZnPn,CZ_:Opk tin
(n+1) &

= ap, £ Pk
=O(n+1).

Lemma 4.2. (NE),(1) = O[5k, for iy <t=m.

Proof. For s<tsm using sin(#/2) = (t/m), |sinnf| <1 and Abel’s lemma, we have
08"k (L)sin(n—k+1) (%)
NE),(8)| = 2 2
((NE)n(0)] = | o 1%152 Pk ()
1 n

t t
< > =k \sin(n—k+1 (—)‘
2P, z P COS (z)sm(n ) 2

Z |(Px = Prs)| Z cos*"

)sm(k— r+1)

3

3

2tPn

n
+pn Y cos" K

t
5) sin(n—k+1)

k=0
1 n—1
= 2t2Pn Z_: |Apk|+|]9n|
tanZ|Apk| (n+1)t2)

Lemma4.3. IffeLip(a,r),0<a<1, r=1,then

1/r

[foznw)(x, n|"dx| =0(%)

Proof. Clearly,

|px, 0)| = [fx+ D)+ flx—D)—-2f(x)|
<|fx+0-fW|+|fx—0-f).

Then, using Minkowski’s inequality, we have

1

fozn{|f(x+ - f@|+|fex-0-f| dx|

<

271 %
UO |p(x, 0| dx

2n i 21 v
[fx+0-fx)| dx +f0 |[fx—0-f)| dx

= 0(t1M) +0(t1*) = O(| t]).
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5. Proof of Theorem 1

Follwing Titchmarsh [9], s, (f; x) of Fourier series (2.1) is given by

sn(f5 %) f(x)—z,,fo N R

Denoting (E, 1) means of s, (f; x) by Eﬁ,l) (f;x), we have

1 2 1 T px,t) & (n

2n g‘o( ){Sn(f 0= fok = 2n+ 1 Jo sin(t/2) Z (k) sin
1 & T p(x, 1)
2n X::( 2n+lg Jo sin(t/2)

sn(f5%) - f(0) = m{
1 T oPpx, 1)
W _ it/2 ikt
or, B0 = f0) = o | dnir Im{e Z( ) }
m{

1 T op(x, 1)
_ B it12(] 4 il
~oontlg 0 sin(t/2) e (d+er) }

— 1 g.b(x’ 2 Im{ZnCOSn (E) ei(n+1)t/2}dt
2n+ly Jo sin(t/2) 2

T n(ryqj +1 z
=if ¢(x’t)cos (2).sm(n ) ($)
271 sin(t/2)

dt.

(N, p,,) means of EL(f; x) i.e. tNE(f;x) is given by

1 (" cos k(L) sin(n—k+1) (%
_Zpk (f X) f(X)}__Zpk{gﬁ (,b(x,t) (2) (Z)dt}

e P, = sin(£/2)
n—-k L
o cos” ¥ (§)sin(n—k+1) (%)
L, (fx)—-fx) = o Pn Z pkf o(x, 1) sin(£/2) dt

=f ¢(x, )(NE),(D)dt.
0

Using Lemma (4.3), generalized Minkowski inequality ([10, pp. 18-19]), we shall obtain
the proof of this theorem in a quite different method as following:

2 %
%= rl, = [ 10 ool ax

2r T r
- ix
0 0
s o 1/r
sfo {fo |¢(x,r)|’dx} I((NE)n(0)ldt

:fo O(t%) |(NE) (1) dt

1/r

¢(x, ) (NE)n(t)dt
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- O(/m(t“)(NE)n(t)dt)+O(f (t“)(NE)n(t)dt)
0 _m

(n+1)

=L+ (5.1)
Applying Lemma (4.1), we have

|| < O(fm t“(n+1)dt)
0
=0((n+17%). (5.2)

Now, by Lemma (4.2), we get

T ta
Ll <0 ——dt
1] < f(L (n+1)¢?

n+1)

L )f t“_zdt]
n+1))J

(n+1)

1 1 oot a-1
((n+1)) (=) ((n+1)"“1 - )] O<a<l
log(n+1)
(n+1)

{O

, a=1.

{O((n+1)‘“) O<a<l 53)
= log(n+1) .
ofen) | gmy
Combining equations (5.1) to (5.3), we have
-a
I~ 1, ={ oty
( (n+1) ) o a=1L
This completes the proof of Theorem (1).
6. Proof of Theorem 2
Following the proof of Theorem (1), we have
) m
e =l = O(fo (t“)(NE)n(t)dt)w f (t“)(NE)n(t)dt)
(=)
=1, +1I, say (6.1)

By Lemma (4.1) and similar to proof of Theorem (1),

L=0(n+1)7%). (6.2)
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Under the condition (3.2) of Theorem (2) on {p,}, by Lemma (4.2),

(NE)n(0) = an Z |Apk|

such that py =min{p;:0< j <n}. Hence (n+1)py < P,. Nowfork<m=<n

) ) =ela) o)
m+1 n+1 n+1 n+1

) ) =li)=ol)
k+1 n+1 n+1 n+1

) implies (n+1)p,, = O(Py).

m

pm< Y. Ipj—pj-al+lpil=C
Jj=k+1

Similarlyfor0=s m<k

k-1
<) lpj—pjal+ipl=C
j=m

n
P,
Thus the condition ) _ [Ap|= O(
k=0 (n+1)
Therefore (NE),(t) = O (L) for 21—

e < t<mand I is same as I, of Theorem(1).

(n+1)
Hence, under the condition of Theorem(2) on {p,},

22" -

O(n+1)™™ 0<ax<l1
||r_ O(log(n+1)) Ca=1.

(n+1)

This completes the proof of Theorem (3.2).

7. Applications

Following corollary can be derived from Theorem (1):

Corollary 7.1. Ifwetake p, = ﬁ then the degree of approximation of a function f € Lip(a, 1)
by (N, +5)(E, 1) means

n n—k

HE _ n—k
n Zk+12"kz( )

log(n +1)

of the series (2.1) is given by

||tHE—f|| _ O((n+1)™™ 0<a<l1
n r O(log(n+1)) Ca=1.

(n+1)

Corollary 7.2. If p,, =1V n =1 then degree of approximation of a function f € Lip(a,r) by
(C,1)(E,1) means
1 & 1 "“Fln-k
CE
fh=—) —

is given by
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(9]
(10]
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O(n+1)™ 0<a<l1

CE _ —
th f”r O(lo(gy;z;—)l)) Ca=1.
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