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INVERSE PROBLEMS FOR DIFFERENTIAL EQUATIONS ON
THE HALF-LINE HAVING A SINGULARITY IN AN INTERIOR POINT

A. FEDOSEEV

Abstract. Arbitrary order ordinary differential equations on the half-line having a non-
integrable singularity inside are studied under additional matching conditions for solu-
tions at the singular point. We construct special fundamental systems of solutions for this
class of differential equations, study their asymptotical, analytical and structural proper-
ties and the behavior of the corresponding Stokes multipliers. These fundamental sys-
tems of solutions are used in spectral analysis of differential operators with singularities.
We study the inverse problem of recovering differential equation from the given Weyl-
Yurko matrix and prove the corresponding uniqueness theorem.

1. Introduction

Let us consider the differential equation

n-2 Vi .
— ™ J . D (y) =
ly(x):=y (x)+j§0((x—a)”‘f +q,(x))y (x) =Ay(x), x>0 1)

with a non-integrable singularity in an interior point 0 < a < co. Here g;(x) are complex-
valued functions, and v ; are complex numbers. Let y, ..., i, be the roots of the characteristic

polynomial
n j-1
A=) vi[l(w-k, vn=1 vy =0.
j=0 k=0

Using the Viete’s formulas one gets y; +...+ u,; = n(n—1)/2. For definiteness, let n = 2m,
Me—Mj# SN, SEZ; Ry <... <Ry, i #0,1,2,...,n—3 (the other cases require minor modi-
fications). Denote 6 = R(u,—p1), 0; = n—1-60— j. We shall assume that qj(x)lx—alef eL(0,T)
and ¢;(x) € L(T,00) for j =0,n—2, and some T > a.

The paper deals with the differential equation (1) under additional matching conditions
at the singular point x = a. We consider in some sense general matching conditions defined
by a transition matrix

A= [akj]k,jzl,_n’
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which connects solutions of equation (1) near the singular point. Differential equations with
singularities inside the interval appear in different branches of mathematics and in applica-
tions. A wide class of differential equations with turning points inside the interval can be
reduced to (1). Such problems produce different matching conditions defined by different
matrices A. So it is actual to study differential equations with arbitrary defined matching
conditions. In this paper we construct special fundamental systems of solutions for the dif-
ferential equation (1) and study their asymptotical, analytic and structural properties. These
fundamental systems of solutions are used in spectral analysis of differential operators with
singularities inside the interval. In particular, we introduce and study the Weyl-Yurko solu-
tions and the Weyl-Yurko matrix for equation (1) and prove the uniqueness theorem of recov-
ering the operator ¢ from the given Weyl-Yurko matrix. For this purpose we use and develop
ideas from [1].

We note that for higher-order differential equations with integrable coefficients, direct
and inverse problems of spectral analysis and corresponding fundamental systems of solu-
tions have been studied fairly completely (see [2]-[5] and the references therein). Uniqueness
theorem for the equation (1) on the compact interval was proved in [6]. Some aspects of the
spectral theory for equation (1) in the case of n = 2 were investigated in [7]-[8].

Let A = p™. Take numbers cjo, j = 1, n from the condition
o -1
[T cjo=(detly;™; .17 @
j=1

and consider the functions C;(x,A) = (x — @)*i C;(x, 1), j =1, n, where

~ O nk k -1
Cj(x,it): chk(p(x—a)) , CijCj()(HA(Mj+Sn))
k=0 s=1

Here and in the sequel, z# = e#IMIZ1+ia82)  arg 7 € (—7,7]. For each fixed x, the functions
C;.V) (x,A) are entire in A of order 1/n. For x > a and x < a the functions C;(x, A) satisty the

equation
n-2

Vi .
Coy(x) =y — D) =y,
0y(x):=y"(x0) + Jgo Ty (x) = Ay(x)

and for [p(x—a)| <1,

ICitu I <C, 1€M< Clpl"lx=al"™, v=Tn-1. 3)

Here and below, one and the same symbol C denotes various positive constants in estimates.
In view of (2) and Liouville’s formula for the Wronskian, we have

det(CY P (x)]; y =1 )
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Denote

k=1,nm\n-j+1

n .
gl t,) =) (D" Cix, NC,,_ 4, (1),
j=1

* — )
Cj (x, 1) =det|C (x, V],
where k=1,n\n—j+1meansk=1,...,n— j,n—j+2,...,n. The function g(x, t, 1) is Green’s
function for the Cauchy problem ¢y — Ay = f(x), ™ (a) =0, v = 0,n— 1. It follows from (3)
thatfor [p(x—a)|<1,v=0,n—-1,

€ (xMl = Cle=a)P ™, 1., (6 )] < Clx— )" 17, )

Now we construct the functions s;(x, 1), j = 1, n from the following system of integral equa-
tions for x > a and x < a:

X 14

0 n-2
) _ W _ (p) B e
s;7 (6, =C}" (x,A) ) —axvg(x,t,/l)(goqp(t)sj (t,/l))dt,v—o,n 1. (6)

By (3) and (5), system (6) has a unique solution, and s;(x,A) = (x — a)*/ §;(x, 1), where

IN

|§§”(x,7t)—6§”(x,m| Clx—al’e), lpx-a)l<l,v=0n-1,

e(x):

n-2 X 0

)3 f (t- g0 dr|
=0 a

In particular, this yields for [p(x — a)| < 1,

18 VI < C, 15 Ml < Cllp"1x—al"™ +|x—al’Ye), v=T,n~1,

(7)
|s§.”(x,7t)| <Cl(x—a) ™|, v=0,n—1.

For each fixed x, the functions s;.v) (x,A) are entire in A of order 1/n. For x > a and x < a the
functions s;(x, A) satisfy equation (1). Taking (4) into account we get

detls} (0, D],y =1, 8)

and consequently, the functions s;(x,A), j = 1, n, form a fundamental system of solutions of
equation (1). We will call s;(x, A1) the Bessel-type solutions for equation (1).

Let sj,—(x,A), x > a, be the Bessel-type solutions for the equation

(n)(x)+ Z (

\Z , .
— 4 41D g; — (D) =

_ayni +(=D’q;2a x))y_ (x) = Ay-(x). ©)
Then the functions sf(x, A):=sj_(2a-x,A), x < a, are solutions of equation (1). Clearly,

sf(x, A) = e T sj(x,A), x<a. (10)
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(Rz, (k";l)”)}. In each sector Sy, the roots Ry, k = 1,n, of the

Denote Sy, = {p argp €
equation R"” — 1 = 0 can be numbered in such a way that

R(pR1) <R(pR2) <...<R(pRy), p € Sk,

ma)

Clearly, .Rk = e n , where wy is a permutation of the numbers 0,1,. — 1. In the sequel,
R“ := ¢~n". It was shown in [1] that in each sector Sk, there exists a fundamental system
of solutions {yr(x,0)};_17, x>a,p€ Sk, k, of the differential equation (1) having the following
properties.

1. For each x > a and sufficiently large p. > 0, the functions y,(CV) (x,p), v=0,n—1, are ana-
lytic with respect to p for p € S, |p| = p, are continuous for p € S, |p| = p«, and

7 () (pRY ™ e PR 1 < Cllp G- @)l + [l ), ()

forx>a,p ES_kO, lo(x—a)l =1, where §y := min(1,8).

2. As |p| — oo,
detly M (x, p)l = 0" VQ(1+0(07"), x> a (12)

where Q := det[R} "], _75; #0.

3. The relation

n
yi(x,p) = Y b;(p)sj(x,A), x> a (13)
j=1
holds, where
bi;(0) = BIRY oM (1+ 0(p ™), Ipl — oo, (14)
and
]‘[ﬁ" (det(RY), _m5) ' Q. (15)

We note that the most important and non-trivial fact here is the asymptotical formula
(14) for the Stokes multipliers b;gj (p). Wewill call yi(x, p) the Birkhoff-type solutions for equa-
tion (1).

Let yr —(x,p), x > a, be the Birkhoff-type solutions for (9). Then the following functions
Ye(x,p) = yr-(2a— x,p), x < a, are solutions of (1). Symmetrically to (13), we have

yrlx,p) = Y b (p)sfxA), x<a, (16)
j=1

where
be;(p) = BSRY pHi (1+0(p ™), 1] — 0, (17)
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with the same constants ,B(} asin (14). Since yy +...+ u, = n(n—1)/2, it follows from (14), (15)
and (17) that
dEt[bij(p)]k’j:L—n = p™"DQ(1+0(p™%)), |p| — oo. (18)

By virtue of (10) and (16),

yi(x,p) =} By ;(p)sj(x,A), x<a, (19)
j=1
where
By ;(0) = by j(p)e” ™. (20)

It follows from (13) and (19) that

i) =) di(P)ye(x,p), x> a, 1)
k=1
sj,A) =) Dy (p)yr(x,p), x<a, (22)
k=1
where
D (p) = dj (p)e™ . (23)

and [d;—'k(p)] ik=Tn= ([blfj (p)]k’jzly_n)—l. Using (14) and (17) we infer
i ()= (BD ™ pi(djx + O(p™")), Ip] = oo, (24)
where [d;i]; 77 = ([lelj]k,j:L_n)—l_ We rewrite (11) as follows
2 (x,p) = (pRR) e 11],, x> a, pe Sy, Ip(x—a)l =1, (25)

where [1], = 1+O(|p(x—a)|‘1 + |p|‘5°) for [p(x—a)l =1, |p| = oo uniformly in x (i.e. f(x,p) =
[1], means |f(x,p) -1 < C(lp(x—a)| ™' + |p|‘5°) for |p(x — a)| = 1). Similarly,

¥ (x,p) = (=pR)" P14, x < a, pe S, Iplx—a)| =1, (26)
In particular, (26) yields

det[y P (x, p)l, 15 = (D" PQ(1+0(p™)), x < a. 27)

Let a matrix A = [a;]; =T det A # 0, be given, where ay; are complex numbers. We
introduce the functions {0 ;(x, A1)} =T X €+, where /. :={x: £(x — a) > 0}, by the formula

sj(x,A), xej_,

(28)
Yoy kjSk(x,A), x€ ;.

aj(x,/l) 2{
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For each fixed x # a, the functions O';V) (x,A),v=0,n—-1,areentirein A of order 1/n. Forx € J_
and x € J4, the functions o j(x, 1) satisfy the differential equation (1), and according to (8),

1, xej_,
(29)
{detA, X€E J,.

(v-1)
detlo (6, D] 75

The fundamental system of solutions {c j(x, 1)} will be used for matching together solutions
at the singular point x = a. More precisely, we shall say that a solution y(x, 1) of equation
(1) satisfies the matching condition generated by the transition matrix A, if y(x, 1) can be
represented in the form

Y=Y xjMoj(x,A) forall xeJ_ U],
j=1

where the coefficients y j(1) do not depend on x.
Using (13), (19), (21), (22) and (28) we get
n n
Yix,p)= ) By ;(p)oj(x, 1), 0j(x,A)=} Dy (p)ye(x,p) x€Jx, (30)
j=1 k=1

where B,;j (), D]‘.k(p) are defined by (20) and (23),

n
Dji(p) = Zl asjdg.(p), 31
s=
and B;c'j (p) can be found from the linear system
n
by, (p) = ZIB;j(p)azj,
j=
e [BY (0, jorm = b ()] j=Ta(A")~!, where T denotes the transposition. Clearly,
+ + -1
(DX ) o= (1B O jorm) (32)

det[bz](p)]kyjzly—n

det(By;(p)]y. ;17 = (- 1" detlby (0], ;17 detlB;(0)]y ;77 = oA . (33

For definiteness, in the sequel we confine ourselves to the most important particular case
when ayj=0for k< j. Letg;(x,A), j = 1, 1, be solutions of equation (1) satisfying the initial
conditions

¢ VO =06}, jv=Tn (34)

(6 jv is the Kronecker delta) and also the matching condition generated by the transition ma-
trix A.
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Theorem 1. (i) For each fixed x # a, the functions (pgv) (x,A), v=0,n—-1, are entire in A of
order1/n, and

- 1, xej-,
det(p" V(x> = (35)
?; PY=LR T det A, x € s
(i) Forlp(x—a)l =1, p€ S, v=0n-1, j=1n, |p| — oo, the following asymptotical
formulas are valid

1 2 .
PV, ) ==Y (—pR)" ' e PRI, xe ), (36)
J n

1 &2 o _ _ _
97N =— 3 (=pRO"I(pR)" (£ + O(p~)e PP M1, xe g,
1L,k=1

whered := min(l,mlin%(plﬂ —up), and

n .
§hj = 2 assR dsje™ '™, 37)
s=1

Proof. Since the functions ¢ ;(x, 1) satisfy the matching conditions, the following representa-
tion holds "
i) =) xjsNos(x,A), x€J-UJ,. (38)
s=1

According to the initial conditions (34), the coefficients y js(1) can be found from the linear

systems

n
Y xjsWa PO, =68, v=T,n, (39)
s=1

for each j =1, n. In view of (29), the determinant of (39) is equal to 1. Solving (39) by Cramer’s
rule we obtain that the functions y js(A) are entire in A of order 1/n, and det[y js(1)] 1.

Together with (38) and (29) this yields (iy).

js=Tn =

Applying the fundamental system of solutions {yi(x, p)};_15; we expand ¢(x,A) for x €
J+ and x € J_ separately:

n
Qi) =) AT (P)yk(x, ), x € Js. (40)
k=1
Using the initial conditions (34) we calculate
n 1 .
kZl ALy 0,0 =85, jv=Tn,
Hence, by virtue of (26) and (27),

Aj(p) = (=p) T e PR @i+ 0(p ™),
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where the numbers a j; can be found from the linear systems

Z aj kR ]v; v=>Ln
for each j = 1, n. It is easy to verify that « k= R,lc_] /n, and consequently,

1 .
A(p) = ;(—ka)l‘f e PRa(1 1 0(p™%)). 41)

Substituting (41) and (26) into (40), we arrive at (36).

In order to calculate A}'k(p) we use the matching condition generated by the transition
matrix A. Substituting (30) into (40) we get

@jx, )=} os(x,A) Y AT (P)B(p), X € Js.
s=1 k=1

Taking (38) into account, we infer
n
> An (Bl (p) = Z A% (p)By(p).
k=1 =1
According to (32), the last equality yields

AZ(p) = Zl AT (p)E5 (), 42)

where
OE ZB ,(0) D (p). (43)

Thus, [ rfk](p)]k] = Bf 1O =1l D; k(p)]]k T and

€)@y = (€ 0V jor)

Together with (32) and (33) this yields
detl¢};(0)],, ;7 = (D)™ det Adetlb (0], _i(detlb} () i)~
and, in view of (18)
det(¢; (o)) o1 = (1) det A(1+0(p™), |p| — oo. (44)

By virtue of (17) and (20),

B () = BIR, ™™ pHi (14 0(p™), |p| — oo. (45)
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It follows from (24) and (31) that

DY) = (BN ajip ™ (djr+ O(p™) + O(p " Hm=H)), |p| — co. (46)
Substituting (45) and (46) into (43) we calculate
=8+ 0007, pl— oo, 7)

where the numbers E(S)k are defined by (37). Moreover, (44) and (47) imply

deﬂf%j]k,jzly—n = (-1)" det A. (48)
Using (41), (42) and (47) we deduce
1& ‘
Ajilp) =~ Zl(—pRs)l_] e PRA(E, +0(p™), Ipl — oo, (49)
s=
hence (40) and (25) yield (1). Theorem 1 is proved. O

Denote

0 _ 0 (j=n—-s+ln
5s—d3t[5kj]k:ﬁ ,s=1,n.

In particular, according to (48), £% = (—1)" det A # 0.

We shall assume that
&#0,s=1,n-1. (50)

Condition (50) is called the regularity condition for matching.

We introduce the functions
Aj(p) = detlyk(0,0),-, v 10,00,65 1100 & ()] i =Tn= T,

(51)
An(p) = detly, "0, P17

It is clear that

A= Y detley iy detlyg V0,01, , 1 (52)

1<s1<...<s,<n
Substituting (26) and (47) into (52) we get for |p| — oo, p€ S, j=1,n—1:
A] (p) — (_p)1++(]—1)ep(Rn++Rn_]+1)a(A(j)(‘D) + O(p—51)) (53)
where
A(])(p) — A]"()+Aj,1€p(R"'j_R”'j“)a,
Ajo = dodet[E?]
Aj = dydet[E);]

dy #0,

s=1,n-j;k=j+1,n’
s=1,n—j-1,n—j+L;k=j+1,n’
dp and d; some constants that do not depend on p. By the regularity condition for matching,

we have Ajo # 0. Using (53), by the well-known methods (see, for example, [9]), one can
obtain the following assertion.
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Theorem 2. Let{p,;} be the zeros of Aj(p). Denote Gs,j :=1{p:|p — p;j|l = 6}. Then

|A](P)| >Cs pj(j—1)/Zep(Rn+...+Rn—j+1)a P ES_ICOU G@,jr |p| - oo, (54)

We now introduce the functions ®;(x,A), j = 1,n, which are solutions of equation (1)
with the conditions

oY PO =61, v=1j, @j(x,)=0e), x—o0, j=T,n, peSy, (55

and with the matching condition generated by the transition matrix A. We will call ®;(x, 1),
j =1, n, the Weyl-Yurko solution for the differential equation (1). Using (34) we calculate

n
D, =X, )+ Y, MjxMerlxA) (56)
k=j+1
where
Mjr(A) = <1>§"‘”(0,A), l<j<k<n. (57)

It follows from (35) and (56) that

_ 1, xej,
det[ @Y PV (x, )], _—= (58)
J PY=Ln Y et A, x€ ..
Relation (56) can be written in the form
o(x, 1) = p(x, )M" (1), (59)

where ®(x, 1) = (@Y V0oV s @A) =19 V@A M) = M) o
M (A) := 6 ji for j = k. We will call M(A) the Weyl-Yurko matrix for equation (1), since it is a
generalization of the concept of the Weyl-Yurko matrix introduced in [4].

Theorem 3. For|p(x—a)| =1, p € Sk, NGs,j, |pl — 00, j,v =1, n the following estimates hold

YV (x, 1] = Clp¥ T PPRrmin), xeJ,
, (60)
00V (x, )] = Clp"Te?Rre Ry e,

Proof. Since the functions @, (x, A) satisfy the matching condition generated by the transition
matrix A, the following representation holds

@06, =Yy} Mos(x ), xel-Uly (61)
s=1
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where the coefficients x(} s(A) do not depend on x. Applying the fundamental system of solu-
tions {yx(x, p)};_17; we expand ®;(x, A) for x € J_ and x € ], separately:

n
@;(x, ) =) a;i(P)yr(x,p), x€Js. (62)
k=1
Substituting (30) into (61) we get

(0, ) =) o5(x, M) ) a; (P)B(p), x€Js,
= k=1

s=1

and consenquently,
) = kZl a'(0)B},(p) = kzl a5 (p)B,(p). (63)
According to (32), this yields
aj(p) = i a5 ()¢ 1. (p), (64)

where the functions ¢7, (o) are defined by (43). Using (55), (62) and (64) we get

n

Y. a )y 0,0 =6, v=17],
k=1

n (65)
Y a4, () =aj,(p)=0,  v=j+1n,
k=1

For each j =1, 7, (65) is a linear system with respect to ajfk(p). The determinant of this system
is Aj(p). Solving (65) by Cramer’s rule and using (26), (27), (47), (54) and (64) we get for p €

Sk,NGs,j, j=1,n—-1:

|a; ()| < Clp'Te Plmind) k=T,n—j+1,
a5 ()] < Clp' ™/ ePTey, k=n—-j+1,n, (66)

@} (p)| < Clp' T emPTrminc), k=1j,

and a}fk(p) =0, k= j + 1, n. Substituting (66), (25) and (26) into (62) we arrive at (60). For j = n
estimates (60) obtained similarly. Theorem 3 is proved. O

Now we consider the inverse problem of recovering ¢ from the given Weyl-Yurko matrix
M(A). Let us prove the uniqueness theorem for the solution of the inverse problem. For this
purpose we agree that together with ¢ we consider a differential equation 7 of the same form
but with different coefficients g; and v;. If a certain symbol y denotes an object related to Z,
then the corresponding symbol ¥ with tilde will denote the analogous object related to 2.

Theorem 4. IfM(A) = M(A), then ¢ = £. Thus, the specification of the Weyl-Yurko matrix M(A)
determines the differential equation (1) uniquely.
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Proof. Define the matrix &2 (x,A) = [P} (x,A))] k=T by the following formula 22 (x,1) =

®(x, 1)(®(x, 1)) " or, in view of (58), in the coordinates

Pjx, ) = (n(x) " det(®s(x, A), .., BE 2 (x, ),
o " (x,0),8F (x,1),..., 88V (x, V]

s=1,n’

(67)

n—1

where 7(x) = 1 for x € J- and 7(x) = det A for x € J,.. Denote Gs = (1 Gs,;. By virtue of (60)
Jj=1

and (67), we have for each fixed x # a:

Pji(x,1) = 0(p’ ™), |pl — 00, p € Gs. (68)
Using (59) and the assumption of Theorem 4, we transform the matrix 22(x, A) as follows
Pk (x,4) = (1) (@, 1) 7

Taking (35) into account we conclude that for each fixed x # a, the functions 22;(x, 1) are
entire in A. Using (68), the maximum modulus principle and Liouville’s theorem, we get
Pi(x,A) =0 for k=2, n, and 2 (x, 1) = 2(x) does not depend in A. Therefore,

D;(x, 1) = P(x)D;(x,A). (69)

Using the asymptotical formulas (36) and (1) for the function ¢, (x, 1) = ®,(x, 1), we get from
(69) that 22(x, 1) = 1. Hence ®;(x, 1) = Q) j(x,A) forall x, A, j. This yields ¢ = 7, and Theorem 4
is proved. a
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